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preface 


This text is designed for a standard, college calculus sequence for students in 
the physical or social sciences. Such a sequence typically spans three semesters 
or four quarters. Students arc expected to have a background of high school 
algebra and geometry. 

The college calculus sequence contains a great deal of very important 
mathematics, which students actually use after the course is completed. Few 
mathematics courses present so much new material at such a rapid pace; this 
poses a real challenge for the instructor. There is seldom enough time in the 
classroom to provide complete coverage and supervised drill. Accordingly, 
students must depend on the text for ideas as well as for exercises. 

In this text, I have made every effort to present calculus as clearly and 
intuitively as possible. Subtle points and proofs of difficult theorems have 
been omitted. Emphasis is on development of an intuitive but accurate feeling 
lor the subject, and on secure technical competence. The features mentioned 
below are typical of my efforts to meet this challenge and to provide a really 
useful text for students. 

1 introduce the derivative promptly, as opposed lo some texts that spend 
the first hundred pages on preliminaries. So much calculus has to he learned 
that we must get right 10 work on it. 

A summary at the end of each lesson identities and collects the most 
important ideas and formulas. This makes the text exceptionally easy to use 
for study and review. 
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Reading mathematics is an art that is very different from reading a novel. 
Students need practice in reading mathematics, and instructors should 
encourage and require i hem to do so. All too often calculus students are tested 
only on material that has been thoroughly covered in the classroom. Such a 
practice leads students to feel that independent study from a mathematics test 
is impossibly difficult. Each semester, I tike to assign niy classes at least three 
text lessons Tor independent reading, problem solving„ and testing, with no 
classroom coverage. The test contains several sections that may be assigned 
out of the sequence in which they appear, and are thus ideal for independent 
study. I recommend the following: 


Semester / 

Section L5 Graphs of monomial and quadratic functions 

Section 5,2 Newton’s method (includes the intermediate-value theorem) 

Section 6.5 Numerical methods of integration 


Semester 2 

Section R.6 The hyperbolic functions 

Section 9.4 Integral ion of rational functions of sin * and cos x 
Section 12.2 Synthetic definitions of conic sections 

Semester 2 

Section |4.2 Quadric surfaces 

Section 16.6 Differentiation of implicit functions (several variables) 
Section 17.2 Lagrange multi pliers 


Assigning these sections for independent study allows more classroom lime for 
basic concepts. 

In place of the usual col lection of miscellaneous exercises at the end of a 
chapter, there are two sets of review exercises, followed by a set of more chal¬ 
lenging exercises. Each review exercise set gives students an c-asy way to test 
their mastery of basic material, and to determine areas that need more study. 

Suggested step-by-step procedures are given for solving certain types of 
problems that cause many students difficulty, such as related rate and maxi¬ 
mum-minimum word problems. 

Calculus of the trigonometric functions appears in [he first-semester por¬ 
tion of the text, shortly after the chain rule. Prompt introduction of this topic 
helps students understand and remember! he chain rule, Two review lessons on 
the trigonometric functions are supplied for students who need them. 

I feel that the use of numerical methods gives a concrete understanding 
and appreciation of the notions of calculus. Accordingly, the text has more 
emphasis on numerical methods than most. In particular, there are optional 
calculator exercises, designed to ill util rale concepts of calculus as well as to 
emphasize numerical techniques. 

Some instructors, my,self included, begrudge the amount of time often 
spent on conic sections T since so much calculus must be covered in so short a 
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time. The material in Chapter \2 is arranged so that only one lesson (on 
sketching) need be spent on conic sections in order to do the remaining 
ie 11 starred material in the text. All the usual material on conic sections is 
included for those instructors who do wish to cover it. 

Hie first semester of the calculus sequence presents powerful ideas and 
techniques, solving problems that students were previously unable to attack. 
I his first semester is lhe most exciting part of the sequence and, indeed, ls one 
of the most exciting semesters of undergraduate mathematics. The second 
semester is often a letdown, using the ideas of the first semester with more 
fundiems arid different coordinate systems, and developing integration tech¬ 
nique. I Like 10 have or least one major, exciting topic in the second semester, 
so I am placing series in the middle of the text. The first series chapter 
(Chapter 10) is exceptional in training students to determine convergence or 
divergence of series at a glance, as a mathematician would, based on rigorous 
tests but without always writing them out , Of course, series can be left as the 
last topic ot the sequence if the instructor prefers. 

Some computer graphics sire included, huL each appears only as a com¬ 
panion to an artist’s sketch. Pencil and paper Eire still the basic tools for study¬ 
ing mathematics. I< is important that students develop some ability in sketch¬ 
ing to strengthen their geometric mtuition. A computer-generated picture, 
with its myriad precise curves, is ordinarily impossible for students to repro¬ 
duce, Good pedagogy requires including a sketch by an artist, whom students 
may emulate. I worked out the computer graphics and programs at the URI 
Computer Center, where the staff was very helpful, 

A Student Supplement is available. The supplement goes through the text, 
lesson by lesson, warning students of mistakes Often made, and then giving 
complete solutions of every third problem. A Solutions Manual, which works 
out solutions to all problems, ls available for the instructor. 1 myself prepared 
these manuals, as well as the answers to odd-numbered exercises at the end of 
ihe text. Consequently, I lake lull responsibility for mistakes; I hope their 
number is small. 

E am indebted to the reviewers of the manuscript for their many valuable 
suggestions. Some rcEid the manuscript with great care at two stages of 
development. Among the reviewers were James E. Arnold, Jf. (University of 
Wisconsin at Milwaukee), Ross A, Beaumont (University of Washington), 
Arthur l. Copeland (University of New Hampshire), William R. Fuller 
(Purdue University), Kendell Hyde (Weber Slate College), and Joan H, 
McCarter (Arizona State University). 

I especially thank Steve Quigley, mathematics editor, and Lynn Loomis, 
consulting editor, of Addison-Wesley for their advice, encouragement, time, 
and patience during the entire project. 


Kingston, RJ. 
No v timber t 1979 


j. Ik F. 
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Functions and graphs 


t.1 COORDINATES 
AND DISTANCE 

t,1 r 1 Coordinates 
on tho line 


A real iiurirher is one that cart Ik - written as an unendinr decimal positive or 
negative, or kto. For example, 3 = 3.1 HMII101)., ! Ii.hfibhbfi and 

it " 3. 141^92, .. are real numbers. Il is very useful In visuali/E real 
numbers as points on the number line. Take a line extending infinitely in 
both directions. Using the real numbers, you can make this line into an 
in Unite ruler l sec Fig. U ) t T^thel any point on the tine wilh O and any point 
to the right of 0 with l; this fixes the sente. Each positive real mini her r 
corresponds Lu ihe point a distance r units to the right of 0. white a negative 
number -a corresponds to the point a distance s units to ihe left of 0. The 
arrow on the line indicates the positive direction. For real numbers r and s, 
the notation r < s tread “rdf less than s”> means that r is to the left of x on 
the number line, For example. 


< l 2 < 7T. -3 < -l 


etc. The notation r ^ s h read “r is JftiS than or equal to s " 

The x to ihe right of the arrow in t ig, E.l indicates ihat you think of x 
as any real number on the line. In this contest, x is known as a mctJ variable, 
and ihe line is called Ihe X'Ctxfj, 


-i 


-l 

—r~ 


-2 


“I 

—f- 


-[ 


-i—► J£ 


1.1 


Example 1 The points x on the line that satisfy the relation 0 ^ x ^ 2 are indicated by 

the heavy line and the dark points in Fig. 1.2, Both 0 and 2 satisfy Hits 

relation. || 

-2-1 ft t 3 3 

-2 -I « I 2 1 13 

Example 2 The points satisfying - l < x rs ] arc indicated by Ihe heavy line together 

with the dark point 1 in Fig. L3. This time l does not satisfy the relation, 

white ! does. 

The collection of points x satisfying a relation of the form a - x - b 
will be important in calculus. This set of points is the closed interval fu, frj. 
The adjectsve '"closed'' is used to indicate that both endpoints, a and b, are 
considered part of the interval; dial is, the doors arc “dosed” at both ends 
of (he interval by these points. 

The distance from a point r to ihe point 0 is known as the absolute 
value of the number r and is denoted by |r|. For example. 

















1.1 Coordinates and distance 
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151 = = 5. 

fur both 5 amt -5 arc five units from 0. Consequently. 

jr| = r for any positive number r, 

while 

|-i| - x For any negative number —s. 

Of course, |.tlj = 11; 

Consider now the distance between any two points on the line, it is 
convenient to use subscripted notation x, and Jt. for individual numbers on 
the x-axls, although their values arc not specifically given. The distance 
between the points x, and jc 3 . shown in Tig, 1.4, is surely x 2 - x,, You car 
easily convince yourself that, for any two points x, anti J£ 2 , where x, ^ x : , the 
distance between them is x 2 - x 1r 


*1 


JTm ~ V, 


\4 


t) 1 




I I 2J-? 


-1 - 2-10 I 



l.S 


Example 3 The distance between -2 and 3 is 3 - f-2l - 5, as indicated in Fig. 1.5, || 

Now for «iiy points x, and x 2t the distance between them is either 
x , - xj, or ij — Xu, whichever is non negative. This rum negative magnitude 
Ptsfanf partite of cou hie, |x 2 , - x,|, Thus the distance from 3 to -2 Ls 1,1-2)- 3| = 
fmc | —5j ~ 5, Another way of expressing this non negative difference is 
v‘(x, — xj 1 , where the square root symbol V always yields the JUMifWgdrfue 
square root of l he number. Later in (his section, you will sec that! his square 
root expression extends naturally to a formula for the distance between two 
points in a plane. 


Evumple 4 For the points -2 and 3, 

V(3 (—2)V = x/5 5 = v ''25 = 5; 

and also, 

V((-2) - 3 f = v'T 1? - V25 = 5. 


bxerdsc 4 asks you to show that (a + b)f2 is the same distance form a 
as from &, so that <« + b)}2 is the midpoint of [a, h]. 

Often you need to know not only the distance from Xt to x 2 but 
whether x, is to the left or right of x 2 . The change x 2 - x t in X-value going 
Odlo natation from x, to x : (in (hat order) is positive if x, < x 2 and negative if x 2 < x,. 
Very noun* in calculus you will want to lei Ax I read ' drfeu x ) be such a 
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Functions and graphs 


positive nr negative change ir x-value. It is a good idea to start right nnvv so 
(hat you get used to this delta notation. Think, gen metrically, of ii,v — 
x? - x ( as the signed length of the directed line segment from x, to x . 


't.1.2 Coordinates Take two copies of the number line (with equal scales) and place them 

in tho plane perpendicular to each other in a plane, so that (hey intersect at the point (1 

on each line (see Fig. 1.6}, With each point in the plane, we associate an 
ordered pair (x ]T y,| of numhers. as follows; The first number Xi gives the 
left-right position of the point according tn the location of x, on lhe 
horizontal number line, Similarly, the second number y, gives the up-down 
position of the point according to the location of y t on the vertical number 
line (see Fig. LG), Conversely, given any ordered pair of numbers such as 
(2, I k there ts a unique point in our plane associated with it. 

The solid, lines of Fig, 1.6 are ihe coordinate axes In particular, the 
horizontal axis h the x-avis and (be vertical axis the y-avis, according to the 
labels at the arrows For ihe point (x |( y,). the number x t is the x-cwftdimite 
of the poini, while y ( is ihe y-coordinate The coordinate axes naturally 
divide (he plane into four pieces or quadrants, according to the signs of the 
coordinates of (he points. I he quadrants are usually numbered as shown in 
Hg, F7. The point (0,0} is the origin. This introduction of coordinates 
allows you to use numbers and (heir arithmetic as a mol in studying 
geometry. The term tinuiyrie geometry is used for the study of geometry 
using coordinates, Of equal importance, coord mat nation allows you to draw 
geometric pictures illustrating a great deal of numerical work. 


(-J2) 


If 


•3 -2 -I 0 
-1 

t-l, -?f * 


...-■ - - f u,. r,s 

* i 

(h 1) 

1 JTi 

-)► ,r 


[ 2 3 

C2,* I) 


Tile Euclidean p! ;lol- 

16 



1-7 



,Vitm l )k 5 The portion of the plane consisting of those points (j, y) satisfying Ihe 
relation x s t is shown in Ffg. 1.8. | 
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Example 6 The portion of the plane consisting of (lie points (x, y) satisfying both 
-2 £ x ^ 1 and I s y 5 2 is shown in Fig, 1.9. H 


V 



I 


- 2 " 
-3 ■ 


1.9 


v 



Finally, let's linti the distance between two points Un V,) and (jfn, y 2 ) ill 
the plane, Referring to Fig. 1,10, let Ax ^ - x L and Ay - Vi - y„ so 
(hat |Ax( and |Ay] are the lengths of the legs of the right triangle shown in 
the figure, The distance between <x,, y,) and (x z ,y 2 ) is (he length d of the 
hypotenuse of this triangle; so, by the Pythagorean theorem, 

f i 2 = |Ax] 2 4 + (Ay l 1 . (U 

Divfnm-c at rhe Since the terms in (I) are squared, the absolute-value symbols are not 
plane needed, so that tP - (Ax)- +■ (Ay)’ and 

d = yfi&xf + (Ayf = y/{x 2 - x,) 1 + (y z - y,) 2 . (2) 

Example 7 The distance between (2, —3) and ( L 1) is 

J{-1 - 2? + 0 - hW - Vt-31- 4 4 5 = jq.+ 16 = sf25 = 5, II 

The availability of inexpensive electronic calculators (the ^slide-rule" 
models with memory) makes the computation of (21 easy. The exercises that 
follow conclude with a calculator portion. 


SUMMARY |. The dosed interval [a, 6| consists of all point,? x such that a ^ X - A 

2. The durance from r, Jo x : , on the line is |x 2 - x L | * v(x ? - x,) - 

3. The signed length of the directed tine segment from x, to x 2 is 

A a - x, x, - (Number where you stop) - (Number where you start). 

4. The midpoint of [fi. ft] is \a + h)/2, 

5. The distance between (X|, y,) and U,. y 2 ) in the plane is 

V*(jt a - X ]) 2 + <y s - yif. 
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Functions fend graphs 


EXERCISES 


Sketch, as. in l ,, rpj. 1 2 ;md F'ig. 1.3* all points * (if 
[here are any), that satisfy ihc given relation. 

a) 2^is3 b) x50 

c) x ’ 4 J) jr < 4 

t) x 1 ^ 4 f) 5 ^ X =e -1 

2. Find the distance between the given pci mis tin ine 
line. 

a) 2 ami 5 b) -1 and 4 c) -3 and -6 

3. Find tire distance between list: given points on the 

line* 

a) — j and 12 hi — 1 and — 

c) v'2 and -2-v2 d) and it 

4. Show that, for any n and h on (he line, the 
distance from (a f b){2 to a is the vime a* the 
distance from iu + (»)/ 2 to fr. 

5* Find the midpoint of each of the following inter¬ 
vals* 

a) f-1, li b) l-J*4j e) M.-3] 

d) ',1 e) [—2\/5*V2] f) |v'2. it] 

6* hind the xignid length .&* of the directed line 

segmem 

all front 1 to 5 b) from 3 to -7 

c) from H to - I d) from Id to 2 

7. Sketch the points (x, y) in the plane satisfying the 
indicated relations, as in Rxfintplcs 3 and fj. 

a) * = 1 

hi -Uji s 2 

c) x —1 and -2 ^ y ^ 3 

d| x — y and Isjs 1 

calculator exercises 

13* Find the midpoint of [ -2v'3, 5y'7'|. 

14* Find the signed length of the directed lire segment 
from 22 V2 to rr 1 * 

15* Find the distance between (2. -3) tind (4. I). 


ft- Proceed as in Exercise 7, 

a) x ^ y h) x i=-*y 

c) y = 2 je d) 2 jt ^ y 

0. Fiml the cord inales oF the jndbilcd point. 

a) The point such (hat the line segment joining it 
to (2, E l bas i he r-HJtis as perpendicular 
bisector 

h) The point such that the line segment joining it 
Eo { 3*2) has the y-axis as perpendicular 
bisector 

el I he point such ih:it ihe tine segment joining it 
to f- 1,3) has tliu origin els midpoint 

d) The |M>int such that the line segment joining it 
lo (2* 4) has (2, L) as midpoint 

111. f ind the distance between the given points, 
a) (-2,5) and f 1*1) b) (&-3)andf-3, ft 

c) ilJl, -3}iindt -v1. 2) 

d) ( 2V 3, 5v'7) a ml (-4^3, 2V7) 

LI, To reach the Edwards’ home front ihc center of 
town. you drive two miles due easl on Route 37 
sind then live miles due north on Route 101 
Assuming that the surface of the earth near town 
is approximately flat, find the -dts Lance, as ihe 
crow flies, rrom the center of town to the Ed¬ 
wards' home* 

12, Refer to Exercise t 1 ; suppose yon drive MX miles 
due west on Route 37 and then four miles due 
south on Route 43 in reach the Hammonds’ 
house Irom the center of town. Find the distance 
from the Edwards' home to the Hammonds' as 
the crow flies,. 


I*, Find the distance between (—3„7, 4,23) und 
t&.61,7.Bl9K 

17* Fitid_ the distance tie tween (it., v'3l and 

0WI7* -s^J. 
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1.2 CIRCLES AMD THE 
SLOPE OF A UNE 

1.2-1 Circles 


The eiirie with center (ft, Jcl and radius r consists til ail points l a. v) whose 
distance from {fi.it) is r. Using (he formula for the distance from U. y) in 
(h T k), you sec lhiit this circle consists of all points (x, vl such that 

J(x- hf + <y - Icf = r. (t) 


Squaring both, sides of (1), you obtain ihe equivalent relation 

{a - ft) a + (y - fc)~ ** r 1 . (21 


Equation <21 is known as the equation of the eireie. 

Example L The equation of Ihe circle with center ( 2, 41 and radios 5 is lx + 

(y - 4> J = 25 s or (x + 2) 1 + iv - 4) 2 - 25. j| 

Example 2 The equation {x + 3) 2 + {y I 41 1 Irt describes a circle with center at 
(—3 + —4) and radius v'IK = 372. l| 

Every equation of the form cue 2 + ay' + hjt + O' = d and satisfied by 
at least one point i* 5 . y 3 ) is ihe equation of a circle. However, ihe general 
equation may have no locus in our real plane. For example, x I y = IH 
h;o no real Incus, for a sum of squares can’t he negative. You should Iry to 
put any particular such equation in the form (2) tn find ihe cenier and radius 
of the circle. 


Example 3 Let us show that 3v' + 3y ? + fix — 12y = fiO describes a circle, 
soi i ihin We start by dividing by Ihe common coefficient 3 of x~ and v', and obtain 


x + v + 2* - 4y = 20. 


CnnipIfiiiiR ihe 
squurr 



Now wc use the algebraic device of completing ihe square to get our 
equation in the form (21, The steps are as follows: 

it 2 + 2.0 -+ (y~ - 4y) - 20, 

[x + l) 2 + (y If = 20 + l 2 + i-2f< 

u + n 1 + (y - 2 f = 25. 

Thus our equation describes a circle with center (- I, 2) and radius 5. !| 

If you let Ar x h and Ay = y — k, (hen (21 becomes 

(Ax) 7 + (Ay) z — r. (3) 


Fo interpret (3) geometrically, rake a new Ax-eixjs and a new Ay-axis with 
the point (ft. k) as new origin, as shown in Fig. I I I, Recall that Ax is the 
directed distance from ft to x and Ay is the directed distance from ft to v. 
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Functions and graph? 


TfanxlaiLns;axes Thus ( 3 ) is exactly ihc equation of the circle with reaped id vmu new jju-s. 

This device is brown 35 translation of axes (a ( 7 i, Jfc) and will often hi useful. 
The equation jc ■' + jr - r~ describes a circle with center the origin of 1 htr 
x,y -coordinate system and radius r, while the equation 1 A.vV f lAvl' r 
describes a circle with center the origin of the lx. Ay -coordinate system and 
radius r 


1,2-2 The slops of The slope m of a line is the number of units the line climbs (or falls) 
« lirtn vertically for each unit of horizontal change from left to right To illustrate, 
if a line climbs upward 3 units for each unit step you go to the right, as in 
Fig. 1.12(a), the line has slope 3, If a line falls 2 units downward per unit 
step to the right, as in Fig. 1.12(b), the line has slope -2. A horizontal line 
neither climbs nor falls, so it has slope ft. A vertical tine climbs straight up 
over a single point, so il is impossible to measure how much it climbs per 
unit horizontal change; consequently the stbpe of a uerdcuf fine in undefined. 




Example 4 Let's find the slope of the line through the points (2.4) and (5 r lb). 


solution As we go from (2, 4) to (5 t Ifi), we have At - 5 - 2 3 and Ay = 

16 — 4 = 12. Since the line climbed Ay = 12 units while we went A* = 3 
units to the right, and since a line climbs at a uniform rate, the amount it 
climbs per horizontal unit la the right is Ay/Ax - ~ 4, || 

As illustrated in Example 4, you can find the slope m of the line 
through fx, r y n ) and lx 2 , y 2 ) if x,< x 7 hy finding A* and Ay as you go from 
tx T , y„) to {x ? . y 2 ), and then taking Ihc quotient; so 


_ Ay = y 2 - y | 
Ax x z - x x ‘ 


(41 


Wc assume that our line is not vertical, so x, / x 2 . If it should happen that 
Xn<T VT then, to go from left to right, you should go from (x., y 5 ) to U„ y,), 
and you obtain 




















1-2 Circles and the aJflpe of a line 


tn ' 


Ay _ >'| - Vr 
Ax x t 




X. 


*1 “ *1 


(5) 


which i-, the same formula ns in 14), En summary, Ihc slope m of a 
non vertical line through two points is given hy 


Ay 


Difference of v-coordinates 


ot - — - 


Ax Difference of x-coordinates in the same order 
KvEwipk 5 The line through t7„ ?) and (-2. ft) has slope 

Ay ft - 5 3 t 


(hi 


m - 


Ax -2-7 -9 


5 


Two lines arc parallel precisely when they climb (or fall) at tilt same rate, 
that is, when I hey have equal slopes. Now suppose that two lines are 
perpendicular instead. Let one line have slope m, and the other have slope 
nr 2 . Ftv translating aves, we may assume that our lines miersect at the origin. 
Then (I, fftj) and U, are taints on ihe lines, as shown in Fig, 1.13. The 

lines Hie perpendicular if and only if Ihc triangle with vertices (0, 0), I 1. m,!, 

and ( 1, #n ? ) satisfies the Pythagorean relation d - r~ 4 x 2 . 

From our distance formula, we obtain 

r = (1 - 0) 7 + (nt! - OF = 1 4 iri! 1 , 

s J = i! - 0) a + frnj - 0) 3 = i 4 nu\ 

tf 3 = (1 - U 1 + { f»? _ rn,) 1 . 

The Pythagorean condition becomes 

Un 2 ru L F = U + ftl, 1 ) 4 (| 4 m 3 2 ) 


or 


Therefore 


so 


rtij 3 - 2ni L rn 2 4 m t a ■= 2 + rn, J 4 m r 2 . 
-2ni L in 2 = 2; 



or 


m- 


1 


(7.) 


+ i 1-13 
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Fu-nctians and graphs 


Kwmiple *■ Lei's find the slope of a tine perpeTidkuJur lo (he tine ilirmif h h. Sj alltl 

( 8 , M 

soLmoN The given line has slope 

Ay = 3 - (-5) _ 8 _ 

Ax ~ 8-6 ~ 2 ~ : 

so si perpendicular line has slope || 


summary L The circle with center i fe k | and radius r has equation 

(jc - h) 2 + (y - ikr = r. 


2- To firing flit center (Ik, ft) and the radius r of a circle ax ' + ay ? + bx + 
cy - d, complete die square un the x-ttrms and on tiit 1 y-terms. 

3. A vertical line has undefined slope, if *, j£ x 2 , the line through (jf l+ y ( ) 
and (jc 2 , y 2 ) has slope 

m = = v* ^ y i 

Ax jc 2 — JC] 

4. Lines of slopes oi, and m ? are: 


parallel if and only if rrr, = *%; 
perpendicular if and only if m, m 7 = l, or pij - 


EXERCISES 


1 . Find the equation of ihc circle with (he given 
center and radios, 

a) center (0. tl> k radius 5 
hi center (— 1 , 2 ). radius 3 
c> center < 3 . 4 }. radius v" 3 £l 

2, Hud [he center and radius of the nivcn circle, 

a) (a - 2)* 4 iy - 3| J 36 

hi U + 3) 3 4 + y- = 40 
c| fx + I} 3 + (y + 4f 3 = 30 
3* Find the center and rydiits of the given circle 
a) x 2 + y' - 4x 4 6y = 3 
h) x 2 + y 2 + Bjc = 9 
c) 4 jc 3 4 4y ? - \2x - 24y = 


4 r Find the equation of the circle wilb center in (he 
second quadrant, tanpenl lo (he coordinate anes, 
and with radius 4. 

5- Find I he equation of the circle having the line 
segment with endpoints i. 1,2.1 and (5, -6) as a 
diameter. 

6. hi ihJ the equal ion of the circle with center (2. - 14 
am! passing through {5, 4)„ 

7. Kind the slope of the line through the indicated 
points, if Ihc line is no( vertical, 

u) (-3,41 and (2.11 
hi (5, -2} and f-6, -3) 
c> 13, 5) and (3, H) 

d> {0, 0) and (5. 41 e) (-7. 4) and £9. 4) 
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H i ip id ft mi that the lirf through (2. 33 and (5 P f») 
hi IN JiUjfW — 1. 

4. l-imi ,/ s.hi that the lint through tu. -5 3 and (3.6) 
has slope l. 

UK luid die dupe of a line perpendicular lu i!ic line 
through < 3, 23 and |4, l). 

11. Find h mi that the line through iH. 43 and i,-K ~2i 
is parallel to the line through £-L2) and (2, ftl. 

12. Show I hut the lint: joining l he midpoints of two 
miles of a trtangle js parallel io the ihircl side 

| Hint IjCE the vertices of the iriangle be ill. Ok 
(n.in. ami fb T ck] 

13. Water freezes, at if Celsius and 32 l Fahrenheit, 
while it boils til (Off 1 Celsius and 2l2 r FahrenhetL 
If points itf-j are plotted in the plane* where F 

calculator exercised 

15- Find the center and radius of ihe given circle, 
in U trl'' + (v — v'tt) 3 = 2.736 
hi r +- y 2 4 3.157b* l.2354y = 3.33867 

e) v 2 ji ' + 42y 2 — -it** + (tt 7 4 3.4)y v'Tt 

Ifi. hind the slope of the line through the indicated 
points. 


is the tcmpcraiure in degrees Fahrenheit corres¬ 
ponding to a temperature of < degrees Celsius r 
lhen a straight line is obtained. Find ihe slope of 
i he Imc. What does 111 is slope represent in this 
situation? 

14. The busy l l’fe Prefabricated Homes Company 
lisied l(s super deluxe much rnudel for $3<),£KHl in 
146(1 The company increased the price by the 
same amount each vear, end listed the same 
model for JWJHJII in Find Ihe slope of the 

segment drawn through points i V. Ci in die 
plane, where V could he any year from 1961) to 
14X0 and i is ihe cost of dm hukIcI ranch house 
in ill in year. What Joes I his slope represent in 
lliis situation? 


a) £2.367, it ) and 

b) iV, v~Kt> and (12.378, VsTfrtn 

c) + v'WJ) 

and 

(t/ 5+ 1,43.V'T4 - v'Tvt) 


1,3 THE EQUATION Let a given line have slope m and pass through Ihe point U |T Vi' as shown in 
OF A LINE Fig. 1.14. Lei's try to find an algebraic condition for a point U. yl lo lie on 
the line. If Ihe slope of ihe line lhal joins (x, t y,) and Ok y) is also ni, then 
ihat line is parallel to ihe given line, for they have the same slope. Bui both 
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Function* ind graphs 


Kxumplf 1 
SOLUTION 


Cxumple 2 
soiimorvi 


lines go through ( a t , v,V P so they iiillvI coincide. Therefore u condition for 
(jc, y) to lie on the given line is ihai 


or 


|Vi 

x - JC, 


m 


y Vi = mU - JC]), 


Equal ion (2) is the poinr-xJdpe form of the equation of I he line, 


Let's find the equation of the line through (2.-31 with slope 7. 


(1) 

( 2 ) 


The equation is y - (-3) 7(i 2) or y + 3 = 7U - 2), This equation 

may he simplified to v - lx I 7. The point {3. 4} Ion this lire, since 

4 — 7'3 — 17, SI 


As indicated in Example l, the point-slope equation (2) can he 

rewritten in the form . , 

y = mjt 4* b T f3) 

where b v, rui k . The constant b in (3) has a nice interpretation. If you 
set r - 0 in (3), then v = A so the point (0, h) satisfies the equation and 
thus lies on the line. This point (0. ft) is cm the y-a?ds, and h is the 
y-ifikfirpl of tile line For this reason, LVj is the sfope-inferrepf form of the 
equation of the line- If the line crosses the .taxis at (a. O'), then a is the 
jc- intercept of the line. 


We find the intercepts of ihe line in Example 1. 


The equation is v = 7.r - 17, so -17 is Ihe y-fntercept To find the 
jc-iniercept. you set y = 0 and obtain 7,t 17 - 0. mi x = Thus the 
point t' 7 \ 11) lies on the line, so V is the x -intercept, |' 


The vertical line through fci. 0) in Fig, 1.33 has un fefined slope, §0 it 
does not have an equation ol the form (2) or [3h But surely a condition that 
U, y) lie on the line is simply that x = a. Of course, y = b is the horizontal 
line through (0. fr) shown in the figure. In any kind of coordinate system, ii is 
important to know what loci are obtained by setting the coordinate variables 
equal to constants. We have seen that in our rectangular t.y-coord in a re 
system, jc ci is a vertical line and y = t is a horizontal line, 

v 

* 

x = tf 


h 


TV 


i 


a 


h 


+■ 1 
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Any time you want to find ihe equation of a line, say to yourself, "} 
need to find a point on the the and tine slope of the tine " Then use Eq, (2), 

Example 3 Let's find ihe equation of the line ihmug.fi (-5, 3) and (6 r 1), 
son thin We solve the problem as follows, 
point; U 5 , y,) — (-5,-3) 
sijopt; m = [1 - (-3)l/[6 “ (-5)] - n 
eOUATSOn; y + 3 ~ ppx + 5) 

The equation can be simplified to i I y + 33 = 4x + 20 or 4x - 11 y = 
13. || 

Finally, observe that every equation ax + fry + c - 0, where either 
a f £1 or b £ 0 is the equation of a line. If h - (J t the equation becomes 
x = —eh t. which is a vertical line, Lf h ^ 0, the equation becomes y = 
{afh)x c/b h which is li line with slope m - -a/h and y-intercept — c/to, 


SUMMARY | r A vertical tine has equation x = d, 

2, A horizon to i tone has equation y = b. 

3, To find the equation of a line, find ontf pcinf (x in y^ on the line and the 
slope m of (he tone. The ctfuntoon is then 

V ~ Yi = “ *i)- 

4, Tlie line y = mx + b has .vtoipe m and v-intercept b. 


EXERCISES 


1, Find the equation of the indicated line. 

a) Through ( 1, 4) with slope ^ 

b) Through (2,5) and (-3* 5) 

c) Through (4, 5) and t 1,1) 

d) Through (—3.4) and (—3, — if 

2. Find the slope, x'intercept, and y-intercept of the 
indicated line. 

a) x — y = 7 hi y = 11 

c) X « 4 d) lx - I3y = S 

J. Find I he equation of the line through (—2 r 1) and 
parallel to the line 2x * 3y 7. 

4, Find the equation of the line through £3, -4) 
perpendicular to the line 4x 7y 11. 


5. Are llit: tires 3 ji +• 4y = H and 4 jc + _ly = 14 
perpendicular? Why'? 

6. Arc the liner, 7x + 8y = 10 and 8* — 7y = -14 
perpendicular? Why? 

7. Find She equation of lire perpendicular bisector of 
the lire segment joining (—1,5) and (3, 1 1|, 

8. Find llie point of intersection of the fines 2x t- 
3y - 7 and 3x + 4v = ~H. 

9. Find the distance from the point {—2. 1 ) to the 
line lx + 4y H. 

10. Shnw ihai the p^rpbrtdkuhlt bis^Cters of (he sides 
of a triangle meet at a point. [Hint. Lei the 
vcrliocs of (he triangle he £-<i, 0} P <ca, 0>, and 
<6.C>J 
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Functions nmd graphs 


t I . f iriif |he equation of Hit circle llirr>T.ithe points 

11,5), {2, 4K and i —2.6). 

12. Rctemns lo Exercisi; 13 of the preceding section, 
find the linear relation giviri?: ili^ tern re rat uie I 
in (levees Fahrenheit corresponding lo a tempera 
lure of C degrees Celsius. 


13, A srowtlorm starts at _1:00 ^m and Luminuc-s 
until I t :00 am IE iheiL' wore 13 in. uf tsJd Mltiw 
on I he ground at the si an n\ the storm and the 
new snow accumulates ai a constant rale of nn. 
fier hour, find the depth *t m inches a■ time of day 
f for .1 < r -- 11. 


14 FUNCTION & AND The area enclosed by a circle is a function of ihe radius or (he circle, 
THEIR GRAPHS meaning (bat the area depends on and varies with this radius. If a numerical 
value for the radius is given, the area enclosed hy the circle is determined, 
1.4.1 Functions f'Or example, if the radius is 3 units, then the area j\ Ott square units. 

Similarly, ihe area of :i rectangular region is a function of both the length 
and Ihe width of the rectangle; that is, the area depends on and varies with 
these quantities. If ihe length of a rectangle is 5 units and the width is 3 
units, the rectangle encloses a region that has an area of 15 square units, 
idle study of how one numerical quantity Q depends on and varies with 
other numerical quantities is one of the major concerns of science. A rule 
I hat specifies the numerical value of Q for all possible values of the other 
quantifies is an exceedingly useful thing lo have. Viewed intuitively, a 
function is such a rule. 

In the next few chapters, we wilt he interested chiefly in the ease where 
the value of a number y depends upon the value of some single n uni tier *, 
so that y is a function of x, This is often expressed hy y -fU) r and we 
consider f to be the function. We shall! some limes be sloppy and 'qieak of ihe 
function f{x), hut strictly speaking, f is the function and f(x) is Ihe value of 
the funetbn f at x. If you want to talk about several functions at once, use 
different letters. The letters f, g. and h are commonly used for functions. 
For an example, perhaps y fix) — ^/x L so that 

f{2) = vT^ T = v'T - h 

f(5) = v5 - 1 - v'4 - 2, 
and 

/(11 = Vl - I = vTl - 0, 

Note ihut /(Id i s not defined tor this function /, lor we shall allow only real 
ii umbers + and vd — 1 - V 1 is not a real ntimber, The set of those x -values 
allowed is the domain of ihe function: and i. which may take on any number 
in. that domain as value, is the independent variable Similarly, y is the 
dependent variable; its value depends on (he value of the variable x. The sel 
of y-values obtained, as je goes through tilt values in ihe domain, is the range 
of the function. 

If y = /fi}. then / should assign to each x in the domain only one value 
y. Tliis is a very important requirement. We just worked wilh the function f 
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Lxniitple 1 

SOLUTION 

LKiAllipl? 2 

Sdl.l IIION 

Fjumple 3 

SOIAmtlN 

l .%jiinple 4 


giver by y = f(x) -Jx — l t and said that f(5) - v'5 \ = s/4 = 2. You 

may have; wondered why we didn't say ^4 ±2. We want v'x - 1 lo define 

a function, and for this reason, we shall always use the v' symbol to mean 
Che ttutifieguiive square root. It we want the negative square rod, we will 
always use -V' . 

When a function f is defined by a formula and the domain of the 
tndependent variable is not specifically given, we always consider die do¬ 
main lo consist of all values of x for which the formula car he evaluated and 
yields a real number. In particular, dimiori by zero is not allowed. and 
square foots {or fourth roots, or any grew roots) of negative numbers tire not 
allowed. 

L et's find she domain of the function f given by the formula y*jf(jt) = 
Vjc — 1. 

The domain consists of all x such that x I 0, or such that ,v ^ I. The 
range of f consists of all y > O, [| 

At the start of this section wc said that ihe area A of a circle is a function of 
its radius r. Let’s describe ibis function. 

If you call this function g, then r is the independent variable, A the 

dependent variable, and you have 

A - = irr 2 for r (), 

The domain constraint r a fl must be stated because you can't have a circle 

of negative radius. Of course, you could com pule itr 1 for negative values of 
r. This time, the domain resirielion is due to the geometric origin of the 
function. |l 

We find the domain of y = fix) = (V - 1)/{jc 7 9). 

Note that ft?) - ,V(—5i and M?> = fr, = l, hul /*{3) is not defined since 
diuisiwi by zero is not allowed. The domain of the function consists of all 
* £ ±3, I 

At the start of this section we said that the area A o! a rectangular region is a 
function of ils length f and width vv. If g is this function., it is customary to 

write 

A - r(C w) = /' w for 0, 

This time there arc b/fu indcpcnJc.nl variables, f and w. The domain 
restrictions £ > l) and w * 0 are again required because Of the geometric 
origin of the function: A rectangle can't have negative lengih or width. | 

An intuitive picture of a function popular in elementary texts is a 
"'black box," as in Rg. 1, lb. One puls in a value of the independent variable 
x Eiral el value of the dependent variable y comes out the other end, A 












16 


Functions and graphs 


1.4.2 Graphs 
Fsamplc 5 


F&amip it." A 


"slide-rule” calculator is such a black (or other coloredl bo*. For example, 
you punch m a value for x and then press the sin x button to “perform the 
function, and the y-value, where y — /(jc) = sin x, b shown as the display, 
usually to about eight-figure accuracy. 


,-i * L. 




1.16 


For a function f of one variable, we may find the points (x, y) in the plane 
where y — fix). These points form the graph of the function. 

Let y fix‘) = 2x — 4. The graph of this function is just the plane locus of 
the equation y = 2.t - 4, which is the line with slope 2 and v-intercept 4 
shown in Fig, t. 17. || 




The graph of the function s - g(t)= r is shown in Fig. 1.18. Here we have 
used other letters for the variables and the function. 

As Examples 5 and 6 illustrate, the graph of n function given hy eiu 
algebraic formula as v = fix) is the plane locus of points that satisfy this 
equation. The second paragraph of this section states that a function is a 
certain type of “rule," Ltut what is a “mle”? Well, perhaps a "rule'’ is a 
“law.” All right—now what is a “law"? We can keep this up for pages, and 
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will still have to Leave some term undefined. Mathematicians have recog¬ 
nized that at least one term must he Left undefined, and have agreed that 
iL set" shall he taken as an undefined term. So a mathematician who says that 
a function is a certain type of set has the professional right to refuse to 
answer if you ask what a set is. Mow a function, y /(*). tan he evaluated 
at any point s L in its domain if you know the point (je,. y, > on its graph. Thus 
the sel of all points on the graph of a function can serve as a "rule ' to 
evaluate a function. The collection of all such points can be viewed as a set, 
Here is a modern definition of a real-valued function of one real variable, 
hut please don't get carried awav or confused by this definition, Keep 
thinking of such a function as a rule, which is frequently given hy some 
mathematical formula. 


Definition 1.1 A real-valued function of one real variable is a set of ordered 
pairs (x, yl of real numbers such that no two different pairs have the same 
first coordinate 


The requirement of the definition that different pairs have different 
jc-coordinates was illustrated in the discussion of y =■ /(jt) - -Jx S as a 
function. Retail that f{ 5) = 2, not ±2. That IS, IP. 2 ) is one of the pairs of 
the function, but IP. -2) is not. The curve in Fig. 1,19 is nor the graph of a 
function y = g{jc), since three points have the same je- coordinate a. 



One way to sketch the graph y - /(*) is to make a tahlc of correspond¬ 
ing values of x and y, plot the points, and draw a curve through them. 
Computing v-values can be tedious, and a calculator is often helpful. The 
calculator exercises of this section deal wilh such tables and plots. A 
computer can easily make Mich a table for many important functions. 
Printout 1,1 shows a table of x-values and y-value& for the polynomial 
function f given by 


y - f(x) — x* + IGx 3 + S.t - 50, 
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33 
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Printout I t 

V if 1 * IGx 2 + B K so 


tlsi|1 fc 27 equally spaced x-values or the interval [-10, .1], These results 
were ohtained by using a computer program XYVALUES, written in the 
language BASIC and shown in Appendix L Tables of other functions can he 

found by changing just two lines (t 50 and 170) in the nmaram 
XYVALUES. hp 

Plotting the graph Iron a table cs still a bit of a nuisance, The computer 
can also give you a pretty good plot of the graph at a terminal, Printout 1.2 
shows the graph for the data in Prim out |„1 ns given by a program PLOT 
I see Appendix l). In PLOT, the y-axia goes across the page and the x-axis 
down the page, so vou have to rotate the page Off counterclockwise to bring 
tne axes into their Usual position. 


Printout 1.2 V - X a + 1 Ox ? + B* 50 

[NPm EWD-PIJ1FFT5 fUH (JR' In tJfftViU Ilf X LTiJilf-Bb 

? re, .1 

iwpur NUMHtP inn ar riqtiNls tp hf marrm. 
rnr ShflLLrfH i uaujf Is txo 

mt LARGES I ¥ Uftl III IS 91 

ONr f-AUS fliWrK lilHIAL S 4,42 l.lftl I fS 
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SUMMARY 


L If v - /(xK then x is lilt 1 indepemtent variable and v fftc dependent 
variable, 

2 t if y — f (x), rite domain of the function f consists of ait allowable wiJuGf of 
the imriabte x, The ra 11 ge of f cons isrs of all values obtained for y as x 
alt values in the domain, 

3. A function f assumes only one value fix) for each x in its domain, Thus 
± V X is not a function. 

4. // y = fix) is described by a formula . fJw doinaift of / consist* of all x 
where fix) can be computed and gives a real number For us, this usually 
means just excfwtJintf x - naWs that wtojiW lead to division by zero or to 
taking euen roots of negative numbers, 

3, 77n j graph of f consists of all points (x, y) such that y * f (:x). 

6. fjrap/is can be sketched by making a table of x- and y-vflJttes and ptolTrfig 
(be paints (x, y). aif/iaugb this may be hard work. 


EXERCISES 


I- (repress (he volume V of a cube as a function of 
the k-nitili x of an edge of ilic cube. 

1. Express ihc volume V of :i cylinder as a function 
of the radius r of the cylinder and the length t ot 
the cylinder 

3„ lixprcss lhe area A enclosed by :■ circle as u 
function of the perimeter s ol ihu circle 

4. Express Lhu volume V of t hoe with square base 
ns a function of ihe length c of an edge uf the 
base and rht- :xre:i A of one 'ifde ot the Nut. 

5. Express the volume V of .i cube as a function of 
ihc length d of a diagonal of ihc cube. (A 
diagonal of a cube joins a vert us to ihe opposite 

which fa ihc vertex farthest away.l 

6. Bill starts tit a point A at time j = 0 and walks, in 
a Straight tine at a constant rale of 3 mi/hr toward 
point B, II the distance from A to H fa 21 mi, 
express his distance x from B as a l unci ion of the 
time i. measured in hour 1 ' 

7. M arv and Sue start front the name point on a 
level plain at time i = (l Mary walks north at a 
couMant rate of .Imi/hr, while Sue jogs wcsl at a 
constant rate of 5 miihr, Kind the distance s ht- 


tween (hem as a fuuclimi of (he lime f. measured 
in hours. 

ft, Smith. who fa h ft tall, starts at lime t - SI directly 
under a lijihi TCHt above ihe ground, and walks 
away in a straight Line at a constant rule of 
4 f I/keC, 

al Express the length t of Smith’s shadow as a 
function of the distance x he has walked. 

bl Express the length f of Smith's shadow as a 
function of the time t. measured in seconds, 
c) ivsprcss ihc distance x walked as a function of 
the length t of his shadow. 

U r portion of (lie graph of a function \ is shown in 
Fig. 1.20, blimdtc: each of ihc following from the 
graph. 

at f(0) b'3 fU) e] fi~\) 


y 
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10. IjuI fix) t — 4 x + I. Find the following 

4 fm b> /(—1> g) f(s ) 

d) A formula in icrm*. of Ax for f(2 + Ax\ 

it. I.£t tf( 1 - o. Find ibe following, if 

defijted. 

a) m b) g(I) c) gM> 

dl A formula in terms of At for 

mi + Aif - %Q) 

At 


12. Kind die domain of the function defined by the 
given algebraic expression. 

a> f{x) = - b) /(jc> * - --— 

x i—l 

c} f(x) = --— X - -- d> k0) = *Tt + 3 

x 3x + 2 

1J. Proceed as in FxL'rt-is^ 12. 


a) f<Mt vV 1 


hi fiU) 


Vi - 2 

f" - 16 


c) h{x) = v'x — 4 d) fc(e) = —- 

14. Sketch the graph of the Following functions. 

a) y - f(n) x 1 b) y = K<jt> = 

15. Proceed as ill Exercise 14. 

h) it = g(f) t' - 4 to) y — fti) = Vl - i‘ 

c) s = f(r) = -v'l - r 1 

16* Proceed as in Exercise 14. 

a) y = fix) = - b) y =» g(jf> = ---- 

x (a - 2) 

-l 

c) y = Mw) = — 

u 

17. M nkc ;i i a hie of je- values and y values for l be 
function 

y = , --- 

* - 1 

for x 1 + ?. II. j, H-. Hr .i, 3 . 2 , and 3. Plot 

the points and draw (lie portion l rf the graph for 
all x m the domain such that -i -■ x -- 3. 


calculator exercises 


I ft. Make n tabic of values for the function ftx\ 

U + IV JTT I using 11 eq ually spaced *-values 
starling wi l h x 11 and ending w ith x 10. Use 
the data In draw ihe graph ol die function over 
[0, IflJ [Note. Eleven values give ten intervals.] 

19 1 , Make a table of values for the function fix) 
sin x using 13 equally spaced x-value* starling 


with i = 11 and ending with x = 3. Use radian 
measure. Use the data to draw the graph of (he 
function over ff), 3] [Note, Thirteen values give 
twelve intervals. While wc have not "■defined" (he 
function sin x : vet. ii is defined for you in your 
’"black box" calculator.] 


1.5 GRAPHS OF 
MONOMIAL AND 
QUADRATIC 
FUNCTIONS 

1.5.1 Monomial 
Functions 


The monomial functions arc those given by the monomials 



or constant multiples of them. When a function is given by a formula, wc 
often refer to the Formula as the function, to save writing. Thus wc may 
refer to the function 4.x' rather than the function f where fix) = 4x\ 

It is important to know the graphs of the monomial functions. You 
know ihnt (he graph of the function v is a straight line of slope I through the 
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origin. The graph of i- was shown in Fig l ift in the preceding section. All 
the monomial graphs x n go through (he origin (0,0) anti the point (1, 1), Jf n 
is even, the graph of x" goes through (-1,1) while, if n is odd, I he graph 
goes through (-1, 1). In F ig. 1.21 the graphs arc indicated on one set of 

axes for easy comparison. Note in particular that the larger the value of n, 
the closer the graph is to [he x-axis for -I < x < l, For example, (|>* < 
( 2 ) 1 . so the graph of x' is closer to the x-axis where x ~ \ than the graph of 
x 1 , Jf \x\ > t, then the larger the value of ft, the farther the graph of J£ rl is 
'f from the x-axis. For example. 2^ > 2 i , sn x' is further from the x-axis than 



at {K k). Jn this graph-sketching context, we shall drop the A-notation and 
use more conventional notation, 

x ■ x — #u y = y - k ; 

so Eq. (11 becomes y - x'ft The graph of y + 2 = (x 3'f is shown in Fig. 
1,22, We translate to x,y-axes at the point {3,-2), and our graph becomes 

y - x\ 


TrcaiA^ufJtiK U res¬ 
in (h, k J 
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if 


1.22 


V 



The graph of ex" is much like the graph of x n if c > 0. The points on 
ex" Fire simply c times as far From the x-axis for each jc- value as for x Of 
course, if c < 0, then (he graph is thrown to the other side of the x-axis. For 
example, the graph of (—?)x n is shown in Fig, 1,23; it opens downward 
rather than upward. 

Why are the graphs of monomial functions important? For the func¬ 
tions of most importance to us, we shall soon see that a very small piece of 
the graph near a point (ft. ft) on the graph looks a tot like a straight-line 
graph, Near that point, it can he approximuted quite well by the line graph, 
We give an illustration of this in Fig. 1,24. Suppose the tangent line to the 
graph of f at (ft, k I has slope rn, Then, choosing x.y-axes at (ft, k ), we find 
that the line y - rni approximates the graph closely very near {h.k). In 
t.y-Coordinates, the equation v mx becomes y — ft - m {x — ft l or y = 
ft t m(x ft), which is the equation of the tangent line to the graph in 
x,y-coordinates. I'his problem of finding the tangeni line is central to 
differential calculus, as we shall see in the following chapters. 



Finally, if the graph of f has a horizontal tangent of slope m = 0 at 
(fl, ft), as in Fig. 1.24, then you would like to know just how "flat’ L the graph 
is at (u + b). That is, is it as flat as a multiple of Jt 4 is at (0, O'), or only as fiat as 
s multiple of x 7 ? You will see much later that, for many important 
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functions, you can measure how “flat" the graph is at Such a point by finding 
values of c and rr such ibat y - ex' 1 gives the best monomial approximation 
to the graph. 


15.2 Quadratic 
functions 


Example 1 
SOLUTION 

Sketching a 
^mnirotic function 


A quadratic function f is one of the Form f(jc) - ax 2 t bx \ r where a £ 0* 
Graphs of these functions are called pariibffla\. Ry tom pie ling l he square 
and translating to i.y-ajtes* you tan pul the equation y — ax ’ -f bx t e in 
the form y = dx 2 for some constant d. That is, the graph of a quadratic 
function is just a translation of the graph of a quadratic monomial function. 
The reason for this becomes clear in following an example. 

Let’s sketch the graph of the function y = fix) = -2x 2 - fix - 2, 

Dividing hy the coefficient 2 of x and then completing The square, you 
obtain 

- ^ - 3js + I, 



Now move all the constant terms to the k- ft hand side, obtaining 


L + 2V 

or 


(, 4 |) 

V 2! 


2 4 

V 2/ 


Finally, multiply back through by the -2, 

V - 2 = -2U + jf. 

Now set .i — jc + ?! and y - y — j t which amounts to translating axes To 
The equation becomes y = -2x 7 , The graph is shown in Fig. 

1.21 I 
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SUMMARY ]. See Fig, 1.21 for the Erapft.s- of the monomial functions ,.,, 

2. Tlie graph of y k = (x - hY' looks like tJitr graph of v - x", but with 
the origin translated to (k. k), 

3. Every quadratic equation y = ax J + hx + c „ where a / 0, hat a parabola 
os graph. The parabola cun be sketched y completing cJut square on the 
x-terms and translating axes to put fhf equation in the form 

y - dx 1 . 


exercises 


Jn Exercises l thruMFih 14, sketch the graph <rf /he indicated function, 

1. -x' 2, x* + 3 3. -x J 

5. -x 5 6 * * 9 10 f% 6. 4 + (x - ZY 7. 4x n 

9. -3 - {t + 5f IQ. x j + 2x + I 11. x 3 - 4x + 3 

13, 2k 1 -Ax +6 14, -3x ? +6* - 12 


4. xV2 

». {< + If - 3 
12. -x' - (>x + 5 


15, SkeLch the graph of f where f(x) |x|. Clui you find onr single Line graph that approximates ffxl well for g 
short distance on ftcrtft sicks m x = (1? 


exercise sets for chapter 1 


review exercise set 1,1 

1, ai Fim! the directed length Ax front 3 to 5, 
td Sfceleh ail points i>. y) in the plane ihat satthfy 

x > y -t 1. 

1. hi> Find I he distance between {2, -1) and t—4. 7). 
hi Ftrn.1 the midpoint of [lit: line segment joining 
l -l, 31 and f 3. si 

3. at Find the equation of the circle with center 

(2. — 1 1 and prosing through (4, ft), 
bj Sketch all points U, y) in Lhe plane ^uch that 

U - If + ty + %f ^ 4. 

4. a) Find the (dope of the line joining l-l. 4) anti 

(3, 7). 

h) Find the slope of a line that is perpendicular 
to the line Ihrough £4.-2i and (-5,-3k 


5. a) Find the equation of the line through (- 4,21 

and £-4, 5). 

hi Find the equation of the line through (-1,2) 
and parallel lo the line x - 3y = 7, 

6, ;m Find the x-intercept and y-intercept of the 

line 3x 4 4y ■ 12, 


hi Find the point of interned ion of the lines 
x “ 3y “ 7 and 2x - 5y - 4. 


7, Let 


fix) = 


x 1 - 3* ■+■ 2 
x 1 — 5t 


llI Find the domain of f, bf Find f(-2l. 

H. Sketch the graph of ihc function f£x) = I for, 

9. Sketch the graph of the function 3 — ix + 41'. 

10, Sketch the graph of the function 2x'' + Kx - fi, 
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i eviow exercise set 1.2 

L in Sketch on the tine ail x such thui \x - t\ * 2. 

hi Find the midpoint of the interval [—53,2,1 |, 
-■ .il Find the distance frnm f 6. 3) l<> ( 1. -4 | 

hi Sketch all points (jr, y> tn the plane such that 
i s j anti also je ^ L 

J. ui Mini the equation of lilt circle with < 2 + 4i 
and i'4, fi) as endpoints of a diameter 

|ij Find (he center and radios n| the circle je 4 
y' - f]Jc 4 Hy = [ 1. 

4, Find r jttich that the line through (-1 n c 1 and 
M. i^, perpendicular iti the line through ( 2 ,3) 
and (4.7>, 

5. n) Find the equation of I he line through (—1,4.1 

and (3 t 5), 


hi Find the equation of the vertical line through 

[3, -71, 

h. iti Find lhe equation of the line through f 1,3) 
with v-inTereepi 5, 

h) Find the equation t>F the line through {2,4) 
parallel to the line through (0. 5) nod (2. -3), 
7, Let fix) = y'25 — jc 

a) Find the domain of f, b) Find f(3). 
ej Sketch the graph of f 

ft, Express the distance from the origin to a point 
[x, y) on the line 2 k - 3y 7 as a function of c 
only. 

9- Sketch the graph of the function 2 + U - l)' 1 . 
Kb Sketch the graph of the function 4 2x J . 


more challenging exercises 1 

1. Show that. Tor .til real numbers a and h, 

a) \fj I |F)| s£ \a\ 4 |h(, 

b) Jii - h| |«1 - 1M. 

2, Prove that. Ter tmy numbers Ui.a^/r,* and h_,. 
you have 

C" i n ■ 4 Ma) : - fu t - 4 4 b$\ 

L Prove algebraically from Exercise 2 and the for* 
TTiuht for distance that the distance from Ft,, \, i to 
(*,. v■ i is greater than or egunl to the sum of Lite 
distance from (jt,, y n ) tn tx 7 , yd asid the distance 
from (x_,„ v..) to I> 41 y,F This is known as the 
Triangle meejuahry in the plane, [ffim. I .el a, 

X; — x«, a. Xt — Xj, = y r , y,, and = 

Vn - ¥i, so that je, x, n 2 - u, arid y n y, 

th M 

4. Show that if iwo circles, 

x 2 + y' t a t jc + &lV = c L 

and 

X' 4 y"' 4 a ? X 4 b 2 y = C* 


intersect in two points, the tine through those 
points mf intersection is 

ta 2 - a,)* 4 (7>j - fp|)y ~ c 7 - c x - 

5- Find the distance from the point (-3,4) to the 
line 

5x 1 2y = 2. 

6. Solve lhe inequality c’ + 4x < 1 for jc. 

Find the equation of the smaller circle tangent to 
both coordinate axes and passing through ihc 
point [-3,6) r 

ft. Find the distance between the lines 

x — 2y = 15 and x 2y =t -3. 

9, Find (he minimum disianoe between ihc circles 
?' 4 y ! - 2x + 4y = 139 

and 

jt + y ‘ 4* 4x — 6y = 3. 

10. If f(x) = (2x 1)Kx 4 3), find n function g such 
lhat = x For all x in the domain of f. 
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The difhtfitive 


You spent six years-, in prudes tine through si*, learning to handle rg;iE- 
mituber arithmetic, and then spent more years solving problems using that 
arithmetic, It is true that you learned sophistications, tike carrying x along as 
some number to he determined; but ihe arithmetic operations remained 
really your only tools for problem solving, You will continue to use 
arithmetic in this course, but you will learn a powerful new tool; 

computing a innti 

as well. It takes much less time to master this new loot Ehan to learn 
arithmetic, Four weeks from now, you will he quite expert at computing 
important limits known as derivatives. 

Ihe importance of calculus lies in its usefulness rn ihe study of dynamic 
situations, where quantities are changing, as opposed to static situations, 
where quantities remain constant. To illustrate, suppose a car is driven at a 
constant speed of 3flmph. Then in tour hours, the distance the car has 
traveled is 3b - 4 - 120 miles. That is just arithmetic. It was easy to find the 
distance, for the speed was always the same. Bui suppose the speed is not 
always the same; perhaps at time t hours the speed is 30v'(mph, so it is 
traveling 30 mph after one hour hui 60mph after four hours, etc. Then it is 
not so easy to find luiw Far the ear has gone after four hours. By ihe end of 
the term, you wilt be able to solve this problem 

fm I Ills chapter, you will learn how to solve the converse type of 
prohlem; Suppose you know thai after I hours a car has gone 15r miles, 
and want to find a formula For the speed of the car at time t. Surely if you 
know exactly where Ihe ear is at every instant, its speed should he deter¬ 
mined 


2.1 THE SLOPE OF 
A GRAPH 

2.1.1 The slope of 
a tangent lino* 


Suppose a car has gone a distance ,t = fit) at time (. Let's not worry about 
the units Fur s and t. ihev might he yards and seconds, for example. El the 
car moves with y amjftffd speed of 2, then a = 2t, so the graph of this 
motion is a siraighi line of slope 2. Any lime the graph of distance against 
time is a straight line of positive slope, (he speed is constant and equal to 
that stripe. 

Figure 2.1 shows the graph of a function ,v fit}, which might give ihe 
distance v a car has gone al time f, starting from res! and accelerating 
gradually. The increase in mepnesx of the graph in Fig. 2.1 as t increases ts 
due to the fuel that Ihe car is accelerating; so x is increasing fayier and faster 
as r increases. How could you find the speed of [he car at a certain lime 


' Wc Un ndt attempt to define the lapific-itl Jmr lu ii onvi itl li point. Ytsm w,rl iri 
geometry Kai juven you. an jniuilbu jintsp nf this Idea, which will Miffirt 
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when s — Suppose the slope of the tangent line To the graph of f at 
(f t , Sj) is m iMr . Or this tangent lire, a increases m,^ n units for each unit of 
increase of t. Since the line anti graph have the same sleep ness at (f t , S 3 ), I fie 
remarks above show that the distance v for the car is also increasing at 
tlie rate of m.,,, units per unit increase of r at that instant f,. Thai is. the 
speedometer reads m [MJ[ at time I,. In summary, the' sJflp*; of the tangent Urn- 
gives the rule of ineretiie of s with respect Id the time t at that instant !■,. 



The speed of a moving body is not the only rale of change that is oF 
interest A manufacturer might want to know the rate at which his costs C 
change as the number x of items produced increases. "lliis would he (he fate 
of change of C with respect to x; it might be -2^ per item fur some value x, 
of x. You will encounter many other illustrations in the text. The mathemat¬ 
ical formulation for alt of these rates of change is as follows: 

Ware of change If y = fix ) and the graph of f has a tangent line where x - x t , then the slope 
of this tangent line give s the hurarctaneaus rate of increase of y with respect to 
x at that poinf Xi. 

Some graphs have breaks, or sharp points where there are no tangent 
lines. But suppose a graph docs have a tangent line where x ~ x,. How 
could you compute the slope m (lin of this tangent line? This seems la be a 
tough problem. Let's start by approximating m llLT ,, using iht slope of a secant 
line as shown in Fig. 2.2. 'fhis secant line has slope = Ay/Ax and passes 
through the points and (x t + Ax*/(Xt + Axil, The formula foi the 

slope of a line through two points shows that 

Ay Ax t + Ax) - /(xj 


Finding m, 


ft) 
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The derivative 


tUnmjito 1 


Lei fix) = Jt 1 + 2x and x L = 2 ;mJ Ax ;i (KOI. The approximation U) to 
the slope rn t|lll of the tangent line at (2, 12) is 

[(2>01+ 2qtiU] - [2* -h 2-2| 


12.140601 - \% _ 0 > 140601 

o!m ~~ o.oi 


14.0601. 


You will see in Section 2.3 thal the slope m UHI is actually 14, so 14.0601 is 
not a bad approximation. A calculator is handy for computing || 

The smaller the value of A t (of course, Ax = 0 is not allowed), the 
belter you would expect in Eq. fl) to approximate m Mn , This is 
indicated by Fig. 2-3- 



Rather than use a particular value of Ax as in. Example l„ you could 
compute as a function of A.t, and then put in various values of Ax. The 
introduction to this chapter posed the problem of finding the speed of a ear 
if the distance s it has traveled is given by the function x - f(r> 15/ 7 . 
Let’s reiurn to t,x-notation and use fl) for this function. We have 

HU + AQ fit |) _ 1% + Arr - tSr t 3 
“ At At 

_ 15(1, 3 + 2f) At + [A r)- > - I5f; a = l.S-2t, At + l5(Ar) 2 
At At 


AT(l5 L 2t n + ■ A tj 


- 30 /! 


+ 15 ■ A/. 


Here is a table showing For a few values of A/. 


( 2 ) 
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Al 


0,(M 3CI( l — 0.15 

-0-001 30(, - 0.015 


0.001 301, +0,015 

0.0U01 301, + 0.0015 


As indicated by Fig. 2.3, the smaller the value of Af, the closer should 
be to As Ar gets smaller and smaller, the values 3Uf, + 15 -Ai get 

closer and closer to 30r s , In symbols, ihis is written 


Iim (30f, + 15 - At) = m v . 


and is read, “die finirf us At approaches, zero of JfJfj 4- 1 5 ■ Af &juaf$ 30t,." 
The exact value of is thus 3(]f, and was found by computing this limit as 
Af —► 0. The crucial step in computing the limit as At —* 0 was ihc Legiti¬ 
mate cancellation of the nonzero factor Ar from the denominator in (2) with 
the factor in the numerator. (The symbol At —* t) signifies that Ar becomes 
very, very small, hut is always nuruefo. i It is hard to discover what number a 
quotient may approach as both the numerator and denominator approach 
■zero, and the cancellation of At removed this obstacle. To finish the car 
problem, the speed of the car at time t, is 3flf, (units distance)/(unit time). 
Since 1 1 could be any time, we obtain the speed function 3ft r 

Summarizing our work in x,y-notation. w : e have discovered that 
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Example 2 Let's find the slope pte ihii of the tangent line to the graph of f{x) - 4x - .Vy", 
where x ~ X|. 

socotiDM We use Eq. (3) with /(x) - 4x - 3x". Then 


/(*j + At) - /(*,) 


I ini 


4{x, + Ax) - 3(t| + Ax)" - (4t, - 3tr) 


Iim 


4x, 4 4fAx) - 3xp - fix,(Ax) 3(At) v - 4x t 4 3x, 2 


Iim 


4 (A.y) 6x | (Ax) 3( A x V' 


Iim 

A *—*0 


Ax[4 - 6x, - 3(Ax)] 


[Lm [4 - fix, - 3{Ax)] = 4 fix ; . 'J 
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Tilt- derivative 


Example J 
sm.irritiN 


2.1.2 Another 

fiumaricat estimdt^ 
for the slope of 
* graph 


Example 4 


We find m llitI for fix) — l/(3xl ai x = t, f (I, 
This time Eq, (3) becomes 


JN 


' |11 


1 1 


3(jt, + Ax I 3 jC] 

lirti — 1 --— 

Ax 


lint 

JL4 —II 


3x } — 3x, — 3(Ax j 
JU, + Ax){3x,) 


At 


~3{Ax) 

a'™" fAx)[3Ui + Ax)(3x| |] 


= ]im 


-y 


-3 


-I 


i, .1, 3(x y -+ Ajc){3x t ) (3 jcjW 3*,) 3* t 


Referring to Fig. 2.4, we note [hill the chord from *, - Ai to x, + Ax is npi 
to be more nearly parallel to the Tangent line than, is the secant line. Let s 
call This slope of the chord The figure indicates that is apl to 

be a better approximation to than is For the same %'alue of Ax. 
Since the chord goes through (he points 

(xi - Ax, f(xi - Ax)) and {x, + At, f(jc, + Ax)>, 


its slope is 


T^eltaiiiJ: 


fix | + Ax) - _f(x L - A.\ 'I 

2 Ax 


(4) 



Let's use Eq, T4) To approximate m ian for (he same function /Or) ~ x L + lx. 
with x, = 2 artd x = 0.01, that we used in Example \. 
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value 

.5000000000 
.2500000000 
.1250000000 
.0*25000000 
.0312500000 
,0156250000 
.0070125000 
.00190*2500 
.00 I 953l750 
.0007765*25 
,0004882813 
.00024*1406 
.0001220703 
.0000610352 
-O'"' 00305176 
.0000157588 
.000007677* 
,0000010147 
,0000019071 
.00000095W 


solution The computation is 

fix i + Ax) - fix, - Ax) _ [(2.01) 1 + 2(2.01)] - [(l.W + 2(1,99)] 

2 Ax 2 (0.01) 

= 12.140601^- 1 L .860599 
0.02 

0.280002 

0.02 

- 14.0001. 


The correct answer is actually 14. so this approximation is significantly 
better than the approximation 14.0601 found in Example L And the 
computation is easy if you have a calculator handy. || 

I'rifltoul 2.1 shows 20 values of ni MC , ami the corresponding 2(1 values of 
"'chnrd f<Jr 


Ax 


J. I 1 J_ 
2" 4' S T 16’ 


J_ 

2 ’" 


I 

t ,048,576 


=-- at 1000009537. 


and the function fix) = Vx + 16 at x 9 = 2. These results were obtained 
using a computer. A listing of the program SECHORD used to find the data 
is given in Appendix I. See how much faster the slopes m c i K , lU converge! 
From this data, it appears the value of is very close to 0.4472135955. 
Formula 14 1 is a very useful way to approximate m r|l|1 using a hand calculator 
or a computer. 


■4897OT222I 
. 4690159307 
.4582542240 
. 452763829* 
.44999994*0 
, 448608954.3 
.4479118708 
,44 7567H446 
. 44 73fW:'547 
. 4473009334 
,4472572**6 
,4472354316 
+4472245137 
► 447219054* 
.4*72163251 
,4472149603 
.4477 \A?7?9 
.44721393*7 
,4472137660 
.4477136&07 


+ 44 4 980*934 
.4466552771 
,4470738849 
►4471786597 
.4472048610 
►4472114119 
,447213049* 

.4477134590 
,4472135*14 
,4472135070 
. 4472135934 
,4472135950 
.4472135954 
.4472:135955 
,4472135955 
,447213S955 
,4477135955 
,4472135955 
*4472135955 

■ 44 72135955 Printout 2.1 f(xf •• X 9 • 16 al *, = ? 
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SUMMARY 1. The slope m M „ of the fine f« the graph v flO. where x = x , is 

the iusUitiiattetnts rate at which v ix irreriSdJfiKs wrdr ntspert fo x flf the 
JjtsfdRf when x - X\. 

2. [f s — fit) fiit'es fhc (fwrtuice s traveled a i it me i t then m ta „ where t f, is 
the udfrdfy at time (]. 

}. The slope of she secant to the graph from x ( fa Cr, ■ Axl is 

fix, + Aje) - fix,) 


. - 


As 


J, The siot>e of the out gear to the graph rtf Jr, is 

fix, + Ax) - fixi) 
m t ,„ - lim -—-. 

A" -w \I JL 

5. The stop*' of the chord to the graph from x, — Ax to A, l Ax is 

_ fix, + Ax) - fix , • Ax) 

' 2 ■ Aj 

6, /ri gfrreraf, m clwi „i is opt to he a better approximation to rn lull than is [or 
the same value A.c. 


EXERCISES 


hi Exercise* l di/Owfcfl 4. pud rlic twine nf m w> tfji;* r rz by [\ > utut the value m jpivw by • -I> tor ihe indicated 
I'unriitm, ttnd increfflen f, 

t. /(jc* = Jt“, jc l = 4, Ajc = 0.01 2- f(x} - U*, x, ~ 2, Ax = 0.1 

3. f(r> f~ 3U, = l,Ai=0.I 4. [(u.) - it + -V«i l. An = —0.4101 

u 

hi Exercises 5 fhmu#h 9, find 1 die eiaet Lvalue of m,.,. ut die pnaif *, by atnipuling die dmit .dton-n in (31 n-s Ax ■ M. 


Compare die answers of FrofiJmirr ? ihrmndi K wfdr yotir 

S. f{x) = x ", x L = -1 6. ft*) 1/3C.KH = 2 7. 

9. fix) V .v, X| =4. I himv Muljjplication of 

rtiimcralor and denominator of (Vo voVAx by 
(Vo x Vfi'l yields (a p)/[AJc(Vd +■ Vfrf]. 

UK If ^ ih distance traveled and f is time, then As/At 
has the interpretation of ihu overage 1 speed over 
the lime interval Ai. Suppose an object travels s<* 
that after r hours it h:is grtne .s = fli) = 3r 4- 2f 
miles tor ( -- (). 

a) Find tlie average speed of ihe object during 
(he two-hour time interval from r 3 to r 
5. 


an sweet for ProWems 1 ffrniufth 4. 

fix) = jr - 3.t, .t| 1 Bi f(x) - x + - , *| -I 

X 

b} Find 1 Fi l - nver&pe speed of the objeet during 
the one-hour time interval from I 3 to t 
4. 

e) Find the average speed of the object during 
the half-hour time interval from i = 3 lo l 
7/2, 

dl On the h.ists of the prtterSin^, |.'.ueKS the aeE.Ua.! 
speed of ihe ohjeel at time r 3 

11. With reference tni Exercise 10. tir<l, from ilu: 

CJtprtssion for ah a limit, the exact speed at 

time r * 3. 
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a .ilculcitor fiKereiser 

!/v raiculatw tlfld ) 4 < Jit approximate m., for the |fuiu;tiou uJ the iJuiirutt'd' j.ivun Jl. Vim JunWc 

/'Uflaiii'Nh WV firti'C pifif dixeussed are defined for vou fry viuir ruJVuf tilur. 

t2» dn v at jr t = 1) (Use liitliHii measured 13. VP ■ 2x i at k, = 2 

14- V at x, - 2 IS. *' at jc t = 1,5 


2.2 LIMITS 

2,2.1 The Notion 
of tim K flit| 


hei the graph of / have a tangent line where jc - jc,, b ram the last section, 
the slope m llM1 of the tangent line is 


n*n.n 


lim 

A*-n \ 


f(x , + Ajc) - 

&x 


m 


The function 


h<A*) = 


fUi + Ax) - /{*,} 

A,t‘ 


involves just (he single variable &x. fox a, is some eons tan I such as I or 2 
or rr. Now h(Ajc) is riot defined where Ax - 0. One of the main purposes of 
a limit is to describe the behavior of u function near a point where the 
function is not defined. As wc continue the discussion of limits, we use just x 
rather than Ax„ and talk about lim, fix). 


Fvjimpk- I Let's try Id find 



That is, let's try (o discover whether 1.P — 4VU “ 2) gets very elose to some 
value L as X eels very close to 2. 

soi trnr*> Note that (f - 4)/(i — 2) is not defined if x = 2, lor all x 4- 2, 


so 


jc- - 4 U - 2){x + 2) 
jc — 2 x - 2 


x + 2; 


jc' — 4 

lim --— " lim (jc + 2) = 4, 

Jt - 2 . ,2 


since, if a is very close to 2, ihen jc + 2 is very dose to 4 \\ 

Ef lim, ,, fix) 1 . you could illustrate this by computing fix) for 
“random” rs closer ansi closer to x, but never equal lo x % . The values fix) 
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Tha (torivkfh 1 * 


1,51771 48469 
2. 1 057473784 
2.0572*35830 
1 . 95397473] 3 
l . 997909*241 
1,9377050277 
[ , 9940899*90 
2*0010*02804 
I*9988715949 
2,00097187*1 
2,00000*LI** 
2.00015755^7 
|,9993977055 
I,9999705302 
2,0000297771 
|*??9?893103 
I ,99999RI 385 
i?. 0000015970 
i .9999P901S5 
:,0000005198 


Printout 2.2 f\m 


then get close to L. 'Illis is illustrated in Printouts 2.2 and 23. r l"hc values 
given in the tables were obtained using a computer. It first chose a random x 
such that JCi — | < x < JCi + h and printed fix). Then it chose a random x 
such that JK t - i < x < x L + ] and printed fix), then again for x 3 - i < x < 
jtj + i. etc., for twenty choices. Printout 2.2 is for fix) (> - 4)/(x - 2} as 
x —* 2, as in Example 3. The printed values get close to A. Printout 2.3 
shows data for fix) (sinx)/x as x —* £), From Printout 2.3, it seems likely 
that limj-H) (sin x\fx = I- The program LIMIT, which gave these results, 
appears in Appendix t- 


/(*) 

X 

fix) 

3♦3177148469 

-.4*7142427© 

,964074443* 

4.10574 73704 

- ,3 979 3*7558 

. 99 348298*0 

4*0572*33930 

-*0239035880 

,9999047725 

3 * 9579747313 

-*0416905480 

,9997103415 

3*997909*24 I 

-*01*4257088 

. 9999550333 

3,9877050277 

*00*7960371 

,9999923073 

3.9948899*90 

■0001680*87 

■ 9999999957 

4,00 L0*02034 

.0022185121 

,9999991797 

.1,9938715949 

,000754902* 

.9999999050 

4.00097132*1 

.00045*98*2 

,9999999*57 

4,00000*11*6 

*00000E9*03 

1*0000000000 

4.0001595557 

,0001811096 

.999999994:. 

1.9998977055 

.0000289490 

.9999999999 

3,9999705303 

. 0000020952 

1 ,oooooooooo 

A ,0000297711 

-.0000709376 

.9999999999 

,3.999989510:3 

■ 0000111930 

J ,0000000000 

3,9999901885 

.0000068695 

1,000000oooo 

4,0000015910 

• .0000007991 

! *0000000000 

3*9999990107 

.0000016917 

1.0000000000 

4,0000005X95 

.0000009188 

1*0000000000 

! 4 

Printoin 2.3 MjO 

sin u 

- 2 

V 


Tntmtively, lim,^ fU} = L means that you can make f\x) as dose to 
L as you wish by making x Milhcicmly close to but different from x ( , This is 
a vague statement, for what does ll d(w” mean? You may think that fix) is 
close tu L if L 0.1 < f(x)<L + 0.1. while a friend may say, “No, I want 
to have L - ILOOtlOl < f(x) < L +■ fUlOOD!. 1 * ll is only proper to say 
f(j) = L if eutryone can be satisfied. So if someone demands to 
have L t < f(x) < /. + e for some e > 0. he it (LL or (.1.00001, you must 
be sure that this wifi he true as long as x is within ft certain distance, perhaps 
0,05 or {1.003, of x t but not equal to x t , T hfit is, you must be able to find a 
ft > 0 such that L - e < f(x) <I. + € will be true if x, ft < x < Xj + ft 
but x # Xj. The smaller the * ihe person wants, the smaller you expect ft 
will have in he, I ..efs write this, down as a definition oMinv + , fix) L. [Of 
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course, to talk about fix) at all, you want to have (He domain of f 

contain points 5 : # jc, arbitrarily close to jc,. Ii would be absurd to talk about 
linn. . ,*■ The first sentence of the definition lakes care of this ] 


Definition 2.1 Suppose the domain of f contains points .x arbitrarily close to 
jc Li but dilfereul from JC|. Then iim^, f{x) - L provided that, for each 
e > 0, (here exists > 0 such that L e < f(x) < L + £ for any x x, in 
the domain of f such that x, - J5 < * < x, + 5, 


The requirement /. e < fix) < L 4 -1 can also he expressed 
\f{x) L| < *, while the (wo conditions -s, 6 < x < jc t -4 8 but* ^ r, 

can be writ lent as ihe s in pile condition fl < ix .t,| < fi., This e,6-characteri- 
zalion is very important in theoretical work in mathematics. We told you 
about it here in case you should meet it ill later courses. Then you would be 
seeing it for the second time, so it would seem easier to vou. Thera is almost 
no *,A-wurk done in this text. 

sample l Lei's use the c ,&-char aeterkation to demonstrate that lim, ,*(2 jc — 2) - 4 r 
This surety should be Irue; if X is close to 3, then f[x) = 2x — 2 is close to 
ft - 2 = 4. 

dOLt/noN Let c > 0 he given; you want to he sure that 

4 - * < f{x) <4 + £. (2) 

You should mark 4 - e and 4 f «- on the y-axis (sec big. 2.5), for this is 
where fix) is plotted. Now you have to find 6 > (I and mark 3 & and 

3 + d on the jc-mris, so that (2) is true if 3 - ft < x < 3 + x t 3. Since 
f(jf) = 2x - 2 has as graph a line of slope 2. each unit of change on the 
jc-axts produces two units of change of fix ) on the y-axis. Thus a change of e 
on the y-axis is produced by a change of only cm the x-axis, so you may 
let $ f-i'2- This was just a geometric argument. 





2.5 


L. 
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Finding fi > 0 T 
gicf n € > 0 

You can arrive at the same result algebraically as follows. You need 

4 — e < 2x - 2 < 4 + e, 

which can be written as 

6 — c<2x<6 + e 

or 

Example 3 

3“ — <jc<3+ - . 

2 2 

Consequently, 8 = e/2 suffices. Of course, any smaller 8 will work also. || 

We give an e, 8 -demonstration that lim,. hl (5 - 7x) = -2. 

SOLUTION 

Let e > 0 be given. You need to have 

—2 — € < (5 — 7x) < “ 2 + €. 

This is true if and only if 

-7 — € < -lx < - 7 + e* 

or if and Only if 

! + ^ > x > 1 

Example 4 

Thus, we can take 8 — e/7, for if x is within e/7 of l, then 5 - lx is within e 
of -2. || 

Lei’s give an e,5 -demonstration that |x|/x does not exist 

SOLUTION 

For every 8 > (), 

1 x 1 

u = 1 if 0 < x < S 

X 

and 

|*l 

— = -1 if < x < 0. 

X 

Now l and -1 are two units apart, while for any possible limit L y the 
numbers L - e and L + e are 2e units apart. Consequently if e < l, it is 
impossible to have. 

L ~ e < — < L + e for all -8 < x < S, x* 0, 

X 5 


for any choice of L and 8 > 0. Thus given e = i, there exists no 8 > 0 such 
that 
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[jtl 

L—€< — <L + € for -5 < x < 5, x / 0, 
x 

no matter what /. might be. This contradicts Definition 2,1, which asserts 
that for each e > 0, in particular for € — ^ such 6 > 0 should exist* [| 


2.2.2 Computing 
limits 

Theorem 2.1 


Here is a theorem that you will use frequently, often without realizing it, in 
computing limits. 

// lim t . K| f(x) — L and g(x) = M where the domains of f and g 

contain common points arbitrarily close to x * but different from x ,, then 


lim (f(x) 4- g(x» = L + M, O) 


lim (fix) * g{x)) L ■ M, 





(41 

(5> 


To illustrate, if fix) is very near 2 and g(x) very near 5 when x is very 
near x, = - I. then f(x) + g(x) is very near 2 + 5 = 7, and fix) ■ gU) very 
near 2 ■ 5 - 10, and f(x)/g(xj very near ^ when x is near — L Theorem 2J is 
certainly iintuitively obvious. You will find ati ^5-proof in any text on 
advanced calculus, and in some freshman-level calculus texts. 

Here is a sample of what you can do using (3), (4), and (5). Surely 
x - x |, Exercise 1 asks you to give an €,S-argument. But then, from 
(4), 

lim x * x = X| * JCj, lim x* — lim x ■ x = .tj 2 ■ x t = x { , etc. 

*-»l S x-**, *1 


From (3), 


lim (x 1 + x 2 ) = x* + x,-. 


Use of the theorem 
nii JnmYv 


Also, if f{x) = 3 for all then surely lim*-**,/(jfc) = 3 (see Exercise 2). 
Using (4), 

lim 3 a x 2 = 3x } 7 . 


Similar arguments show that if f(x) is any polynomial function, then 
lim x ^, f(x> f(x,). From (5), if g(.v) is also a polynomial function and 
g(xj # l), then lim* f(x)/g{x) - /Ui)/g{xj). (Such a quotient of polyno¬ 
mial functions is a rational function*) So the computation of the limit of a 
rational function as x x t amounts to evaluation of the function at the 
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point Jt, provided that Jt, does not make Ihc denominator of the function 
Kern. The only "had 11 case for a rational function f(x)fgix) is the case where 
gU,) 0, as illustrated in Example 1, When a denominator approaches 
zero at a point, one must try some algebraic trick, such as cancelling a factor 
from both numerator and denominator, to try to (ind the limit at that point. 


Example S We have 


linn. —r- 
X 


x 2 -9 
4* + 3 


rm j* ? a 

.■.»(!- 3>U - 1) 


lint 


x + 3 


a JC — 1 



11 


Fxamplit 6 The limit 


lim — 


s 

4 


does not exist, for the numerator approaches 9 while the denominator 
approaches D. Thus the quotient becomes very large in absolute value as x 
approaches 4 (positively large if x > 4 and negatively large if x < 4) r 
Symbolically, 


lim 

Jt ■* 


x + 5 | 

Jt - 41 


= KJ, 


(61 


Udn^; » [(.i This, does Fipl mean lhat v - (read +l infinity"} is the limit, hut rather that the 

a Jimri limit does not exist hecauxe the quotient becomes large in size as x 
approaches 4. The purpose of finding a limit is iff describe the behavior of a 
function near a point, and (6) does that for ux eery rieuf/y,. 

There are other obvious relations similar to (3). (4), and (5}, such as 

jf ]im fix) = T > 0. 


then 


Urn Vf(jt) = VI. 


The only “bad" case, where you can't just evaluate functions, that we have 
seen is where a denominator approaches zero. Equation {1} shows lhai this 
“bad 1 ” case always occurs in the attempt lo find i7i,„„ as a limit. Here are 
more illustrations. 


Example 7 We have 


lim 


- 25 


x + 4 


■5-°’ 


lim 


x t- 2 
Ux - 3) 3 


.. x -1 


The second expression becomes positively infinite as x approaches 3 r while 
I he last one becomes negatively infinite as x approaches 2. i| 
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SUMMARY 1. L/mils are used fo study the behavior of a function mar a point X\ where 
the function may not be defined, 

2 , Mm_ f(x) - i xiTt-'OJi.s that for each c > I). there exist* same > H such 



3, If fix l — L ami lim, . ti k|x> — M + durri 

lim (f(x) + gfxl) = L 1 M, lim (/U) ■ j?(x)) - L AL 



4. I intits an s - x, of functions we have encountered so far can he found by 
fuaiuaring at X| us &>t% as a dcnotninator does not became zero at x t . If a 
denominator becomes zero at x,. try to cancel a factor of (Jit 1 denominator 
with one in the numerator 

A. The avmhok ® ami &> are used where appropriate wilJi limif expressions 
Ui describe the behavior of a function near a paint. 


EXERCISES 


t>\ f 'xcK ises t. 1. and 3. if e > 0 in jfjtieii, find iji rrnm of c whail \ite ?i tmwt hf (alien m (ftp -charat'tfrixtltinH nif 
a dirri/f (rj Ff fa-Wish Flu* JjpFu'f, 


1, lim, ,,, x je 


2* lim c e c, where e in Hint, c is Ihc constant 
funeikm f ik'liiii'ii hy f(x] = c f<>r utl x 


J, , (14 5x) 2<l 


4. Does il make sense Lo consider lim, ..Vv' - *1? 


Why? 


In Ewfci.wy 5 (h/Ouj^fl 21. ftnd the litril af ilic inJtrufed function if if rai.rt*, Use (Fu; notations * nr — ® to describe 
(he behnwor of the function n-here appropriate. 







14. lim-- 

i - p t 1-3 


|l)+ lim- 

. I -+ J 




16 . lim (2 + JU 1 




18. Iitn[(2 + &JEV A | 



22. Let / be defined by 



Find cadi of lhe following limits, if it exists, 
nl lim. ^ j-f(x) hi Lim, fl u c} lim—. f\ i) 
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calculator yxsrciseR 


Si/pjkMt: /(JC, i j.s iutt dcfinr.d. If fin + i ,,m<f /{JT, 0,0033 hutX' ctMrJVJxrmUjdy the L’ufuf I.. fhmt is a »r»ii 
rndirarton ilmt lini. , ftk} • f_ f The uumht’n 0,01 and 0.003 couUl be rephueti fiv rubers of opposite jsj'gn, of 
differtmt absolute tudi^ nod cbv ifj zero 3 i'se r/us jft'jmiqur rr» RfrOpittre flit' iruihaitid /jrriic, if it exist?,. Use radian 
tnensiirr ft.ir nil \ri%nmtmetrii /unrliunA 


23. Imi 


JE' 4 iJlx - 0 


_jl x 3 2 

26, lim (I ^ x) ,!> 


jt — sfjx 

24 l,in ^— -f 

•*-.i if — x 


27, Hm 


COS A - I 


19. lim {sin si 1 r " 


30. lirri 


am x ' 


, -n cos x - 1 


l S, 


lim 

% -*■! 


sin (a 3) 
x' - 9 


28, Urn N + x\ l,m ' 

* •* 


2.3 THE OEIttVATtVEj 
DIFFERS NTI ATI ON 
OF POLYNOMIAL 
FUNCTIONS 


2,3.1 The derivative 

of e function 


Refet to big, 2.6. IjCI f be defined at t, and for lit least a little way on both 
sides of jc,, say front x : — h k> c, 4- For some h > 0. The change Ay in 
fix) as .t changes from Jr, hi x t T Ajc is f(x ( 4- Ax) - f (x,), In Section 2.1 you 
learned about m scc AyjAx and m (un - liriij, tAy/A.v). Here are two 
definitions that give the usual calculus terminology for m Mt . and m 1-ri . 


fix, 



Definition 2.2 The difference quotient is 

Ay = MJCt + A* I - ff.t.i 

Ax A.\ 


II) 


and is the average rate uf change of fix) with respect to x from t, in 
+ Ax. 
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The noldlftm tlyfdx 


Example I 


Silt ITION 


Definition 2.3 The derivative of ,r al x, is 


f'Ui) = l»JTi 


f(x, + Ax) fix,) 

Ax 


1 , 2 ) 


it I his limit exists, a ltd is I he instantaneous rale of {Image of f|jc) with res peel 
to x at X|. If fix,} exists then f is differentiable at v,. A differentiable 
function is one that is differentiable at every paini x, in its domain. 


I he function f in the notation /"(jc ,> is the derived function, and fix i is 
the derivative oF /‘at any point x where the derivative exists. The derivative 
fix) is often written as dyfdx. This notation, which will turn uut to be very 
handy for remcinbcrini; some formulas. is due to Leibniz, and should lx 1 
read "she derivative of v wifh rexped tv x.” At the moment, regard dyfdx ;cs a 
single symbol, not as a quotient. {A quotient interpretation will appear in 
the next chapter. ! Remember that f(x,\ is ihe slope jn tal , of l he line tangent 
to lhe graph y = f(x) at t = .i,. It also lias the interpretation of the 
instantaneous rate at which v is increasing compared to x al t t . 1 her 
notation dyfdx is suggestive of this rate of change of v with respect to x. The 
mosi important applications of differential calculus ccnivr around this rate- 
of-change interpretation of dyfdx.. 

The com put Lit io n of fCx,’i from {21 is exactly the same as the compula¬ 
tion of m. given in Section 2-1- Here arc two more illustrations, computing 


dy M , lf /(x + Ax) - fix) 

— - fU)= I ITT! —-7- 

dx a Ax 


at any point x. 

If y = f{x) = \f(x - 11. then let us find dyfdx. 

\ 

dy x ,. f{x + Ax) -- f(x) , T x + Aje - t 

— = fix) = Inn --- - -- lim- 

ax Ax “-a Ax 


1 


x — 


I 


— lim 

jU —I I 


x - t (x + Ax t.) 
(x T Ax — I ){x - 1) 
Ax 
- Ax 


a™)Ax(x + Ax - 1><JC - l) 

= lim "1 = -I 

al^iIx 4 Ax — nix - 11 (x 1) 


Example 2 If g(x) = Jx + 3, then let us find g lx l 
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SOLUTION g'(x) 


9im 

Ax *0 


K(* + Ax> 

Ax 




•Jx + Ax + 3 - vx + 3 

Itm -—-- 

Ai—+1) Ax 


.. Vx 4 Ax 4 3 - n/x + 3 

— Iim ————-——- 

A*-+H Ax 


x/x 4 Ax 4- 3 + v'x 4- 3 
7x + Ax + 3 + V x4 3 


|Jm (x + Ax + 3) - (x + 3) ____ Ax 

ax-mi Ax(Vx + Ax 4- 3 4- yJx 4- 3) Ax(Vx -4 Ax + 3 + v'x 4 3) 


Ax -ii v''x 4- Ax + 3 + v 1 x 4 3 2>/x 4 3 


Ax 

+5000000000 
+2500000000 
,1250000000 
+0625000000 
.0312500000 
.0156250000 
+0078125000 
+ OO3?0i25OO 
+ 0019531250 


In a moment, you will learn how to find the derivative of a polynomial 
function at any point. In Section 2.1. you saw that for small Ax, the 
approximation 


f (X|) tflfhftnJ 


/{x, + Ax) - fix, - Ax) 
2 ~Ax 


(3) 


(read » as “approximately equals”) can be expected to be better than that 
given by the difference quotient (1) for the same value of Ax. The approxi¬ 
mation (3) can be used with a computer or calculator to estimate the 
derivative of a function at any particular point; In Appendix l t you wiJ] find 
a program DERIVE, which uses 13} with Ax set in succession equal to t, i, 

k *- 2 *"* the approximations (3) have stabilized to six significant 

figures. Printout 2,4 shows the data obtained in estimating the derivative of 
lx 2 - 4x)/(x + 6) at x | 3. Sec how quickly the approximations stabilized 

to six significant figures; the derivative is about 0.259259. Printout 2,5 
shows the data obtained for f(x) = sin x at x, = 0; the derivative seems to 
be i to six significant figures. This is an easy way to estimate the derivative 
of a function at a single point. 


m chnnJ 

0+2569659443 
0+2586872587 
0+2591163419 
0+2592235351 
0+ 25 9250 3205 
0+2592570266 
0.259258701] 
0.2592591197 
0+2592593244 


Axtradiana) m clMWd 


.5000000000 
.7500000000 
.1250000000 
.0625000000 
*0312500000 
* 0156250000 
. 0078125000 
.0039062500 
*0019531250 
.0009765625 


0*9588510772 

0,9896158370 

0+9973978671 

0+9993490855 

0+9998372475 

0+9999593104 

0+9999898275 

0.9999974569 

0+9999993642 

0*9999998411 


— 4x 

Printout 2.4 f(x) at x+ 3 

x + S 


Printout 2,5 f{x) - sin x al x 1 - It 


2.3.2 Differentiation 
of polynomial 
functions 


This article presents the lirsl few of many formulas that can be used to 
compute exactly the derivatives of many functions. The process of finding a 
derivative is differentiation. Mastering the technique of differentiation is as 
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important for calculus as mastering the arithmetic operations was for all the 
mathematics you know now. But differentiation takes much less time to 
learn than arithmetic. 

Let f(x) — c t a constant, for all x. Then for any x u 


f(*l) 


/(x, + Ax) - f(x x ) 

Iim —-— - --■ - 

Ax 


r c “ c v U n 
lim 7 ■ = lim 7 — = 0 , 

Ax-Mi Ax Ax ^-0 Ax 


In d -notation. 


d{c) 

dx 


= 0. 


(4) 


Now suppose fix) = x" for a positive integer n. This time the computa¬ 
tion of fix,) uses the binomial theorem of algebra to expand {x, + Ax)"* 
The binomial theorem gives an expanded formula for (u + b) M in terms of 
the products, 

a\ a " -1 b, a n ^b\ a n ~ 3 b 3 , ab n ~\b n ; 


namely, 

(0 H- b) n = u n + + 


FI-1J. j. ^ D ^n-Zta J. ? r v* *-fV* ----- ♦/ 


a b + 


w(n - 1 )(n - 2 ) . 


3 ■ 2 


+ - • * + h". 


Applying, this formula with ct = x t and b = Ax, you obtain 
(x, + Ax)" - x," 


f(*i) = lim 

An—*0 


Ax 


[x/ 1 4- nxr % Ax + (n(n - 1)/2)xT" 2 |Ax) 2 + * ■ . + (Ax) 11 ] - x t " 
= lim —■——-——— 




Ax 


= lim [nxr 1 + Mn - 1)/2U7~ 3 Ax + ■ - - + (Ax)"" 1 ] 

Ax-*0 


Since x 1 can be any point, this shows that 

d(x n ) 


dx 


= «x 


nx 


m — 1 

1 


(5) 


Next, suppose that u = fix) and v = g(x) s so u + v = f(x) + g(x). 
Suppose also that f(x x ) and g'(x L ) both exist. A change Ax in x produces a 
change Au in u and a change Au in u. The total change in u + v is An + An, 
Working at x x and using Theorem 2.1 in Section 2.2 for the limit of a sum, 


Change in (u + i>) Aw + Au 

hm -——-= lim --——- 

ax—A x Ai-tfl Ax 

Au . At) rfu dv 

= lim 7 — + lim — = — + — 

Ax —**0 “X At Ax dx dx 
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Iliffifcm 2,2 


Example 3 


Example 4 


That is.. 


tf (u +■ p) _ du do 

dx dx dx 


(ftt 


at any point where the derivatives of both u and n exisi. 

For the final result before differentiating any polynomial function, let 
u f(x) and consider the function t - fix) for a constant e. A change of Ax 
in x produces a change of Au in u and therefore a change of c - Au in 
c ■ This time you make use of Theorem 2.1 of Section 2.2 for limits of 
■d product. At any point x where f{x) exists. 


Change in e j /(x) 
lim --—- 

Av 



c ■ 


du 
dx ’ 


s d{c'u) du 

—--= c ' — , < 

dx dx 

Equations (6) and (7) are very important since they hold for any 
differentiable functions u ~ f(x) and v - g(xl You should “learn them in 
words," as they arc given in the summary, independent of particular letters 
such as u and u. They deserve to be staled as a theorem, 

r f it - fix) and v ~ g(jc) are both different table ut x, then xu a re u + v> = 
fix} + fi(x) and c u = c ■ fix l for any constant c, Furthermore, 

din + v) du dv dfr' tri du 

-— = — h - and -- — e ■ — . 

dx dx dx dx dx 

Using (6) t t7), and then (5>, 

dt4x 1 — 7x7 d(4x a ) di^lx-) ,4(x*) , ,,d(x J ) 

--- = —-— + —-- _ 4 —;— + f^v) -7 

dx dx dx dx dx 

= 4- dx 4 (-7X2*) = I 2 x 3 14x 

for all x. i| 

Example 3 can be generalized to more than two summands m the 
obvious way to give a very nice formula for the derivative of any polynomial 
function. Namely, 


dUirX 


+ ■ - ■ 4 q ? jt* + fl t x +■ 


dx 


- uti.iJC 


+ ■ * - 4 2 fl ?x + u 1 


(S) 


If f(x) = 4X 1, - 17jt 4 3x - 2. then fCx) ™ lit* 3 - 34x 4 3, \\ 

Already you can find the derivative (compute the limit oi the difference 
quotient! for every polynomial function! M’s a lot easier than learning to 
add. 
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2.3,3 Applications 

These examples illustrate applications of the derivative to the slope of (he 
tangent line and lo instantaneous rate of change. Note how easily you can 
solve the problems in these two examples after only three lessons in 
calculus! The problems would have seemed formidable only one week ago. 

IFvuinpIc 5 

Let's find the equation of Ihe line tangent to the graph of y - f{x) - 
3x* ~ 2* 1 + 3jt - 7 where jc = L 

SOLUTION 

POINT; = (1,-3) 

slope: f(l) = (12,t* - 4x + 3)1*- j - 12 4 + 3 — l L The notation L j 

means “eva fumed at jc = L" 

EQUATION; / + 3= 1I(X l) DT y 1 1JC — 14, || 

Fxiimple h 

We find the velocity at time r - 3 if the distance s traveled hy a body on a line 
at rime ! is given by s = r + 21. 

SOLUTION 

The velocity of the body when r - 3 is 

Velocity = -~j - (2t + 2)1, ^ = 6 + 2 - units distance |/( uni l time). || 

df!, j 

SUMMARY 

\ , The dmuadve 

rfc.) = fa, «»■ ±M - «»»>. 

a i At 

2. If fix\) exists, then 

eff , f(*i + Ax> - /(*l “ Ax) 

/ <Jt,) 2 ■ Ajc 

for small iix. 

3. If y - f(x), then fix! is alrc written ax dy/dx, the derivative of y with 
respect to x. 

4. The derivative of a constant /unction is zero: in symbols, 

^ = n. 

dx 

5i The derivative of a sum is the sum of the derivatives; in symbols, 

d(u + u) du dt> 

dx dx dx 

6, The derivative of a constant times « function is the constant times ike 
derivative of the function; in symbols 

d{c ■ a) du 
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dU 11 ) , . 

7. 1 1 1 - u.\ ' for any positive integer u. 

ax 

K. Vlelocrty — t> = dnfd \ where \ is the position on a line at time i. 


EXERCISES 


fpi P.xtrds^v I ih/ou^h 6. find fix] usinj? the definibon rn Eq. (2). 

i, fix) = x 2 -lx l. fix) - 4x 7 + 7 

4, fix) = I//* S. /(*) = xf(x + 1) 


3. f(*» 
6. fix) 


I 

2*+i 

Vit i” 


In Exercise* 7 through 19, find the derivative of thf gmerc function 
7 , 3* - 2 B. Sjc 1 - 7jc ? + 4 


10. L5x 3 - 4* h + 2t J + S 

13. (SjcV 1 £2xi’ 

16. xOx + 2M3ji - 21 


14. (jr - 2)U + 1) 
17. (2i) J {3x + 5) 


18. Ha 1 3U + U ? 4 2. 



IKj * II 
3 


9. 


12 . 

IS. 


2* 7 + 4jT y 

x l - + 2 

4 

ii- + lx) 2 


20+ Find the quntuin of the line tangent to the curve 
y = x 4 — 3x 3x where x 2. 

21+ I-Hu! 1 he equation of the line FiOttttttl [perpendieu 
l;ir i.o the tangent line) to the curve v = 
2.t ' — 3x ; where Jt = 2- 

22. a) Compute J( ifx)fdx assuming that ihc formula 

for dtje™ 1/d.x in fS) also holds if n = -I. 
hi Verify your answer in ta> by computing the 
limit of the appropriate difference quotient- 

- 2jc )‘ 

t J d / I 3 2 

d) 

23. Compute dWx)idx assuming tlvui the Formula 
for tftK n )fdx in (5) also holds if n 

hi Verify that your answer in tai is correct 
by computing the limit of the appropriate differ¬ 
ence quotient. 

d r 

cl Kind — (Wx 2x"K 


c) Find 


_rf/3 
dx U 


ill Find — (V5x - V7 jcF 
nix 

14. An object travels ho ilmi after r hours, it has gone 
t ft f t 4t' + 3i + i miles for ( s 0. 

til Find the velocity of the object as a function of 
the time l For r ^ t>. 

bf I hc atreleriLtian of an object is the rate os" 
change nl its velocity with respect to time. 
Fund ihc acceleration nF the object as u func¬ 
tion of [ for t ^ (F. 

25. If the length of an edge of n cube Increases at a 
rale ul I in.,'sec. find the i instantaneous F rale of 
increase of the volume when i.m die edge is .2 in 
king, fh) the edge is 5 in. long, 

26. Repeal Exercise 25. assuming dial the edge of 
the cube is increasing at ;t rate of 4 in./sec, (Use 
Exercise 2> li lid cnriinuui sensed 

27. Suppose lh;ii, -when a pebble is dropped into a 
large tank of fluid a wave travels outward in a 
Circular ring whose radius increases a I a ounsturiE 
rate of If in./sec. 
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mi hind the area nf the circular disk enclosed hy 
ihc wave 2 tee after Hie lime the pebble hits 
the fluid. 

hi Find the I instantaneous) rate at which ihc area 
uF die circular disk enclosed by the wave is 
increasing 2 sec after the time (lie pebble hits 
ihe fluid. (See Exercises 25 atxj 26.) 

2H- Ul fh> |a|. Shew that f is nui differentiable ul 
\| = 0- That is, show thal does nut exist. 

24, Show dial if A*]> exists. I hen 

fix, + M) fix i Ax) 


| Hint. Use lhe fact that 

FU t + Ax) f(*i Ax) 

2 ■ A.i 

fix i 1 Ax) ftjQ I /U| t 1-AxH - ftAi> 
~ 2 Ax 2 -Ax 

am] Theorem 2-1 in Section 2,2.] 

3d. ll is worth noting that iim at [ fix, + Ax I 
flxi Ax)’y(2 ‘ An) may exist while f'(j£|) does 
not. Give an example of a function fix) and a 
point X, where this is true [f/inl. Consider Exer¬ 
cise 2K.f 


calculator exorcises 

Usf the approxiriiatirjn 13) in ihf text in find ihr dfrirturnp vf the gitieu function ur the Militated fxitnt. Use radiun 
mcu.urre with ulf irigoitotttt'lrie functions, Wiu dioo» Ax. 

31- sinSx at X, = II 32. [<K + Ttfix 2 + 5)] 1 " it *, = 2.374 33, x M at Jt L = 2.36 

34. sin |tan xi at x, — - L3 35. (sin*)'" 1 al x v - *r/4 36. (x 1 - at x, - 4 


2 4 MORE LIMITS 
AND CONTINUITY 

2.4.1 lim* .^,+ftic) 
and lim„ .„,_*(*) 


1 .el fix) ho defined for nil * for al least a short distance to ihe right of x lp 
say for Jtj < x < X| 4 h, where h > 0. It may happen that the values fix) 
approach l. as x approaches x, from the rlghthand side; in symbols, 
hni u _ Tr|l fix) ~ L . In terms of an e. <5-characterization k this means that for 
each tf > 0 t I here is a ft > 0 such that |/{x) ’ L| < e provided that x x < 
x < x, + S. 


Definition 2.4 Let f(x) be defined for < x < jt, + h, where fi > 0, Then 
11m, _., |+ f(x) = L if, for each * > 0, there exists S > 0 such that 
[/(*) - L| < e provided that x t < x < x { + &. 

Example 1 The function ■/* is not delined for x negative, hut it is defined if x ^ 0, and 

x - Vx Jx{Jx — 1) 

lim —i-~ Um -7=-- = lim (Vx - I) = —1. lj 

■. ■11+ "V JC x *11* \ % b—HJ4 

Of course if fix) is defined For x, h < x < Xj for some Ji > 0, then 
you may try lo land lim, ((x), ihc limit of f(x) us x approaches x, from 
the lefthand side. The e, 5-characterization of lirn^,. fix) - l. is just like 
that for lim* ,,,. f(x) except thal the condition on x becomes x t ft < x < 
x t . 
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Definition 2.5 Let /fx) be defined for x, li < x < x,. where h > 0, Then 
Liin W| _ fix) ~= L if, fur each e > 0, there exists 5 > 0 such that 
I fix) - L| < e provided that x t — 5 < # < x )+ 


Lsarnpie 2 You can easily see that 

lim —*— = I im —-— = -oc. and lim 

* -i- x I 

Example 3 It is possible to define a fund ion using one formula for some values of x and 
a different one for other values. For example, let 


x - 1 





hi is nut djfffcjvNfriubfi? 

al 0 r 



2 x 

2* + l 


for x a 1, 
for x < 1, 


The graph of y f(x) is shown in Fig. 2,7. Then 

lim fix) = lim (2* +■ 11 ~ 3 

* —k- i — I- 


while 


lim fix) = lim (2 - jt) = l. 

■ --t* ft—j+ 


Of course the actual value f t l f = I plays no role in the computation of a 
limit as you approach 1. Note that lim, f('jc) does not exist,. fuF f(x) does 
not approach a .dngle value as x approaches L || 

Let fix) be defined for x, - fi < % < x, + h for some f< > tl. As you 
might guess from Example X it is easy to see that lim, f(Jt) exists if and 
only if Jim*. fix) and fix) both exist and are equal. Let’s use 

these ideas to show that f(x) \x\ ts not ditfereminbie at x, - 0, The 

difference quotient is 

fjfi +■ A x) - fm _ |Ax| [0| _ \Ax\ 

Ax Ax Ax 

Now 

.. l Ax i Ax , . k ., 14*1 -4x 

lim —— = lim —- = I while lim —— - lim —— - —l* 

a,* Ax ax~..^i Ax a*— o- Ax ai— m Ax 


Thus Um AtJU (jAxl/Ax), the limit of the deference quotient of fix) |x| at 
/.ero, does not exist, so f"(Hi does not exist. This function, |x|, is perhaps the 
easiest example of a noi [different table function, 


2.4.2 Limits at 
infinity 


Some limes you want to know the behavior of fix) for very large values of x. 
A natural way to phrase this problem is to discuss the behavior of fix i “as x 
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Eximplf 4 
Kituntplr 5 

SOLUTION 


SOLUTION 


approaches The assertion Ikn, f{x) - L means f(x) will be as close in 
L as you wish if you lake uriy sufficiently large x in the domain of f. 

Definition 2.6 Let fix} he defined (or all sufficiently large values of x. Then 
Jim* f(x) = L if, for each e > 0, there exists a K > U such that 
| fix) — L[ < e provided that x > K. 


Definition 2.7 Let f(Jc) be defined for all sufficiently small values of x. Then 
lim^. , fix) - L if, for each e > 0, there exists a K > 0 such that 
| fix) L| < t- provided that x < -K. 


Obviously lira, Ma ,(\fx) - 0. || 

Let's find 


Jim 


2x 2 — 3x 
3x* 4- 2 


The technique is to divide each term of both [fie numerator and the 
denominator by the highest power of x that appears, namely x ? . You obtain 


3im 


2x 1 - 3x 
3x 2 + 2 


(2 X z lx 2 )-(3xtx 7 ) 2 - (3/x) 

(3s a /**) + + (2/jt a ) 


2 - 0 
3+0 


2 
3 ’ 


ii 


Lsainple 5 illustrates the standard lechnique for finding the limit of a 
rational function of one variable x as x approaches Namely, divide each 
term of both (he numerator and denominator by the highest power of x 
thai appears. 


Let's find 


ttm 


2 * 


— lx' + 



Dividing both the numerator and denominator by x\ 

2x*-3x 2 {2**lx')-(3xVx*) 

I EHl -■ I 1911-" i wr i 

-*2x z + Ax - 7 t— - (2x-/x 3 ) + (4xfx J ) - (7fx*) 

2-D/x) 

= 1 IjnTl -— -—*-• =. —so 

- (2/x) + {4,1 x 1 ) - Oix*) 

for the numerator approaches 2, while the denominator approaches 0 and IS 
negative for negative x of large absolute value. j| 

A moment of thought reveals that the trick of dividing the numerator 
and denominator by the largest power of x present reduces the problem ten 
looking just at the highest-degree term of the numerator and the highest- 
degree term of the denominator. These monomials of highest degree d&tni- 
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nalc the other terms near -» and Thus the limit in Example 5 can he 
computed as 

2x 2 - 3.c , 2x 2 . 2 2 

Eim —— z - ~ lim ■_ ■ — lim -r - - , 

^ 3x ! +2 « — 3x* 3 3 

and the limit in Example ft can he Computed as 


lim 


2a 1 - 3jt 
2k- - 4jc - 7 


- lim —=■ - lien x — ~ <x >, 
*-'— 2 **' 


The relative degrees of the numerator and denominator determine the 
behavior of a rational function at ^ and <& f ns described in the summary. 


2jil Continuity Roughly speaking, a function is continuous at x, in its domain provided that 
the graph has no breaks at x - x,. The i unction in Fig. 2-7 is not con tin nous 
at I, anti the function in Fig. 2,ft is not continuous at 2. The notion of no 
breaks in the graph at x - r t can he best phrased in terms of a limit. If 

there are to he no breaks, liiri;,,._, f{x) must exivf and he equal to fix)}. For 

the Function in Fig. 2.7, lim 1 ,, f(.x) does not exist. For the function in Fig. 
2.ft. Iim 1 f(x) — 1.25, but f 12) 2.5, This important notion of continuity 

also deserves to he summarized in a definition. 

v 

A 


ZA 



OefinHion 2A A Function f is continuous at x, in ils domain if lim,-.*, /fx> 
exists and is f{x If [ is continuous at every poinl in its domain, then f is a 

continuous function 


The value fix,) plays no role in the notion of lim, f{ x)* but becomes 
very important in the question of continuity of f at je, For the €,5- 
eharacterization of continuity at x - x 3 , you may use the characterization of 
timfix). replacing f. by f(* t h 


1 A tuficii«ifi is dKCttiitinunu* iii a pxvtnt a, Em its ilumijirt if ii is not continuous I here. You 
may find an author who sny» shat I if* is discontinuous ni a. a nr that Vx is discontinuous ni 
x 1. Wc prcFcr not even In consider the question of continuity ;lI :mv point mtl in the 
domain. 
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Eumplc 7 


xoi i mos 


b^Bmple K 


sminoN 


EiumplF 9 


SOIlllON 


A it lt native Definition 2.S A function f is continuous at x x in its domain if, 
fnr each t > 0, there exists A > 0 such that | f(x) — /"(jc, t| < e provided lhal 
\x - x,j < S, 


Let's determine whether 


fix) »■ 

x 2 - 9 

X 4- 3 

for 

x ^ —3, 


v 10 

for 

t = -3, 

is continuous ai x - 3, 





We have 

Mm fix) - Ion { * - 3 ^ 3 > = -6. 
«—*-3 i —*■ 1 x + 3 


But f(- 3) 1th Since lim,_ f{x) / /(-3) T this function is not continuous 
ill -3. Hence il is not a continuous function, for —3 is a point in its 
domain, || 

Let's determine whether 



2 

I 


for x > !, 
for .r ^ 1, 


is continuous at t !, 

Wc have 

lim f{x) = lim {if- + 2) - 3 while lim f{x) = lim {5x - I) = 4. 

j, — |+ 1-*U Jr—1- M-~i- 


T he re hire lim^, /(x| does not exist, so f is no! continuous at x = L Since 1 
es in the domain of f, the function is not continuous, || 

Lei's determine whether 


f(Jt) - < 


X' — x - 6 
x “ 3 
5 


for x t 3, 
for x ~ 3i 


is continuous at x = 3, 
We have 


i ■ 'tt l .■ £* “ 3M* + 2) c 

Lim fix) - lim --— * 5 = /Oh 

i-»5 i~.j x — 3 


Consequently / is continuous at x = 3. Theorem 2.3 will show that / is 
continuous at every other point also, and hence is a continuous function. f| 
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Thrarrm 


Iheunm ZA 


D^ervfltiabfe implies 
cans imams 


SUMMARY 


Since continuity is defined in terms of limits. Theorem 2.1 (Section 2.2) 
on limits for sums, products, and quotients of functions has Theorem 2,3 as 
an immediate consequence. 


Sums, product?, and quotients of continuous functions are continuous, {Of 
course, quotients ore nos defined whenever dertnrninarors (ire zero,) 

The function |x| is continuous at .it — 0 but is not differentiable there. 
However* differentiability implies continuity, 


If f is differentiable at x = x a , rtten f is continuous at x - x,. 


Theorem 2-4 is easy to show from the definition of the derivative, if 
exists, then 


!im 

,n 


f(x a + Ax) 

i*r 


f(* i) 


exists. 


M) 


Now mate the substitution x — x, + Ax. so Ax = x x v Then Ax —■ it is 
equivalent to x > x a * and {I) becomes 


lirn 


fix) ~ fUl) 


exists. 


m 


■—=i X - X, 

Since the denominator in (2) approaches 0 as x —» x,. the limit can exist 
only if lim* {/(x) /(x,)) = 0 also, that is, only if lim^ t f(x) = f{x ,), 

Thus f is continuous at x ~ x, H 


L Sim, -1:[ . She limit as x approaches x, from the righfftand side and 

is the Jnmr from she kfthand side, 

2, For a rational function {quotient of polynomial functions): 

a) If the degree of the numerator is less than the degree of the de¬ 
nominator , then dte limits at ^ and — ^ are hath zero „ 

hi If she degree of the numerator is the same as the degree of She 

denominator, then die limits at ® and ate hath the quotient of she 

coefficients of those terms of highest degree, 

c) If the degree of the numerator is greater than the degree of she 

denominator, then as t —► * or x —* -w. the function approaches either 

T, or according to the signs of she numerator and denominator. 

3, A function fix) is continuous at x, in its domain if hm,.... f{x) exists and 
is /(i|) r A continuous function is one that is continuous at every point in Its 
domain. 

4. Sums, products, and quotients of continuous functions are again continuous 
functions, lOuotiemfs it re not defined where lifRomlndtora become zero .) 

5. A differentiable, function is continuous. 
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EXERCISES 


In Exrrasea L through 2(> r find fhv indicated limit if it exists, Use fftc symbol’s ^ and to indicate the twhuviur 
near the point when- appropriate. 


1. 


5. 


9, 


ItETI - 

1 ’3 2 - X 



2. lim 


li. lim 


-•"2 x 
x' + 4 


id, Lim 


x + L 


3. lim - 

x 

4. 

*5(2-,)’ 

7. ,™ (* - ’ ) 

, -e+\j j( J / 

8. 

lim f \ - 

■ \X X. 

„ lx'~2x 

11. nn — - - 

* - - 2** + 3 

12. 

i . * t 


13. lim 


x* + lx 
x' — 3 


14. 



- 2x + I 
+ 3 a 2 


15. 


lim 


x^ - 2 a 4 j 

x' + 3x - 2 


16. lim Or' ■ 3x> 

h. -w-mrn 


17, lim (x' 4 3x1 


18. iim tr' • - *''■’) 


1*. jjjn fx 1 " - x UM ) 


2(0 lim Ox - Vi 7 4 1) 

1 ■■*■ 


21* For each condition given below, draw the tfraph 
(if u function f that satisfies [he condition, 

;0 Continuous at nil points hut 2 , unit 
lim, „> fix) = 3. 


Ill Comiruious at nil points but 2, and lim, .. fix) 
UFidefincd. 

c) Not continuous al -1 with lim._ , f(x) [ h 
but continuous elsewhere with lim, fix) = 
2. 

22. Is the function f defined by 

V - y 


fix) 


x — 3 
6 


lor x * 3, 
lor x = 3„ 


etintinucus? Why? 

23. Is ilit f unci ion { defined by 

4x ? - 2x* 

fix) = 


lor x # 2. 
for x = 2. 


x - 2 
8 

continuous? Why? 

24. A rubber ball has the characteristic that, when 
dropped on b floor from height ft, it rebounds to 


height hf2, II can be shown that il the bait is 
dropped from a height of h feet und allowed to 
bounce repealedly. then the total distance it has 
traveled when it hits [he floor for the nth time is 

* +2 *( i -|}" V 

Find i he lotal distance llie bull travels before it 
stops bouncing if it is dropped from n height of 
I b F| r 

25. Taking 4CMM1 miles as radius of ihc earth, and 
32 ft/Scc as gravilnikmstf ubcdcration ai the sur¬ 
face of the earth, and neglecting air resistance, it 
can be shown thal the velocity v with which a 
body must be fired upward from the surface of 
lhe earth to attain ;in altitude ol a miles is given 
by the formula 

8 / 4tiflCbi 

L1 vf5 im V * + ( 40U0K52Hn) 1111 /S * L ' 

Using ihis formula, find the velocity with 
which a body must be fired upward to escape ihc 
gravitational attraction of the earth 
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calculator exercises 


D™d!t: whether the. limit exists and tslimun- its valw by computing (ilw function for ae tensl two uafu-ts wry near 


the limfl point foafuci of very large magnitude if x -* w or x -* 

—«h Lhr radian mrojikrf with trigonometric 

/wrtc (forts. 

i- i 1 Y*' 

27. hm -- 

\\ - XI 


26* Jim x‘ 

■ -MI-+ 

2fL lim (oosxr 41 

c—MN 

» to (i + ±)* 

30. Jim ( 1 + ^ J 

31. lim f 1 + -'j 


*23 APPLICATION TO 
GRAPHING RATIONAL 
FUNCTIONS 


The graphs of the first- and second-degree polynomial functions were 
discussed in the last chapter. Now consider a polynomial fund ion 

fix) = U „x" + a,, IJC™" 1 + - * + a,x + a 0 . 


2.5.1 Graphs of where fr ^ 1 and ¥= t). We know that ( is continuous, so its graph is an 
polynomial unbroken curve lying over Cor under, or crossing) the x-axis. 
functions Since for 0 



+ 


a, 

_»! I 


+ 


pj 


you see ihat ihe monomial term cj (I x" dominates the other terms if x is large 
in abseilute value. Thus lim*.^ fix) is either =» or — 1 », and the same is true of 
lim c _ ... fix). More precisely, if Pi is even, you have 


lim fix) = 



If n is odd. then 


if a„ > 0, 

if a,, < (I. 



if a J( > 0, 

if a n < 0, 


f—op 

and lim f(x) — { 


if a JL > 0, 
if a„, < 0. 


These limits tell us whether we should ' L begin the graph high or low at the 
left" and ll end the graph high or low at the right. 

If f{— x) = fix), which is the Case if and only if all monomial terms are 
of even degree, then the graph of f is symmetric about the v-axis. If 
f[-x) = —fix) Call monomials of odd degree).,, the graph is symmetric about 
the origin. 


Ttii'i seel kin C=Ui b« omitted without lass elf otnEimiilv 
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Unless snme linear factor? of ihe polynomial can he found, there is no I 
much more that you can do at the present time to sketch the graph of the 
function except to plot a number of points on the graph and draw an 
unbroken curve through them, taking into account the limits at * and -» 
and any possible symmetries. You will learn in Chapter 5 bow to use 
differential calculus to obtain more information about the graph. 

Suppose lhat the polynomial does have a linear factor of the Form 
* - rJ. Then the graph meets the x-axis al u. and a, or fa. 0). is an 
v-intercept of I he graph. Suppose, furthermore, that {x a ) NI is a factor of 
the polynomial while (x - a)'"" is not. Then 

f{K) - (jf — a) m ■ r(x\ 

where m 2 I and where £ is a polynomial function and g(a) ^ 0, Lei us 
study the sign (positive or negativei of ffx) for x in a neighborhood of a. 
Since g(u) s* (I and g is continuous, there is a small neighborhood of « 
throughout which the sign oF g(x> is the same as the sign of g(a). The sign of 
fx - u)'" for v * a is always positive if m is even, and is negative For x < u 
and positive for X > a if na is odd. Thus if m is even, the sign of f(jr) for 
x *= (i in a small neighborhood oF ti is the same as the sign of gfui, and the 
graph just touches the x-axis at a, but stays on the same side near a. 
1 lowever, if *m is odd, the sign of f(x) changes as you pass through a and the 
graph crosses the x-axis at a. 

temple i, Lefs sketch the graph of the polynomial function 

tx - iftx + 2) = x* - 3x + 2, 

solution As a cubic polynomial function with dominating term x' for large x. its 
graph “starts low at the left” and “ends high at the right.’' The function is 
neither symmetric about the v-astis nor symmetric about the origin. There 
are x-intercepts at f—2/0) and 0,0). At (-2/0), corresponding to the factor 
tx + 2) of tftfd degree, the graph crosses the x-axis: at (1,0) corresponding 
to the factor U - l)~ of ecett degree, the graph merely touches the axis. 
You easily compute that /(-I) - 4, f(0) = 2, and f(2) = 4, Thus the graph 
is roughly as shown in Fig. 2,9. latter, calculus will enable us to verify that 
t L4) is actually a "'high point" of the graph, as shown in Fig. 2.9. | 

To check ihe accuracy of a sketch of a graph, ii is sometimes useful to 
decide in how many points a line could cut the graph. For example, consider 
the graph where y = (x l) 2 (x + 2), as shown in Fig. 2-9, A nonvertical 
line has a cl equation of the form 

y = mi Hr h„ 

and solving this equation simultaneously with y = U - ]) n (x +■ 2) leads to a 
cubic equation in x that lias at most three solulions, corresponding to points 
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'2,5,2 Graphing 
rational functions 


I 



where Hie line cuts the graph. Thus any nonvertical line should cut the graph 
in at most three points, It is easy to see that this is the case for the sketch 
shown in Fig. 2M. Not every non vertical line need cut the graph in three 
points; some solutions of the cubic equation may be complex numbers. Since 
complex solutions of a polynomial equation with real coefficients always 
occur in conjugate pairs, we see that every nonvertical line should cut the 
graph in Fig. 2.9 in either one or three points. {A tangent line cuts the graph 
at “coincident points." corresponding to multiple roots of the equation in x,( 
Similar arguments can be made for polynomial Functions of higher degree. 


We turn now to the graph of a rational function ( whieh is not a polynomial, 
S-ueh a function f is a quotient of two polynomial functions; and let's assume 
I hat l he polynomial in the numerator has no factors in common with the 
polynomial in the denominator, (Such factors can always he cancelled; the 
resulting function is the same as the original except that the original Function 
is not defined at any point where a common factor becomes zero.) Here is a 
technique for sketching the graph of a rational function / of one variable. 
We shall illustrate us we go along with the function / given by 


y 



Refer to Fig, 2.10 during the discussion. 
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!. Note any symmetries that may exist For our illustration, the graph is 
neither symmetric about the y-axis nor symmetric about the origin. 

2. Find any x- or y-iniereepts; that is. find the points where the graph 
meets the x-axis or the y-axis. The x-intercepts occur where the value of the 
numerator is 0, so that y 0: this occurs at (2.0) in our example. The 
y-intercept occurs where ji - 0. which gives (0,2) in our example. Mark 
these intercepts on your coordinate diagram. 

3. A value a of x for which the denominator is zero is a nun her not in the 

domain of f and corresponds to a factor x u in the denominator. Note 
that we must have Etm*.,^ = » since we are assuming the numerator is 

non^em at a; otherwise a common factor * - a could E>e cancelled The 
vcnical line with equation x - a is a vertical asymptote. and the graph will 
run cither up or down such an asymptote as ji approaches it. The graph 
newer crosses a vertical asymptote. Mark the vertical asymptotes on your 
■diagram with dashed lines. In our example, the lines with equations x - I 
and x = - ] are vertical asymptotes. An analysis similar to the one made for 
polynomial functions in Ihe preceding article shows that if (x n I' 1 ' is b 

factor of (he denominator and tx a) . is not, then the sign of f(xi 

remains ihe same on the two sides of the asymptote at x = cj if tm is even, 
anti ihe sign changes if m is odd, l or our example, both factors U E) and 
(x + 1 > are nf odd degree, so we will have changes of sign as we jump across 
each of ibese asymptotes. 

4. Compute lim^. , fix ) and lim, ..fix) to see how the graph behaves far 
out to the left and far out to the right. For rational functions, these two 
limits will be finite and equal if the degree of (he numerator does nni exceed 
the degree of the denominator. For our example, we have 

lim f(x) - Eirn /fx) - 0, 

*—f — J5—»** 

and the line with equation y - 0 [the x-axis) is a horizontal asymptote. 
Mark such a horizontal asymptote, if there is one. on your diagram. (Use a 
dashed line if it is not an axis.) 

5. Sketch the graph from left r a right (or vice versa, but be systematic), For 
our example (see Fig, 2.10), we find that as. x approaches »„ the value of 
fix) is negative and close to 0. 'Fhe graph does not cross the x-axis unlit 
{2,()> so it must go down (he vertical asymptote at x - — I, The de¬ 
nominator changes sign at -1 (since- x - I is a Faelor of odd degree], so the 
graph starts From above on the right side of the asymptote at Jt = - L It 
passes through the y-intercept I'd, 21. and must go back tip the vertical 
asymptote on the left side at x - I. for it can t cross the x-axis except at 
(2,0). The denominator changes sign at x I, so the graph comes from 









2.5 Application to graphing rational functions 


61 


ft am pit- 2 


SOlA.'llOlN 


below on the right si Jo uF the asymptote at a _ 1, goes across the x-asis ill 
(2,0) since the numerator changes sign at x = 2. and mast [urn back down 
to fun out along the x-axis. our horizontal asymptote. 

In the discussion in (5) above, we said that the curve in Fig. 2.10 must 
go down the vertical asymptote al k - -1 since it starts below the x-axis at 
the left and has no x-intercept until (2JO- This argument depends on ihe 
fact that an unbroken curve can't get from one side of ihe x-axis to the 
other without intersecting it at an intercept. This is true for the graph of a 
continuous function. 

We could check the sketch in Fig. 2.10 by counting points of intersec¬ 
tion of the curve y = (x 2)/(x : I) wilh the line 

y - mi + h< 

A cubic equation in x is obtained if m f fl; this shows that every Line that is 
neither vertical nor horizontal should meet the graph in either one or three 
points. If m = 0. a quadratic equation in x results, so a horizontal line other 
than the a- axis should meet the graph in either zero or two points. 

Our outline above can be summarized briefly as follows. To s ketch she 
graph of a rational function, find symmetries, intercepts, and asymptotes, and 
then sketch (her graph systematically, moving from left so righi. 


Let's sketch the graph of 


V 


- fix) - 


x - 2 
x + 1 ' 


The function is neither symmetric about ihe y-axis nor symmetric about Ihe 
origin. We find that there is an x-intercept at (2,0) and Lhe y-intercept is 
(0*—2). The line with equation x = — 1 is a vertical asymptote. Also, 
lim, ..., : /(x) = lim L = 1, so the line with equation y = 1 is a hori¬ 

zontal asymptote, We put the intercepts and these asymptotes in our sketch 
(see Fig. 2.11). And now we start to sketch from left to right. Clearly 
(x — 2)/{x + 1) will actually be a bit greater than 1 (or negative x of Large 
absolute value, Since we have no x-intercept until 2, the graph must go up 
the left side of the vertical asymptote. Since the sign of the denominator 
changes at x = 1. lhe graph comes from below on Ihe right side of this 

asymptote, goes through the y-interCepl Of {(), -2) and the x-intercept of 
(2,0), and runs out along the horizontal asymptote at y = 1. Anv line that is 
neither vertical nor horizontal should meet this graph in either zero or two 
points, |l 
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Ths derivative 


y 



2 11 


SUMMARY To sketch the &aph of a rational function fix J, proceed os follows. 

K Check for symmetry in the v-am [/(-*) - fix)] or in the orism lfi~x\ = 

2. Find di* 1 x-intercepts (where the numerator is zero) and ffir y-fafempt 
(w/itrr x = (1). 

3. Dash in any rartfVdf asymptotes x - a where riit denominator is zero and 
the numerator nonzero, or where I mi t a [/f jj )j = qq, 

4. Dash in any horizontal asymptote y - h where lim^ ,.,/(>) — 
Itm* ** /(x) = h. 

5. SfcfEdh the graph systematically, say from left to right. 


EXERCISES 


l> Sketch the graph *>l ciidi of Ihc following polyno¬ 
mial functions. 

d {** - i)(x + 2) b) X* - 3je + 2 

c) (x 1 - 4)(x If di x l - x 7 

c) Jt n - X* f) X - X - 1 

2- Note that the graph of r' x + t ih the graph of 
A ' — X raised one unit- Sketch the graph of X 71 X. 
JiFid then raise it one unit to obtain the graph of 

X*-x + t. 

Using the idea developed in Exercise 2. a ketch the 
graph of each oF the following polynomial; func 
tioni, 


a) x* + I bj JC* - 4x + 2 

c} -x' + x 2 - 1 cl) x 4 - 4x* - 1 


'4. For each of the following rational Functions, find 
the x-intercepts of its graph and determine 
whether or nol the graph crosses the x-Hxis nt each 
intercept. 


a) 


cl 


X + I 

tfjt - I) 3 

3x -k 2 


h) 


d> 


x + I 

Ox - 4X* + 2 y 
2x - I 


cl 


Jt 3 <Jt 4 if 

(x + IV 1 
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For each of i he given rational functions f, find 
ihe verlical asymptote, and determine for each 
asymptote whether Of not f(.tl changes sign ad von 
go from one side of the asymptote to the other. 

c 1 + 2 2x* — 3x 


a) 


f 


h> 


tix + n J 


e) 


it 3?{x + n 1 


Sketch the graph of each of the given rational 
functions. 


a) 


x — 


w P 


2x 

d) — 

X 


7 P Sketch |lie graph of each of the following rational 
functions. 


a) 

c) 

t) 


jc 3 - I 

U - If 

I x + 2)( x 3} 
x‘ jt 


b) 

d) 


<* - ll 1 
jx - l,K* + 2 ) 
x 2 U + 1) 


x + x 


l.el f be any function. 11 there esisl a And ft where 
u ■£ Q t such that 

Jim [f(Jc> - (a* -i- ft)] = 0, 


then the line with equation y ax + b is an ob- 
licili-c ai>yiiip1ote of the graph of f. Show (hat (1 
the degree of live polynomial In the numerator of a 
rational function f is one greater than the degree 
of the denominator, (hen lhe graph of f has an 
oblique asymptote, [IJinr. Argue by polynomial 
king division thru there exist a and ft, where a * I), 
viich that (T(x| (ua + M + r(jc), where g is a 
rational function having denominator of degree 
greater ihan iht; degree of the numerator | 

9. Use the idea developed in Exentise M In lind (he 
oblique asymptote of the graph of each of the 
following rational functions, anti sketch the graph 



f Jt ~ t f 


c) 




t 


X 7 - 4 


exercise sets for chapter 2 


review exercise set 2.1 

1* l-ct f(jc> = 1 ix. Estimate the slope frt, lire of the 
graph where i = l. by finding: 

a) The slupc ph^ of the secant through the 
points where x = 1 and where X I + 1, 

h) The slope of (he chord through the 

points where .v ' t ■■ and x 1 + T 

1. Hnd the limit, using the notation^ and zr - 
wherc appropriate, 


a) lim 


x 7 - 1 


c) Hm 


i -1.1 x — 3 

x' - 3x -4 


fe) litti 


x + 1 


tic + 2Y 

x 1 + 2x + \ 


d'i lim 


X J - } fv X* - 2x 

3, ul Define the derivative f'(jj) of f at the poini 
where x = 4 ir 

b> Use the definition of the derivative, not 
dilfcreniiation formulas, to find fix) if f(xi 
x* - 3t 


4. al Find ihe equation of the line tangent to y = 
x 1 3je ‘ f 2 where x = 1. 
h;i if the position s of a body on a line at time r is 
x = /' - (x/3) r find iihc velocity when i 2. 

P- 41 l ine! the limit, tuning the nolLilaons rx ynd ^ 
where appropriate. 

- 3* 1 


j) lim 


h) l.el 


2* - 3x J 


f(x) = 


in lim 


x* + urn 2 
14 * 


i X / -3, 
f x = -3. 


x + 3 
y h 

E$ f n continuous function? If so. why. and if 
tlOl T why not? 

Graph 

j 3 - 
i 3 - 4 ‘ 
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The derivative 


review exercise 5 frt 2,2 


1- Find the limit, using the notations » and * 
where appropriate 


li l lirri 


e) lim 


U - 5| 


bl Jim 


d> li 


x ? — 3 * + 2 

' x 1 "- 4 

3 f* - 27 


-i- .** - 25 ■ -o ** 4 y 

1. Let fix) be differentiable and suppose that 


KL*0)7.48. f<2) = 7,51. 

/(2.01) = 7.534, 

Give what you reel are the best Climates you can 
for 


a) film, i) fl2), e) A2.01), 

3 . Use the definition of the derivative. not differenti¬ 
ation formulas, to find f{jt) if /(*) 1 /( 2 jc + ll, 

4 . a) Find the equation of the normal (perpendicu¬ 

lar I tine to y = 4 ±" - 3 x 4 2 at the point 

( 1.9). 

hi IxM the position mF a body on a line at time r 
be .! = I L + 2i. 


ii Fiiu! the average velocity of the body front 
time i = l to time t = . 1 . 

n) Find the velocity of I he body at time t = 

2 . 

hind the Iimit v using the notations m and —« 
where appropriate. 


a) 


lim 


5jT 


■ x 1 i 3* 


b> 



14.v J - lx 2 

8x J + 4* 


Let 

( i* - 4x - S 

r<*)= x ~ * ‘‘S 

* 2jc - 4 if * s 5 

a) Find lim, ^ /(*). 

b) Find Jim, .n /fr). 


c) Is f continuous at x = 5 ? Why? 

d) Isf a continuous function? Why? 


* 7 , Graph 3 j^(v lx - 3 ). 


more challenging exercises 2 


Wr will see In ter r/tul there is u continuous (linemm s i n a .%uch that 


, SJtl X 

lim—— 

*-» Jt 


L 


Use this information fo compute the limits in Exercises \ through ](l. if fficy exist 


1. 


lim 


sin Ax 

Ax 


l. 


lim 

ll HI 


sin &%. 

Tm" 


*■ Jim |x sin7„ lim i' sin- 


3 . 


»in 2 j 
tim —— 

l -IS t 


4 . 


sm2x 
Jnr-“ 

■ 


8. 



V. Jim 


(x-'sin^) 


5 . Jim sin - 
x 


to. 



11 - Students often have trouble understand in g the 
e,£ deli nil in n of si limit. We are convinced ihai 
this difficulty is rooted in logic. The definition 
uses Ejolh the uninmal quantifier (for each) anil 
the exEs tential quantifier (there exists), since the 
definition states that for earh e > ff, there exists 
J 5 0 ..., This exercise deals with this logical 
problem 


a) Negate the statement 

For each * > 0, there exists 6 > Lh 

Hut ii, write it stale merit synonymous with 
"li is not (rue that for each t > tS, there exists 
S > 0 ," wiiboui just saying, s 'ft is not iruc 
that.” 
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hi Negate the statement 

For each apple blnM^nm. there exists an apple. 

c) Study your answer to part (a) in Eight of your 
answer In purl (bl. mu I decide whether it is 
correct. 

d) Describe w hnr ore must do to show thai 

fix) & c. 

12. Let f he u function. Classify each oF iI >l following 
"definitions 1 * of the limit of f at ix as eiihcr 
correct 01 incorrect. If ii is incurred. modify it to 
become correct. 

a? The Eimtl of f lii a is c if for each t > 0 < there 
exists 8 > 0 such that - c| < f p#t>vidcd 
that |k — <r| < fl. 

b> The limit of ( al H IS £ if For some e > 0, I here 
exists fi > 0 such that |/(x) e| < c provided 
that II < ]jt - ijj c S. 

cl The timil of f at a is c if for each e >11, there 
exists fi > 0 such that 0 < |x «| < 6 in> 
plies lhat |f(r) — c| < e. 

d) The Iinail of f at u 15 c if ihere exist positive 
numbers * and 8 such that 0 < [jc - a] < ii 
implies thwt If (a) - r| < e, 
cl The limit of f at a is e if for ii > 0. we hltvc 
II < |jc - u| < 3 implies |f(at) c\ < i. 

H The limit of i at £j is r if |f(ji — t'| car be 
made smaller than any preassigned * > il by 
restricting x in eEemenis different from ci an 
some small interval [a fi. a + 3]. 
g) The limit oT i at a is c if for each positive^ 
integer n, ihcre exists 8 > <1 such that 

i/w - a < - 

n 

provided that (I < fje — u | < fi. 

13. Clive an F,3-prnnf that if lim,-,,, f{x) L and 

lim,_„ g(jtf) =■ At then (ft*) + gU)) = 

f + M 


14. Let f(x) = 3s 1 " 7i h + 5x r ' - 2\x i ^ 3je ’ 7, 

Find 

m - h>- /d) 

Tim-r——■-. 

*-*•' h + 3h 

15. Classify each of ihe following ’definitions’ as 
correct or incurred, and if it in incorrect, charge 
i[ so ihai i| becomes correct. 

al A function f is continuous at a tf for each 
e > 0. there exists 8 > El such chat \x u| < 
fi implies that [fix) n| < e. 

b) A function f is continuous al a if for each 
e > ff„ Ehere exists 11 > fl such (hat |jf{i) -c| 

< provided (hat 0 < |x • a\ < 8. 

cl A function f is continuous a! a if for each 
e > (K there exists fi > El such that 

l/(*) ~ fM <** 

provided that |* — uj < H, 
di Let / he a function. The limit of f :ti a fcs ^ if 
for some y. (here exists £ > (I Such I hat 
f(x) y, provided ihat 0 < |,v - «! < 8. 

e) Lei f he a function. The Limit or f as x 
approaches tr frthm the left is if for each y, 
ihcre exists 5 > ti such that f( jc) < y. pru- 
vided Ihat o — 3 < t ^ a, 

fi A function f Is continuous if Fxjt each a in its 
domain anti each positive integer rt, I here 
exists a positive integer m such 1 hat|/C vI ffu l| 

< I ht\ provided Ihat ir - u| < |/fh, 

16* Grvc an example of lwo functions defined for all 
jc. neither of which is continuous at x =2, bui 
wiiose sum is continuous ai jc 2. 

17, Repeat Fxcrasc 16 but Feu the pnHfui'i of ihc 
functions rather chan the sum. 

|H. Give an example of .i function dclined for all real 
numbers r hut not continuous at any point. 






































r differentiation 
and 

differentials 


L 






















68 


DifferentiatFori and diff£fenliaj$ 


T lie process of finding fix) from fix I is known as diffprgttticltion. One nice 
feature of calculus is that there are formulas that make differentia (ion easy* 
at lease for (he functions used most often. You have already seen how easy it 
h to find the derivative of a polynomial function. Section 3.1 gives easy 
formulas for finding the derivatives of a product f[x)'%{x) and a quotient 
> n ter ms of the derivatives fix) and g'Uh The chain rule in 
Section 3.3 will complete our list of general differentiation formulas, 


3,1 DIFFERENTIATION Let both f and g be differentiable at x = x, t so that and g'fx,} exist. If 
OF PRODUCTS we let it = fix) and v = g(x), then a change Ax from x, to x, + Ax 
AND QUOTIENTS produces changes A if in a and An in y. The change in it * v is then 
(“ + Au) ■ (u + Au) - u j u. Therefore, the difference quotient for 
f{x) ■ g(x) is 

Change in u - tr _ iu + Am) * (v + Au) - u ■ v 

Ax 


Ax 


uu + u ■ Au + v t Au + An - Av 


uv 


Ax 


u - Ac f (j ■ An + Ah ■ Ac 


Ax 


Ay An An 

= u - + tf ■ — + — ■ Ay r 

Ax Ax Ax 


cu 


We lake the limit of (1) as Ax -* 0 to find the derivative of uv, Note that 
hm A ^j An - 0, for u - p(x) sis a continuous function at x = x, since g fx, ) 
exists (Theorem 2,4], Taking the limit, 


Change m uv 

lim --- lun 

Ax 


At HI 




At: A (4 Au 

u ■ — + a - — 4- — ■ An 
Ax Ax Ax 


This show's dial 


du du , t dv dn 

“ u * ~r + u * ——l- — ■ 0 — u ’ — + u < — 

d * dx dx dx dx 


d{ii * tt] dv du 

j - u *~r + v * — 

dx dx dx 


m 


at Fitly point where dujdx and dvldx both exist. 


Example 1 If y = (x- + x )( x * - J x 2 -4 3x), then, taking u = x 3 4- x and 
x- - lx- + 3x, 


£ - W + - Y - 3j) + (x J - 7x= + 3l) d(*l±iO 

dx dx dx 


= (*' + x)(3x" - 14x + 3) + {x s - lx' 4 3x)(2x + l). 
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Example 2 


This can be simplified algebraically, hui such simplification is a waste of time 
it you just want the derivative at one point. For example. 


cfy 

dx 


*-l 


= (2)(-S) + (-3)0) - 16 - 9 = -25. || 


Let’s lorn to (he differentiation of f(x)f g{*} at x = x H under ihe 
assumptions thal n*i) and g'(xj) exist and g(x,) f IL Again, let u = fix ) 
and l? - gfx) have changes Am and A^ produced by a change Ax in x. ’Then 
ufa = f{x)tg{x) and 

it + An u 
Change in {ufa) _ u 4 An u 
Ax Ax 

i?( u + Au) — «(e + An) 

n(u + Ay) 


Ax 

y ■ An ei 'Ac 


4 An) 

Ax 


Au 

Ay 

e - xi - 

Ax 

Ax 


n(u + Ac) 


We take the limit as Ax —* (S to (ind the derivative of iijv . Note that 
lim 4T _w}(u + Au) = v T for v = g(x) is continuous at x = x Jt since K r (X|J 
exisis {Theorem 2.4), Taking (he limit, 


, Change in ufa , u j (Au/Axi — u j (Au/Ax) 

nut ■“---= tiiti -- / . . - 

Ai—n Ax a*-*o itw + At\) 


This shows (hat 


u ■ (du/dx) ir ^ tdu/dx} 


djufa) _ y - jduidx) - u ■ (dtVdx ) 
dx u 2 


(4) 


at any point where duidx and dvldx exist, and v £ 0. 

If y = ix 2 + l)/tx J - 2a), then taking u - x 2 + 1 and v ~ x" - 2a, 

dy = {x* - Zx)(d(x 2 + D/dx) - (x 2 H- Wtx* - 2x)fdx) 
dx (a’ — 2x) 7 


(a 1 - 2a)(2a) - {X- 4 l){3x* -2) _ -X 4 - 5x 2 4 2 

<V-2*) 2 ' 


i v 2x)* 
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Differentiation and differentials 


You know that the formula 

djx'') 

dx 


= nx 


(5) 


holds if n is a positive integer; It also holds if n is a negative integer, for 
then —ft is positive and, using (4) and (5), 

d{x n ) = d(l/x ") - {dW/dx) - 1 *{d(x- n )ldx) 

dx dx (jt _ri ) 2 

x~ n * 0 - (-n)x n ^ x 


Thus (5) holds for any integer n. 

Example 3 If y ^ 3/x 5 , then you may compute dyjdx by writing y 
differentiating this expression, obtaining 

dx x 


“ 3 * x ' and 


This is easier than using the quotient rule (4). [[ 

In this section, you have seen the following theorem and corollary 
proved. 


Tfcf(?rem 3.1 


If u = fix) and v = 
f(x)g(x\ and 


g(x) are both differentiable function Sj then so Is uv = 


d(uy) 

dx 


dv du 
U dx + V di' 


Also, u/v - f(x)!gix) is differentiable (of course points where g(x) = 0 are 
not allowed h and 

d(ufv) _ v(du/dx) - i i(dvfdx) 
dx v 2 


Corollary We hatw d(x n )jdx = n + x n f for every integer n . 

It is best to learn the differentiation formulas in Theorem 3J in words 
rather than with particular letters u and v. Such verbal renditions are given 
in the summary. We use “top” for “numerator" and “bottom” for “de¬ 
nominator” in this one instance of ihe quotient rule, for these short words 
are easier to say and more suggestive. We suggest that you learn these 
formulas by repeating them over and over in words, off and on, lor a week 
or so. 
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SUMMARY L The derivative of a product is the first times the derivative of the second , 
plus the second times the derivative of the first . In symbols . 

d(m?) du du 

"d7' =u ^ + l, 'dl- 

2. The deriuaffue a/ « quotient is the bottom times the derivative of the top 
minus the top times the derivative of the bottom . all divided hv the bottom 
squared. In symbols „ 

d(u}v) _ v(dujdx) - u(dvjdx) 
dx " ~ ti 2 

3, d{x n )fdx = n - x n ~ 1 for every integer n. 


EXERCISES 


hr Exercises’ I rhrauKti 20, find the derivative of the Kiuert function. You need not dropti/y the answers. 


1 . 

3x~ + 17x - 5 

2 . 

20 x 4 - |x 2 + 18 

3 . 

i 1 - 7 


4 , 

x 3 — 2x J + 4x 

3 


4 

5 . 

3 2 

6* T 

X X 

7 . 

4.v ’ - 4 
x 2 

8 , 

5x + 7 - 4 

X 

r 

9 . 

{x 2 - lKx 2 + x + 2 ) 

to. 

<3x ! - - 7x : ) 


11 . (jr + 1 )[(jc 

iHx- 

+ 3)] 

12 . 

lu 

' - 5i)(2* + 31|{S 

13 . 

4x 2 - 3 

14 . 

Hx ' + 2x 2 +■ x 

15 . 

X 2 - 2 


16 . 

4x l 3x 2 

X 

x 2 

x + 3 


2x - 3 

17 . 

(iX J + 9)(x - 3) 

18 . 

(V 1 + 3x)(8x 6) 

19 . 

(2x + 3)U 3 

- 4) 

20. 

(>v\ OH 3 a 2 v) 

X 2 + 2 

*’ - 3 jc 

U - 1 K 4 jt 

+ 5) 

(2* + IKx' + 7) 

The next chapter will show tJuit there are functions : 

sin x and 

cos x such that 






if (sin x) 

and 

d(cos xi 

—sin x. 






— COS X 

dx 

dx 




There rs also t\ ferricdnn Cm x defined by tan x = (sin x)f{ cosxl. Use these facts ami the formulas of this section to 
differentiate the [tawthins in Exercises 21 through 30, 


21 . xfsinx) 

22 , A '(( 50 S x ) 

23 . Isinx)" 



4 

cos a- 

X 

X 

26 .- 

27 . -- 

28 .- 

Sill X 

sin x 

COS X 


24 . &in x cos A" 


29 , 


sin x 
r - 4x 


25 . 

30 . 


tan x 



cos v 


in Exercises 31 through 34. find the equations of the tangent tine urld the normal line to the graph of the giueti 
funciitm af the indicated point. 


31. 3x" - 2x at (2. 8) 


32. 1/x at {h 1) 


33. 


2x + 3 

-- at (0 t -3) 



3)(x + 2} 
{x + I) 


at ( 0 , -ft) 
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Otff^Tflntiatichn And differential; 


3.2 THE 
DIFFERENTIAL 

3.2.1 Approximation 
of a function 
n«ar a point 


One. application of differential calculus is approximation of /(x) a I x = 
Vi + Ax if Ax is sufficiently sin a 11 and the values f (x t ) and f r (x t ) cap he 
computed easily. With the advent of the inexpensive pocket calculator, it is 
easy to find the exact (to eight figures, anyway) value of any of (he mosi 
frequently used functions at tiny point, so this application is not as impor- 
lant now as it was a few years ago. Hut it stilt given insight into the 
differential., which is the subject of ibis section. 

Of course. f(x t + Ax) = |F(jr,) + Ay. as shown in Fig, 3.1. Let's take, as 
approximation to f(x, + Ax), the- height up to the tangent tint as shown in 
Fig. 3.1. rather than the height up to the actual graph. From the figure, vuu 
obtain the approximation 


f(Xi + Ax) =* fUi) + Ay tlJI1+ (1) 

where Ay l(lll is the change in height of the tangent line from r, to x, +■ Ax, 
Since Ihc slope of the tangent line is 


you have 


Ax 

A yw, = fU.) 1 Ax. 


( 2 ) 


From ([ | and (2). 

/(xi + Ax) *= fix,) + fix,)' Ax. 


(3) 



3.1 


Example I 

soi.irnoN 


Lei us use the approximation (3) to estimate f{2.f)3) if fix) — xVd + x 3 ). 
We let X, ~ 2 and Ax = tUI5. It is easy to compute f{2) and f'i2}j 


fm = * 


rm = 


Lfij 

M + s 2 M3x 3 ) - x"(2x) 
(1 + x 1 ) 2 


'x 2 


5 ■ 12 — 8 ■ 4 28 . 

5 1 “ 25 ' U2, 
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From {3)- wc obtain 

f{2 4 0,05) = f{2) 4 jF r |2) * (0*05) = 1.6 4 (1,121(0,05) 

- 1,6 4 0.0560 = 1.6560, 

A pocket calculator yields /(2.05) = 8,615125/5,2025 = 1.6559587, so our 
pencil-and-paper approximation has its error only I),0000413. I| 

3.2.2 The differan- In this article. wc finally describe how the Leibniz notation dyfdx can he 
tial of fat *, viewed as a quotient. 

Definition 3.1 Let y f(t) he differentiable at V, , The diffeTenlial of f a I a, 
is the function of the single variable dx given by 

dy- f r (Jc,Uj£- (4) 


in (41, the indepen den! variable is djc, while dy is the dependent variable. IF 
/ is differentiable at all points in its domain, then the differential dy or df of 

v=f( * iis dy - mix. (S) 

which associates with each point x the differential of f at that point. 


f:\iiin.niL l If y - ffjc) = x' - Jx 2 , then the differential is dy = (3 je 7 - bx)dx. j| 

The differentia! of / at X[ is a linear funetkm of the variable dx, for 
n.x- L ) in |4t is a number, perhaps 3 or -7. In a d,t,dy-plane, the equation 
dy = 3 - d.v gives y line through the origin, pist as y - 3\ is a line through 
the origin in the x.y -plane. Comparison of (4) with (2) shows that, if you 
interpret dx as an increment in x i that is. if you let dx - Ax. then dy has the 
value iy Mn , 

As indicated in Fig. 3.2, if you consider dx and dy to he new variables 
corresponding to translation of axes to (x 1;1 /"(x L )), then (4) is precisely the 
equation of the tangent line to the graph with respect to these new axes. 


y dy 
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Different! el ion and differentials 


AppmJtiintuian 

formula 


■ v »in pi# 3 


Stll.irnos 


3.2,3 The size 
of I Ay -dy 


In differcniiiil notation, the approximation (3l becomes 

f{x t + *» ffjj) 4 fix^'dx. (6) 

Approximation using 16) is known as tipprttxittiuiion usmg differentials, and 
should he regarded as I lie best linear approximation to f(j() near x,. Let’s 
give another approximation example, using differential notation this lime 

Dick and Jane are lab par liters in their physics course. They are supposed to 
measure a quanlily r experimentally, and [hen determine (be value of 
another quantify W using the formula 


They know the correct value for W is 4.931, Unfortunately* one of them 
jiggled their apparatus, and they obtained the value r - 2.5b. which would 
yield W 5.636. They Eire taking calculus, and decide to use it lo estimate 
the correct value of r. So they use the differential 

dW - f(r) dr 

with r - 2.56 and dW =4.931 - 5,H5b = —s1.905, to find the approximate 
amount dr by which I hey would hove to change I heir reading r lo give a 
more correct value. 


Since 


/V) - 


(1 + TH.V.J H 4 rT(!} 


(1 4 f) 2 


J El lie obtains, using her calculator 




Then 


dr 


dW 

f'(2S6) 


-0,965 

3.RK3 


0.233. 


I'll us they add dr = 11,233 to their experimental value r = 2.56, and ihev 

estimate the actual value of r to be 2.5 b - 0.233 2.327, I "heir calculator 

shows that /(2.32?li - 4.99, so they feel confident they are much closer to 
the correct value of r. !| 


We now show that if f(Xi) f 6, then the approximation at c, 4 Av of Ay by 
dy ~ Ay lni] is a good one for small Ax in the sense that if Ax is sufficiently 
small, the error Ay dy| in the approximation will be at most 10% of Ay, 
By letting At be still smiller, the error can be made at most 1% of Ay. In 
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Thfnwm 3,2 

I'! sample 4 

SOL LOUIS 


fact, the error can be made as small a percentage of Ay as you please hy 
taking At small enough. To sec this, set 


Since liitii, 
you obtain 


or 


e ~ < 


7*if 4*^0, 

At 


0 


if Ax = (1. 


( 7 ) 


(Ay/Ax) - f'fx,), we discover ihut Urn 4j[ _|je - 0. From (7), 


A v 

17 “ ™ + 


f 


Ay = Ax t t il where Lim e = U. 

flu—a 

If you set dx - Ax so (hat dy = f'{x } )dx ~ f'{Xi) Ax. then 

Ay — dy ~ e r Ax. 


so 


Ay — dy _ Ax 
- £ 


Av 


A v Ay/A a 


If f Cx,) 4 Ch then 


{K3 


Urn 

a* —i i 


a y - 

Ay 


lim 


e 

Ay/A a 


0 

r i -t i > 


= 0. 


w 


| u his shows that the error Av dyl will he: as small a portion of Ay as you 
wish if you choose Ax small enough. 

The relalion W will be useful in the nest section, and is so important 
that it deserves to be stated as a theorem. 

f.et v f{JC) hr differentiable at x ~ x ir and fd Ay - f(xj f- Ax I /(x,). 

Tftett there extsfx a function <r of Ax. defined for smufi Ax, .mrh that 


Ay — fUi) ‘Ax 4- * ■ Ax where lim e - U. 

it-<i 


Let us illustrate Theorem 3,2 for y = f{x) - 3x‘ + 2x by finding the 
function c- of iii. and showing directly that lim At mii e == 0* 


We work at a general point i rather than x t . Front the theorem, you sec 
that 


Ay - f(x) Ax 
Ax 


x = 
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Differentia lion and differentials 


Now 

Ay = f(x + Ax) - f(x) 

- [3{a + Axf + 2{x + Ax)] f3* * 2 3 + 2 a-] 

= 3* s + 6 a{Aa) + MAx}' + 2a + 2|A.v) - 3x : 

= 6x(Ajc) + 3{Ax>* + 2{Ax) 

and 

Ax) A* = (6.t + 2) Ax - 6jc{Ax) + 2(Axt 

Consequently. 


Thus 


Ay - fix) Ax-%(Ax} 1 . 


e 


Ay - ffjQAx 
Aa 


MAx) 7 

Ax 


- 3(Ax), 


Of tsouise, * = lbn Al _^3(it) = 0, || 


2i 


SUMMARY I. If y - fix). ffiifrr the differential dy is dy = f r (x}£iA. 

2. if HA,) exists and is nonzero, rhe approximation f(x x + dx) ■■= 
/(a,) + rUi) tit is ii good me [or smalt values of dm, 

3. If f{*!) exists, then Ay - fix ,) A,t + e - Aa where - 0. 


EXERCISES 


Ij\ Exercises l through ' : fi/ii i die rh/fercFiTiu/ tif the giLum fuurlioti 


U y - Hx) = -~ 

A + 3 

2. 

s g(M = t v - It- + 4 ( 

3. ^ = fir) 7rf' 

4. 

y = /(*) = tx* + i)(* : -i + 2) 

r -1- 1 



S. A = hit) = - - 

I 3 — \ 




quantify tyinjj ci differential 


In Exercises * dirn WR h N. estimate the mdieilfed 

rt. (0.97 _— 

(10.05)- 

9. Given shut the derivative ol v,v is l/(2vx) r cmri- 
male v'KH, [You may think lhat dx = j is too 
large to give a gocHl estimate, hut the graph oF -Jx 
is turning sit slowly al x 100 that the tangent 
line is close to it for unite a way, \ 

lfl * U /<*> = C - i Hen f|2) 4, Use diffenrn- 

Onh in find ihe approximate value of * such tliai 


s* if fix) *' + 4x 

2x - l 

fix) = \m. 

It 'f fix) x'flr - 2), then /(4) 32, Use 

differentials lo tind ihe approximate value of x 
such that f{x) 3E.H, 

12. Estimate the change in volume of ,\ cylindrical 
silo 20ft high if the radius is increased from .1 fi 
to 3 ft 4 in. 
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U. ImajEine ihe earth lo be kill of radius 45H)(lmi, 
and imagine a string lied around ihc equator of 
ihe earth. The string is then cut, and si.\ additional 
feet of string are inserted. 

a) It the lengthened circle of string were lifted a 
uniform, heighl ahnve the equator all the wav 
around the earth, estimate how high above ihc 
Surface of the earth Lite siring would be. 

bl Discuss [he accuracy of your estimate in part 

(u). 

14, A hall has radius 4 ft, anti a second ball has 



#rmr in rompu/tag Q r.v h, [hen the percent of error is 


volume I ft 1 greatei than the volume of the first 
hall. Estimate the difference in the surface area uf 

1 hose two balls, (The volume V and surface area 
A of a ball of radius r are given by V = (i)irr 1 
and A = 4irr J ,) 

15, A rectangle is inscribed in a semicircle of radius 
5 ft. Estimate the increase in the area of the 
rectangle if the length of' the base iotj the dinme- 
tcri is increased from h ft to b ft 2in. [Hint. Lei 
the are li. be A and the length of Lhe base he * 
F* press A’ as a function of r and use tlfA 2 l = 

2 A ■ cl A.] 

the metiwri-meni of a njutriehcdf quantity O If the 


[ IQtIII I 

\~d~\ 


iT.rfrrri.ve.s Jh through 

Ifr, For a differentiable function f, let O 

Suppose O is compmed by ‘■measuring. $ 

Ihutj computing ftjt|) = O, 

a) If a small error of ir is made in ihe measure¬ 
ment of Jt„ argue ihut [he approximate result¬ 
ing percent of error in the computed value For 
O is ]lOO/'(jt,}4JE//(x,)| r 

b) If :j small error of k percent of x, ts made in 
the measurement of x t , argue chat ihe approx- 
imate resulting percent of error in the com¬ 
puted value For G is 

IT. rhe radius of a sphere is found hy measurement 
to be 2 ft plus or minus 0.04 FL Estimate the 
maximum percent of error in computing lhe vol¬ 
ume of the sphere from this measurement of the 
rad ius. 1 h 0.r a Split re, v( ilumo V = (t lur '.) 

Ilf. One side of an equilateral triangle is found by 
measurement to he 8 ft with an error of at most 
5%. Estimate fhe maximum percent of error in 
computing the area of rhe triangle from this mea¬ 
surement of Che length of a side, 

14^ If it is desired lo compute the area of a circle with 
ftl most 1% error hy measuring its radius, esti¬ 
mate (he allowable percent of error that may bo 
made in measuring ihe radius. 


A plane flying over the ocean at night is headed 
straight toward a point A on the coast where a 
very strong light has been placed at the water 
line. Visibility is excellent, and the plane is flying 
at low altitude wiih ihe pilot's eyes 2p4 ft above 
ihc ocean. Assuming the radius of the earth is 
405)0 miles, use differentials lo estimate the dis- 
twice From the lighl to the plane when the light 
first becomes visible to lhe pilot. [Hint If x is 
the distance from ihe lighi to the pilot and y is ihc 
distance from the pilot’s eyes to the center of lhe 
earlh. then 

x = y — (4000)' (Draw a figure, I 

You wiLI lint! that an attempt lo estimate * 
vV - {405Nfp by ii differential for y near 401 M> 
ieads to difficulties. A successful technique is , 
estimate y 2 using a differential, then subtract 
(4i.H)0) i , tind finally talce ibe sL^uarc root, piissiblv 
using another differential lsee Exercise l >) if ihc 
number is not el perfect square,] 

2K Let /(jc> = jc 2 - 2r, Find * as a function ol Av 
and show directly that 

lim f = 0. 

4r-*ci 

f!See Example 4.) 

22. Repeat Exercise 21 for the function 

ft*) = Ux\ 


3 £ .J deal with pt’nrrenJ of error using differentials, 

fix,) * 0 , 2i). 

s ‘' and 
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Differentiation and differentials 


calculator exercises 


23, If f(x) - x\ then /(2) - 4. Use differentials to /(2t r) — 2 tt. Use differentials to find the approxi- 

find the approximate value of x such that f{x) = mate value of x such that f(x) = 6.3. {Recall that 

415, 7T ™ 3.1415927,) 

24* If f(x) — x "“, then, using radian measure* 


3.3 THE CHAIN 
RULE 

Let us consider the following question. 

tf twelve-year-old Bill is running twice as fast as five-year-old Mary , 
and Mary is running three times as fast as baby Jane , how many times m 
fast as baby Jane is Bill running? 

3*3*1 The chain 

rule formula 

Obviously* Bill is running 2*3 = 6 limes as fast as baby Jane. Recall that an 
interpretation of dy/dx is the rate of change of y with respect to x. If you will 
allow us to abuse the Leibniz notation, we can express the answer to our 
little problem concerning Bill, Mary, and baby Jane by 

d(Bill) ciC Bill) d(Mary) „ „ 

d (Jane) d(Mary) d(Jane) 

Let us take a step toward more careful mathematics. Suppose y = fix) 
and x = g{t), so that y appears as a composite function of f* namely, 

y = /<g(0). 

Compos fie ftmrfions 

This composite function is defined for all t in the domain of g such that g(f) 
is in the domain of /.* 

Let x = g(t) lx: differentiable at f, and let y = fix) be differentiable at 
x x = g(f|). The analogy between the following question and the one above 
should be obvious. 

// y is increasing twice as fast as x is at x u and x is increasing three 
times as fast as t is at t u haw many times as fast as t is y increasing when 
f-b? 

Once again, it is really obvious that y must be increasing 2*3 = 6 limes as 
fast as t is at r t . In Leibniz notation, this becomes 

Chain rufe 
formula 

dy dy dx 

dt dx dt ^ 


*The notation f ° g is sometimes used for the composite function, so that =■ kIIxI = 

Agujk 
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Example I 
SOLUTION 


Example 2 

SOLUTION 


Example 3 
SOLUTION 


We don’t claim to have proved (1), which is the chain rule. We shall see a 
more careful argument in a moment However, good intuitive feeling for a 
concept is half the battle in an attempt to really understand it. 

The chain rule illustrates the advantage of Leibniz notation in remem¬ 
bering formulas. You can remember (1) by pretending that the “dx’s 
cancel." Again, this must not be regarded as a proof. 

Let y = x 2 - x and x = t\ Suppose you want to find dyldt when i = 2. 

Ol course, f = 2 yields x = 2 3 = 8 and y -- 8 : — 8 = 56. Using the chain 
rule, you have 


dy 

dt 


& 4 * = {2 * - W). 

dx dt 


When t = 2 and x = 8 7 you obtain 

= (15X12) = 180. 

r =2 

Alternatively, you could solve the problem by expressing y directly as a 
function of / only and differentiating, without using the chain rule, From 
y = x 1 - x and x = t\ you obtain y = f* - t \ Then dyldt = 6f s — 3f 2 , so 
dyjdi\ l=2 = 6 - 32 - 3 * 4 = 192 - 12 = 180. || 

if the length of an edge of a cube increases at a rate of 4 in,/see, let's find the 
rate of increase of the volume per second al the instant when the edge is 
2 in, long. 

If an edge is of length x, then V = x\ We are asked to find ibe rate of 
change of V wiVh respect to time , that is, dV/dt. Now 

dV = dV dx = dx 
dt dx 'dt LX) dt 

by the chain rule. We arc given that dxjdt - 4 in./sec. Thus when x = 2, we 
have 


dy 

dt 


dV 

dt 


4 = 48 in.Vsec, 


2\Hi 


Let’s find the derivative of the function (4x + 7x~) 

Wc could raise the polynomial 4x 1 4 7x 3 to the tenth power and obtain one 
polynomial expression, but this is hard work. Let y = (4x 3 + 7x 3 ) iM and let 
sv = 4x 3 + 7x ? , Then y = u Ht and, by the chain rule in (1) 

= 'll.‘JH = I0u*{12* 1 + I4jt) = 10(4x 3 + 7x 2 ) w (12x J + I4x), 
dx aw dx 

Our problem is solved. 
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DUfarsnlialion and differentials 


So far you have seen only an intuitive, rate-of-ehange explanation of 
the chain rule {13. A more careful argument can be made using Theorem 3,2 
in the last section. Let y — fix) he differentiable at x, anJ x g{r) be 
differentiable at r, with g(f,) = x,. Then an increment Af in f produces, a 
corresponding increment Ax in x - g(l), and Ax in turn produces an 
increment Ay in v fix S. From Theorem 3.2, you know that 


Ay = f(x t )- At + e - Ax where lim e = 13. 

As—<1 

Dividing (2> by At. 

*2 = ru s . ** + e . ** 

At 1 At At' 


( 2 ) 


0) 


Npw x = g(«) is continuous at t, since g is differentiable there, so as As 
approaches zero, Ax approaches zero also, and consequently, e approaches 
zero, Therefore (3) yields 


dy 

dr 


= lim 
i , i- 


, Ax Ax 

^’T t +t 'Ai 


} = f\x, 


dx 

dr 


+ o-£ 

dr 


=rM 'j, 


dy 

dx 


dx I 

dt L' 


We have proved this theorem. 


iVArrm- £3 (Chain rate) Let y = fix) be differentiable at x t and x - g(0 be differentiable 
ait |, with ,1 = x,. Then ike rompoTtJe function y = /(fift)) is differentiable 
at f,* and 


dy 

dy I 

dx 

dt 

♦, dx L, 

dr 


If v fix) and x = g([i are hoik differentiable functionx. thin jhows that for 

y = /(sttft 


dy dy dx 
dr dx dt 


(4) 


3.3, Z Derivative 
of a function 
to a power 


You know (hat if pi is any integer, then 


dun 

du 


= Hlf 


n-i 


(S) 


* In the notation f * jf for the composite function, this tleames if - &V(r,J = 

r<*i> ' Au). 
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Kiviimple 4 


F x m in [nI l 5 


11 u is in turn a function of x. then the chain rule (4) yields 


diu n ) d(u") du 


du 


m 


dx du tlx dx 

Formula (61 ip used so often that at is best to memorise it. 

IF y - t,x' 2xY t then, thinking of x 1 - 2x as u in (6), 

^ = 5(x' - 2x) 4 - (3x J - 2h II 

Formula {6) is given in a verbal form in the summary. You should add 
this verhal form to the list of formulas you repeat off and or for a week or 
more. 

We can extend formula (6) to rational exponents p/q where p and q are 
integers and q f 0. Using (6) for integer exponents, we have 

d(( u ^ y > _ ^ (u ^. r -, dW*) 


dx 


dx 


and 


dx 


du 

r,,- 


= n,j" 


Since t> Jf = u'\ we obtain from (?) and (Hi 

, d(u^) _ 

dx 
so 

ii (H ) pu 1 ' ' du p U 


iliu^r 1 ’ : = pu p ~ l ■ 


du 

dx' 

v -i 


dx Cfltt'^T 1 dx q u 


_ dti 

p ^ r dx 


„ du 


Finally we obtain 


tftu rA| l 

dx 


- — <_ 

q dx 


L , J( P_I I 1 "HWill r _ 

i/ dx 


du 


Formula fd) is precisely whal you get from (6) with p* p/q. 
From fy) you have 


(7) 


m 


(9) 


J ' V - 1 - - - = — (0 < i ] ) ,n ) = - n + ■ i 2 x ) 

dx dx 2 

X 


V1 + 
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Differentiation anti diffefantials 


We win sec later that the formula 


J(ii T ) , du 

~ir " ru ix 


( 10 ) 


lioltlfi feir iiny real exponent r , and we give a verbal rendition of HU) in the 
summary. 


SUMMARY I. If v fix) and x g(M tire froth differentiable functions, then .so is 
V = f(g(0) and 

dy _ dy dx 
dt ~ dx dt' 


2 . 


The derivative of a 
function to the one 
symbols. 


function to a coos fa/) r power is the power times the 
less power , rimes the derivative of the function. In 


d{u 11 } 

dx 


= mi" 1 


do 

dx 


EXERCISES 


L. If y a Jjs and .* f‘ 4 I, find djfdi when 
I = I hy 

a] usini' the chain iule t 

b) expressing y m a function of f only anti 
d ifle.ru ill iLiliilK- 


2. If u = u 1 + 3u'' 2n and l> » w 3, find 

tiu/dw where w = 2 hv 
nf using n chain rule. 

fr) expresHiiift u directly as a [unction of w and 
differentiating. 


fri Exercise* 3 through 22. find d\:dx, Ynu rrerri nor simplify your an.snera. 


3. y = Jl t + ] 4, 

V (3x 2JT* 

5. y = 

4-t J - 2JC + -V ; 

6, y = *' 2 s'' - 3V s 

I 

7. y = — ». 

vx 

y = fx 

9. y = 

*" J + X 1 * 

10, y = 4t M + 9x Tn 

11. y = W + j 12 . 

y = (2.t 1 - U 2t ' 

*3. v - 


X 

14. v = -= - 

15, y =• (3j + 2 ) 4 

16. y = 

m 1 -1 ? xf 

X + 1 

17. y 

v r Jt + 1 

= Oc 7 + - If 

18. y = OH - 2Vi2x + 4X) } 

[Ax 1 - 3x) J 

21. y = V2s +■ 1 -- 

2t + 3 

ii ii 

>. >■ 

«x J - 2 
f4js 5 + ]) 3 

V’jc- 4 4 

-—~ a** 4 if 
3 jt 8 

111. y 

(3x* - 2V 

4** + 2 
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i-‘twines 23 t/tmugji ,’S dtprnti on (Jic fact rh«f fitsin r. ifth ws v, vltidi is shown Ut the next chapter. Use this 
i h i djfii'i other rlijj*:re.ntiutum fotmuSus to pud tlyjdx. Yfm Fin'd not .'t,rmpfj| r y v™r Gn&vjp.rs. 

23. v sin 2 a 24. y &infx ? l 2S. y = sin^jc 

2tb: y sm'(4x + 1) 27. y v'x 4 sinx 2B. y - (x ; + sinx V 


29. Find (he c^untUm nf The lira- tangent m the circle 
jt f y ? = 25 ;j[ thi: paint (.1, 4). 

30. Find the equation of the line normal to the graph 
of 1/1 At the point (2. ■sl- 

31. Find (he equation of the line tangent to Ihe graph 
nf v'2i ■+ I Ht the point (4. 31. 


32. l/tse differentials to estimate v'2h 

33. Use differentials to estimate (4,C11) 1 ■+ 3(y4.flh. 

34. Use itirTerenliah to estimate ftt.05)' 4 1]\ 

35. Use differentials to estimate V'63 i ((1,45)'. Do 
(he estimation in (wo pans. 


3.4 HIGHER-ORDER 
DERIVATIVES AND 
MOTION 


3.4.1 Higher-order 
derivatives 


If y fix) is a differenl table function, then fix) is again a function of x, the 
derived function f*. You can attempt to firn.1 its derivative. The notations arc 


itin*K 

dx 


dy 

dx 1 


- rm. 


The Leibniz notation d 2 yj€ix ’ is read "the second derivative of y wish respect 
to x . p * Of course, you can then find the derivative of fTi 1, which is the third 
derivative of /Uh Table 3.1 is a summary of the various notations you may 
encounter for derivatives. 


TABLE I t Notations for derivatives of y /(x) 


llerivalive 

1 .. . 

y-nntnlion 

1 .tnbnij* nolAlion 

J> “notation 

1st 

r(x) 

y' 

dyfdx 

of 

2nd 

fix) 

y* 1 

d^yldx' 

Of 

3rd 

n.x) 

y" 

d yfdx ? 

oV 

4th 

nx) 

yJ" 

d*yfdx* 

D*f 

5(h 

ru) 

y' 

d'yfdx' 

OT 

nth 

f^m 

y<" r 

d'yjdx" 

D"f 
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Differentiation and differentials- 


Example 1 If y = x' - 3jt' + 7* - III + 5. ihen 

— = 4 jt* - 9 .x 2 + 14 a - 11 , 
ax 


d'y 


d 4 y 


-ri = 24x tR < ri = 2 *r 

dx dx 


d 2 y *, 

~ = llx 2 - 18* + 14 
dx* 

d'y d 6 y 

—- ~ 0 — = 0 

dx' dx* 


3.4.2 Motion on the 
line and in the 
plane 

'! '1st* Jffjn w/ rJhi- 
neibetly 


You have seen thai if is the position at time i of a body traveling on a Line, 
then dsfdt is the velocity v of Ihe body at time i. If dsfdt > 0. I hen a small 
positive increment At in i produces a positive increment As in s, so the body 
is moving in the positive s-direction, while if dsfdt < 0, the increment As is 
negative so the body is moving in the negative x-direction. 

Since dsfdt = lk we have 


d 2 f 

HP 


dv 

— = rale of change of velocity with respect to time. 


TV 'rign of V This derivative dvfdt of the velocity is the acccleratiftn of the body. If 
acceleration dvfdt > 0, then a smalt positive increme n| At in t produces a positive 
increment Av in. i\ so the velocity is increasing, while if dvfdt < b, the 
increment An is negative so the velocity is decreasing. The magnitude of the 
velocity iwithout regard to sign) is the speed, sen that 

Speed ~ |u|, 

l ;, or example, if dsfdt < (I, then Ihe body is moving in the negative s- 
direefion. If also d^sjdt 2 > 0, then the velocity is increasing, perhaps from 
-2,1 ft/sec to — \.9 ft/sec as t increases a small amount At, so the speed wilL 
he decreasing from 2,1 ft/sec to 1.9 ft/sec. The body is moving in the 
negative s-direction, hut slowing down since the positive acceleration is in 
the positive a -direction, 

EiampEc 2 Let Ihe position x of a body on a straight line at time I 2" (I he given by 




= 4 - 


1 

f + r 


and let s find the velocity and acceleration when t - 3, 
soixmoN We have s — 4 — (t T 1) 1 , -so 


Thus 


v 


da 

dt 


(t + I) 5 


and 



—2(1 + 1) \ 


uL-i 


1 

Th 


and 


-1 

64 


I 

32 
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The positive velocity indicates that the body is moving in the positive 
s-direct ion when t = 3, and the negative acceleration, with sign opposite to 
that of the velocity, indicates that the body is slowing down at t - 3. That is, 
the speed is diminishin g. IJ 

Now let a body be moving in the jt,y-plane. perhaps in the direction of 
the arrows on the curve shown in Fig, 3,3- The curve need not be the graph 
of a function. The x -coordinate of the body L s position at lime t is some 
function jc h(t). while the y-coordinate of the position is v = k{l). The 
equations 

jc = h(t), 

Parametric equatum* .■ ( I ) 

V = fed). 

are parametric equahom of the curve, and t is the time parameter, The 
equation x = ft(l) describes ihe motion on the jc-axis of the x-projection, 
which always stays right under (or over] the main body. Similarly, y - MO 
gives the motion on the y-axis of the y-projection, which stays opposite the 
main body. Then dxjdt and d 3 jc/df' arc the velocity and acceleration of 
the i-projection, or the t-componen/s of she velocity ami acceleration of the 
main body. Similarly, dyldt and d 1 x\(dt~ are the y-componems of she velocity 
and acceleration. 

If x h(t) and y ~ fe(r) arc differentiable functions at t and if a piece 
of the curve from time t - ti to lime t + ft for some ft > 0 is the graph of a 
differentiable function of jc, then by the chain rule 

dy _ dy di 
dt dx dt 

Therefore where dx/dt f 0, the slope of the curve is given by 

dy _ dyitU 

dx dxfdt { ' 

Again, ihe handy Leibniz notation makes it easy to remember the formula. 


Sfopf fn 
poremetne 
form 


>' - project ion 11- 


f - ^HJI. 
v Air; 
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Differentiation and differentials 


SpCi'-d in 
parametric form 


rrunipk .1 


At each instant t. the body is moving in the direction tangent to the 
curve, That is, if one could command at any instant, ’‘Stop curving and keep 
going in the same direction you are now, and at the same speed," then the 
body would go off along a tangent line to the curve. Now if the body were to 
go oil on the tangent lire and keep j/ic same speed as it had at (he instanl r, 
then in one unit of lime il would travel a distance |dje/df| in the x -direction 
ami a distance |tly/di| in the y-direction. As shown in Fig, 3,4, the distance 
traveled along t he hypotenuse, ta ngent to the curve, in one unit of lime 
would then he \ l (dxldt) 2 + (dyfdtf. Therefore the speed of ihe hotly at time 
t b 



(3> 



Lei the position of a body in the plane at time i be given by 

JC -t* - 
y - It- + 71, 

Illustrating the discussion, you have, at any instant f. 


jc-componcnl of velocity - — ~ 3f — 3, 


y-component of velocity = 


<Vy 

di 


= 4t + 7, 


s-componcm of acceleration = l -~ = hi. 


y-component of acceleration - > - 4, 


Speed ~ J(dxfdi) 2 ( \dyfdt) : = v'{3f 2 3 V ! (4( l 71 2 , 


Slope of Lurve = 


dy 

d.% 


dyfdt _ 4| + 7 
dxJdt ~ 3t 2 - 3 
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Example 4 


Mil jrnu% 


SUMMARY 


Let’s find the equation of Ihe line normal to the curve given parametrically 

by x = r J + 

y = 2t* - fiL 


at the point where t = 2. 

To find the equation of a line* we need lo know a point on the line and the 
slope of the line, 

poin't; When t - 2, you see ihstt jc = 5 and y = 4 h so the point is (5,4) 
slope: The tangent line has slope 


dy 

dyfdt 

fiI 2 - 6 

dx 

r . j d.xfdt 

i-3 - r 


Therefore ihe normal line has slope 

equation: y - 4 - - ij(x - 5) or £ Jy + 2x = 46. | 


L If y = ftjsl, then the second derivative of y with respect to x is 

(i : y _ d{dyjdx) 
dx : (fjf 


- n*) = y" = D 2 t 


and the nth denualtpe of y wrdi respect fn jc j.s 
~ = / ln> (x) = y'"> = D-f. 

2. If s is the position of a body on a line (s-axis) at little f, then 


ds 

Velocity = v = — ♦ 
dl 


. , tfw d^x 

Arcelerciirftti _ « = — = — 

dt dr 


= u 


3. Ginen parametric jc — MO and y ~ kit) of motion in a plane., 

d x . dv 

— = x-component of the velocity, = y-ronipnncnl of the velocity. 


v'L dxjdty' i idyidt)' = .speed. 


dy dyfdt 
dx dx/dt 


- slope of the curve. 


iJ 1 x 

—= x-ceinipnirenl of the acceleration, 

d 1 y 

—; - y-component of ihe acceleration. 
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Differentiation and differentials 


EXERCISES 


In Exercises I ffimugfa ft. find v\ v' 1 , und v'". Win need nnt simplify your tintwers, 

I. y=>t*-2x* 2.y = dx 3, y - l/VSl 

y = s'" 1 S* y = V’jc j + 1 6 t V ■ f3.s - 2) Vi 


7 - v = 771 if 

V. If the position s of ii body on an s-axis at time l is 
given by s - 3i' - 7r, find the velocity and acceh 
eralion of the body when i = 1. 

ML Let the position t on an s-axis of a body at lime ( 
he given 

i = 10 —j—- for i a; 0. 

r + J 

a) Show that, at any time i -> 0. die hn<ly has 
traveled less ihan 2Ci units distance since time 
f = 0. 

h, 1 hiiid the VeUmity ol the hody as a function of 1, 

c) Interpret physical ty the fact lhai ihc velocity is 
positive for a LI f > 0, 

1 li. A body is thrown straight up from ihc surface of 
ihe earth al time r = U r Suppose thal its height 
s in feet after t sec is s = -Ibf 1 + 4Jii, 

al Rnd the velocity of the body at time t. 

Is) Find the acceleration of the body al time i. 

e} Find the initial velocity u„ with which the 
bodv was thrown itpwnrd. 

d) Al what lime does the body reach maximum 
heights [Hint What is the velocity at max¬ 
imum height 1 ?] 

ei Find the maximum height the body at tains 
in Exerciser; 13 flirouglt L?„ find ihe speed of the frodv mit 
parametric motion. 

13* x = r\ y t- at lime i 

14. x = Ifr, v=0 + Ufit - 1) at t = 2 

15. x = s/FT T, y ft 2 - I) 1 al r = 1 

16. Find the equation of the tangent Line lo the curve 
x = i — 3l P y Vl, at Ihe point where i = 4. 

!“?■ f ind the equation of the line normal tit the curve 
x = U 1 - 3f. y = (l 2 + 3)/(i -■ 1), where t = J r 


0 Front the phvsios. of the problem during what 
time interval is the equation * = -lbf J + 4Hi 
valid? 

t2. Ut t = ft(D be the position al time f of a body 
on tiie -t-axts (positive direction lo the right. as 
U$Ual}. Fill in the blanks with the proper choice 
from 

right > left. increasing, decreasing. 

a) Li dxfdt > 0, then ihe body is moving to ihc 
-as I increases. 

b| If d xfdi 1 < tl, ihen ihe velocity is-— as r 

increases. 

c) If d : xfdr < 0 and dxfdi > d H then the speed 

of (he body is - as r increases. 

d) If d'xfdt < 0 and dxfdt < 0. then ihe speed 

of the body is- and the body is moving 

to ihe --as i increases. 

e ) If d^xfdr > U and dxfdt < 0. then the speed 

of the body is- ■ and the body is moving 

ti> the-as I increases. 

f> If d~xfdr > b anil dxfdt > 0„ ihen the speed 

of Ihe body is- and the body is moving 

to (he -as i increases. 

the jfope of the curve al the indi&Ued time for the given 

18. Lei x v't and y t\ Find d\fdx and d 2 yfdx 2 
in terms of f. ff/int. 

d y d (dyfdx) \ d {dyj dv j b'rfr 1 

dx 2 dx " dx/ifl * J 

19. Let x = t 2 , y = { 3 - 2t 2 + 5. Find dv/dx and 
d J y/<ii when 1=1. (See ihc hint of the pieced 
ing uxeroise 1 
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Numerical 
approximation 
of flit,I 
and f"(xT,) 
for calculator 
exorcises 


Fx pic 5 


HOC! thus 


In Sr flu m .i nf C h a pier 2. we saw that fix ] I can he approx ini a ted numerically 
using 

< 4) 

2 ■ Ax 

fin small Ax. Now we shall give formulas for the numerical approximation of 
f'fjc,} anti rUi). First choose h small Ax anti compute: 

Vi = M*i - 2 ' Ax). 

y 3 - f(x, - Ax). 

y., = (U,L 

y* 55 fU, + Ax). 

y 5 = fix, 4 2 - Ax), 


h can he shown that 


n*i) 


*“¥i + Ihy^ - 30y 3 + Ihy'j - v\ 


and 


rw 


12< Ajc ) 3 

-Vi + 2y ? Zy 4 t y q 

2<Ajc)> 


(5) 

( 6 ) 


These approximations are derived by finding the fourtlufegrce polynomial 
through the five points on the graph where x is equal lo: 

xi2 • Ax, x, Ax, x u Xi 4 Ax, and x, + 2-Ax. 

Formula (5) gives l he second derivative of this polynomial where x - x ,, 
and 16) gives the lliird derivative where x - x j+ Note that id) can he written 

as 


fU,) = 


-y? + y-. 

2 ■ Ax 


in this nutation, h can be shown thal this is actually the derivative where 
x = x, of the second*degree polynomial through the points where x - 
x s Ax. x h and X| 4 Ax* 

Let’s use [5) with Ax - I to approximate jF'f3) if fix) = \lx. Of course. 
Ax = I k large, but it makes an easy computation for this non-calculator 
illustration. 


We have x, = 3 ;ind Ax - l, so 

x, - 2 4 Ax =1, x t - Ax = 2. Xi 4 2 ■ Ax = 5, 


v, - L 



y.i = 


V 55 t 

J A J- 


Yx = 


J 
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Differaitflathan and differentials 


The approximation (511 becomes, 

-1 + 16-}- *»■} l 1ft-■ - I, 

1 ' " 12(1}* 


0,8 

~12 


0 , 1167 . 


1 + 8 IP + 4 - 0.2 
12 


Of course, if y = x \ then y' E ■ x 3 and y* = 2x \ so f( 3) = 
2f3 l = 2/27 =»= 0.074. Our error in approximation is about 0.007. j| 


calculator LOicrdses 


/rt kXcrcise* 20 23, fi ml fltr ircrnJ and third licrrL'tifHL'i'S of J'hf gicen /jjrtrfitui r;r (fte in .in lilts i [WjrFit, it»[rig 

die itpfirrJjirnetifxns (51 and (6K Tort choose A*. 

211. fix J = Jxix' + 2ar) stt r = 1 21. f(x) = — a t x ~ 3 (radian measure) 

Jt +■ 2 


22. f(x) = jc ’ at X = 1.5 


23. fix) i" 1 " at * = 2 (radian measure) 


3.5 IMPlICfT I he graph of a continuous function / of one variable can be viewed as a 
DIFFERENTIATION curve in the plane. The curve has a tangent line at each point where f is 
differentiable. 

Surely it is natural to consider the circle x 1 4 y 1 - 25 irt Fig. 3.5 to be 
a plane curve, but this curve is not the graph of a function, since distinct 
points on the circle may have the same x -coordinate. For example (3, 4) and 
{3, -4) are both on the circle. However, if you restrict your attention to a 
small pari of the circle containing (3,4} and extending a short distance on 
both sides of 1.3,4), the heavy curve in Fig. 3.5, this small piece is the graph 
of a function. In fac t, it is pari of the graph of the function given by 
y = fix) = v’25 - x 2 . You would like to find (he derivative f’(3) of this 
function, lhat is. the slope of the tangent line to the circle at the point (3. 4). 
Of course you have 


rut = -<25 - v> ik {- 2 x ) = ,, *.. . so m = 

2 V 25 - x 2 Jl6 4 

Implicit The circle in Fig. 3.5 is an example of our topic for this Section. Let a 

function plane curve be given by mi x.y -equation. ‘Lhc curve may noi be the graph of 
a function, but a piece of the curve extending out for a way on both sides of 
a point (.*,« y,) may be the graph of a function, as shown in Fig, 3 r 6 r For this 
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ease, the x,y-equation defines y implicitly as a function of x near (x t , y,). 
An equation y - fix), on the other hand, defines y explicitly as a function 
of x, The terms Impficif and explicit are used to distinguish between these 
cases. Turning hack to our circle, 

x 1 + y 2 - 25 defines y jmpfkitJy as a function of x near (3,4) 

while 

y - v'2? x" defines y fjtpjirrtfy as a function of x near (3,4). 

hor the circle x 1 + y 2 - 25. you can solve explicitly for y in terms nf x 
and then find dyfdx. Hut often it is very difficult to solve an equation for y. 
For example, it is hard to solve for y if 

y 5 + 3y 2 2x 2 = -4, 

However, assuming that y is defined implicitly as a different table Function of 
x near some point (a, y) on the curve, you can use the chain rule to find 
dyfdx without solving for y. This technique is tmpfiril di/ferenritftMM and Es 
best illustrated by an example. 

Example 1 Let’s find dyidx if y- + 3y' - 2x = -4. 


soiAmoh Viewing y as a function of x and using the chain rule, we have 


dty*) = ri{y s ) dy = _ 4 dy 
dx dy dx " ' dx 


Implicit 

ddJfeiTcetrfldorp 


Differentiating both sides of y s 4 3y ' 
this fashion, we obtain 


2x 2 


—4 "with respect to r" in 
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Di^rantistien and dHTerantials 


ktaanipLt 2 


Example 3 

sournoN 


Ksuinplu -I 

a! 


We may now solve for dyfdx, obtaining 

dy _ 4x 
dx Sy 4 + fry' 


This for mu Ea gives dy/dx at any poinl (x, y) on the curve where Ihe 
denominator 5y 4 4 fry is nonzero. For example, ii is easily seen that (2, J) 
satisfies y 5 + 3y 2 - 2.C" = 4 and iherefore Iks on the curve. Then 


dy 

dx 


4x 


5y A 4 fry 


_S 
I I 


If i' 1 4 2x 2 y 3 + 3y l fr, then implicit differentia lion yields 

3i 2 + 2jt" + 3y 7 — + 4-ty 1 + I2y 3 — = 0. 

dx dx 

Therefore 


(GxV + \2y*}-~ - -(3x = + 4xy J ) 

t/i 

and 

dy _ 3x J + 4xy* 

dx Ux'y 1 4 12y v 

Let's solve our original circle problem using implicit differentation. That is. 
we want in it ml tile slope of l he tan gem line la ,v' 4 y' - 25 at (3.4 i 

Differentiating x' + y 1 = 25 implicitly. 


lx + 2y^' = 0, 

tlX 


SO 


dy -2x 


dx 


and 


2y 


dx 1 1 4, ^ j, 


As illustrated by (he preceding examples, one obtains a quotient when 
finding dy/dx by implicit differentiation of an x,v-equation, At certain points 
(x, y| on the curve, the denominator may become zero. It can be shown that 
if this cal amity does no I oeeur at (x, y) and the curve is a sufficiently “nice” 
one, then y is implicitly defined as a function of x near U. y) and implicit 
differentiation does yield dvfdx. 

Let's show that the curve y - x : - I) is orthogonal to the curve x 2 + 2y 1 = 
3 at the point (L 1) of intersection (Curves are orthogonal if their tangent 
lines are perpendicular,J 


riinn':. 
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soiaitton 


Fxumplc S 

solution 


SUMMARY 


The tangent lint to y — Jr has slope given by 


dy 

dx 



= 2. 


Differentiating x z i 2y J = 3 implicitly. 


Then 


2x + 4v^- — 0, 
dx 


dy _ -2x _ Hg 
dx 4y 2y 


dy I I 

dx | n>1 ) 2 


Since Lhe slopes 2 and are negative reciprocals, the curves arc orthogonal 
at (1, IT I! 

Higher-Older derivatives of implied functions can be found by repealed 
implicit differentiation, as illustrated in the next example. 

We shall find y" if x ? + y" = 2. 

This lime we use y' and for the first and second derivative in the implicit 
differentiation For y defined implicitly as a function of x by x~ + y ’ “ 2, 
you obtain 


— x 

2x + 2yy' = 0. vo y' = 

Differentiating this relation again implicitly with respect to x . you obtain 
„ y!-l) - 1—x)y h -y+xy' 

y = —-—-= — 3 —. 


Since y r = — x/y. 


-y + x(-xfy) 



Remembering that x 7 + y 2 = 2, you have 

2 

V“ = ^- 


l r You can find dyldx from on x,y-equation i>y differentiating hoik sides ¥vi(la 
respect fa x, without solwing for y irt terms of X- See Examples l and 2 for 
the technique, 
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DifloifjUtifltion and diftersntiafs 


EXERCISES 

in [{wises ! through 3, find dyfdx when \ a, far y defined impfiriify cu a function of x neat Ui, Vil ft V («> 
fmdhm y tfxpfficidv 05 (1 function nf x am! djflWfutmtiJLg. and (b) dftfcrenriaiittK implicitly. 

1* x 2 + y 2$ &in<l l 3*4) 2. x y* ■ 3 and (x,, y,'> = (7, 2) 

3* y- - 3xy + V = i and U,.y,l <0.-1) 

In Exercises 4 through 13. find dyfdx at the gran point by implicit differtmuitoon. 


4+ A 7 - y s - 16; (5, -3) 

6. xy 12; (2*61 

8 . .iv 2 - 3i J v + 4 =* (h (-1,1) 

10. (3* + $yj'% >■) - 8; (4,2) 

12- Sxy 1 + 4iy 6 + Vy; (1. 3) 

14. If ,i y 7 7, find d'yldx* at ihc paint (4, 3). 

15. Find the equations of the tun^ent and normal 
lines ni the curve y ■ x' ■ 2*y + 1 at the 
point (2.1), 

16. Find the equation of the tangent line to the curve 
y- - Ji 2 = I at the point (—1, 2), 

(7. Show that the Curves 2* t y 24 and y = Mi 
arc orthogonal al the point (2.4) of intersection,. 

exercise sets for chapter 3 


5, + y 1 = 7: f-L2> 

7. iy J - 12; (3.-2) 

9. 2jcV - 3jcv + 1 = 0; fl. t) 

II. VkT six - 2y)‘ = 2: (3. U 

13. 4xy J = 2x*y' y ,M 5; (-1, I) 

|tt, Show that for any values of t ?■ (1 and k, the 
curves x + 2v’ = c and y fci ’ arc orthogonal 
at all points of intersection, 

19- Show i ha I for all nonzero values of c and k, the 
curves y’ x' r and iv = k arc orthogonal at 
idl points Of 

20+ Find all points on the curve x J y xy~ = 16 
where the curve has it vertical tangent, 


review e*ereisa &ot 3,1 

1. Find dyfdx if y = (r - 3x}{4x' - 2x 4 17). 
You need uni simplify your answer, 

2, Find dyldx if v (8** - 2x)f[Ax y + 3), 

3- If y 3 1 ’ hi + 7. find dy. 

4. Use differentials to estimate 

5. (je-1 y 3 x " for and let x = gf/T he a differen¬ 
tiable function such thal g(14) = -2 and 
g'(14) = 8. Find dyfdt when t 14. 

6. Find dyldx if y = v^jt 1 — 17x. 

7. Find dyldx and d 3 yfdx' if y * (4i l — 7i)\ You 
need not simplify your answers, 

8. Let the position (i+ y) of a body in the plane at 


lime ( he given by the parametric equations 
x = It 2 - 2i+ 
y - t l + 2. 

a) Kind Ihc x-component of the velocity when 
t = 1 

b) Find the y-com pone nl of the acceleration 
when f = I. 

c) Find ihe '■peed of the body when ( I. 

9. Find the equation oF the line tangent to the curve 
with parametric equations x = 3/ — 10f. y 
v'r + 1 when f = 3. 

10+ If y ' + i"y — 4* 2 = 3 


7 r find dyldx. 
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review exercise set 3.2 

I. Given that there js a function In.v such Tims 
J(ln xydx Ux, lira! dyfdx if y I v ' + T>(In jr). 
Z. f ind dyfdx if 

V U + 4>/(x 3 4 - \7) r 

i. The arta A of a circle of radius r is given by 
A = wr\ A circle of radius t has area tt =-- 3-14, 
Use differentials to estimate the radius of a drde 
that has area 3. 

4. Tf wc let dx A.\, draw the graph of a different- 
able function at k, and laLne] on the graph the 
geometric meaning at r .t, of 

a) Ay b) dy c) liv dy| 

5. Find dyfdx if 



*■ Lei y = W - 3x ami x = (t + 2>/<f - 1). Find 
dyfdt when 1 = 2. 

7* Find d’y^cii 5 * if y = v3.r s 4 . 

more challenging exercises 3 


I. Let f and g be differentiable at \ u. Show lhat T 
if fin) U and = ft, 
then {f k’/( ci) = 0 . 

1. Find a formula for the derivative of a product 
■. ■ fj x ) of tt functions. 

3. Let p(j£) Ik; :j polynomial function, Show ihsil if 
(.¥ al is a factor of the polynomial expression, 
then both p[a) * II ami p'fa) = ft, 

4. Generalize the result in Exerdsi; 3. 

5. Find the equations of the tines through (4, ID) 
that are tangent to the graph of f{x) = 
(x 2 }2) + 4, 

6 -. Let f he differentiable al .t = a, 

a) Find A. ft. and C such that (he polynomial 
function (parabola) p(x) - Ax h Bx + C 
passes through the ihieu points or the graph 
y fix) whose x -coordinates are a - Ac, ci. 
and a + ii.t. (For small A.r, the quadra tit 
function pf.vl approximates f(*) near u,i 


M., Let the position fe, y > a( time t of a body in the 
plane fie given by I he putanutric equations 

* = :lt J Jr 3- 2i 4, 

y = t 1 - Qf\ 

a I Find all times ( when the direct ton of motion 
of the body fa vertical. 

hj Hud all times t when the direction of iiiutiun 
of the body is horizontal, 

c) Find the speed of ihc body when f = 4. 

9. Find the equation of the line normal to the curve 
with parametric equations 


when f 1, 

t(L Find dy/Jx and d'yfdx 7 at the point U, 2) ir 

y i - *y - % 


b) Compute p ; <fl| for p(.tl from pari (a), Whnl 
familiar express Urn do you obtain? 

7. Let f and g be differentiable functions of x, and 
let y f(i)/g(±> r Derive the formula For ihe 
derivative nf the quotient f{x)igix) using just 
implicit differentiation and the iule for differen¬ 
tiating a product. 

H. You will sec in the next chnpier ihat there exit 
functions sin x and cos * such that 

dfsinx) jJCoos x) 

—; - = cos x and —-= -sin x. 

dx tlx 

Find the derivatives of the following functions, 
a) sin 2x b) cos Ax ' 

c) sin (cost) d) cor (sin 3 x) 

9. The chain rule states that, under certain crmdi 
lions, 


di 


= • R'(t,K 
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Differentiation and differentials 


Find a similar formula for 

10. Let / and ^ be differentiable functions satisfying 

<*(/(*(* W)J) 

g'(a) / 0, g(a) = b . 

and f(g<i» = *. 

for suitable functions f, g, and h. 

Show that f(b) — l/g'(a). 















L 
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The trigonometric functions 


Students niay already he familiar with radian measure, [he six elementary 
trigonometric functions, ibeir graphs, and basic trigonometric identities, lit 
that case, the first two sections of this chapter may he omitted. 


4.1 TRIGONOMETRY 
REVIEW |: 
EVALUATION 
AND IDENTITIES 

4.1.1 The si* 
I unctions 


The circle u' + v' ~ l is shown in Fig. 4.1. It is important to note (hat the 
radius, of this circle is I. The functions sin x and cos x may he evaluated as 

follows, ff x > (>, start at the point f 1. t)| on the circle and go enuntercioefc- 

wiae along the circle until you have traveled the distance jc on the are. As 
shown in Fig. 4.1, you wilt slop at some point In, i?) on the circle. Then 

sin x = t 1 and cos x = u. (1) 

Equations (11 arc also valid if x < 0, except that then you travel the 

distance |x| claikwme around the circle from (MU to arrive at a point (u, v). 


Kmnii»pt« I If X 0, you stay at the puint j 1,0), so u - ] and v = l) B sinti - 0 and 
cos 0 - I. On the other hand, if x - --ir/2. then you 1 rave I doc A wise a 
quarter of (he way around the circle (since the circle has circumference 2 t r> 
and arrive at I n. u) - (0 T —1). Thus sin (—tt/ 3) - I and cos tt{2) = D. )| 



4.1 


fCut/rurL measure The are length x diown in Hg„ 4, | is the radian measure of ihe central 

angle ft shown in the figure. The radian measure of a central angle ft of a 
circle k 

„ ,, , . length of intercepted are 

Radiy n measure of ft - -- ; ---—, 

radius 

Since our radius is l. ihe radian measure of ft is given by the length Jt ol the 
arc. For example, a 36lf angle has radian measure 2 tt since the length all 
the way around ihe circle is 2 tt. it is easy to see that 

Radian measure of - (— ) (degree measure of ft), 

MfiO/ 

for 1 80° corresponds to it radians. 
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From Fig. 4.2, you see that if <J < 0 < then (l is an acute angle of 
the right triangle shown, and 


while 


v opposite side lengih 

sm 8 = v = — = --:-- 

1 hypotenuse lone Hi 


it uiijaecnt side length 

COS §»«=“ = —-:-— 

! hypotenuse length 


You may have learned these definitions in high school. The advantage of the 
definitions (1) is that you ean easily find sin * it x > For example, 
sin [3 tt/ 2) - siri 12701 - ] since an are length oF 3^/2 corresponds to the 

point (0, 1 )■ on the circle. 

Ynu should recall from geometry the lengths of the sides of the right 
triangles shown in Fig, 4.3. 


L 




Eumple 1 We shall lind sin ( 2 it/T) and ops f 2w/3t 

scnimoN Since 2 tt,.' 3 radians corresponds, to — 12<f 3 -Kf 5 - 30°, you &ee from Fig. 

4.4 and I he lofthand triangle in Fig. 4.3 tha( 
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The trigonometric functions 


Now let’s describe the remaining four basic trigonometric functions nt x 
in terms of the point in Fig, 4,1:* 


v _ sin x 
u cos X ’ 

i = _l_ 

U COS X 

Example 3 From Fig. 4,4, you sec that 



T _ U x I 

t? sin x tame’ 



tan x = 

sec x = 


A table at the end of the texl gives values of trigonometric functions of 
whole-numbered degree angles from if to 9IF, The sin x and cos x columns 
of the table give the lengths of the tegs of a right triangle of hypotenuse \ 
having the given angle. You can use this data to find the functions for other 
angles just as you used the triangles of Fig. 4,2 in Examples 2 and 2. A 
quick way to evaluate trigonometric functions is to use a "scientific” pocket 
calculator. 


4.1.2 fdantltifts Referring to Eqs. (1) arid Fig, 4.1. you have sin x - v and cos x — t#, and 
u 2 + v 1 = 1. Therefore 

sin 2 x + cos 2 x - L 

[Note that simx means (sin x) 3 .] This is a fundamental trigonometric iden¬ 
tity. There are many others, some of which are easily obtained. For 
example, if you divide both sides of sin x + ens^x = I by cos 2 *, then 


or 


sin 2 a cos 2 * _ 1 

CbSTX COSt cos'x 


lan 7 x ■+ I = see 7 *. 


ft is not our purpose to give a lot of drill in identities. We list in the 
summary the ones you might want to use in this text, and ask you to derive a 
few of I hem in the exercises. 


The IriMonumetrie functions are sometimes called the circular Function-.. 
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!. fiefeurfftfi to Fig. 4.5. we haue 


sin x - v, 


COS X - II. 

v sin x 

tan x — — *»- . 

U COS X 

u cos x 1 

cot x = - = . — =- , 

f sin x tan x 

1 1 

sec x = — = — , 

u cos x 



1 1 

CSC x = - = —-, 

y sin x 

2, Some rdenfrfies: 


sin' 

x + cos’x 

= 1, 

(3) 

tan 2 

x + 1 = sec 2 x n 

(4) 





t + 

cor 1 ! - csc 2 x: 

(5) 



sin (* + y) 

= sin x cos y 

+ cos x sin y. 

m 



cos (x + y) 

— cr>s x cos y 

— sin x sin y; 

m 

sin 

2x — 2 sin 

X cos X, 

(8) 

cos 

2x = cos 7 x - sin : x T 

(s» 

sin 

(-x) = —sin x. 

(10) 

cos 

f-x) = cos x; 

(ID 

sin 

(•*!)- 

cos x. 

(13) 

cos 

( J+ f) = - S mx, 

(13) 

sin 

(x + tt) = 

-sin x. 

(14) 

cos 

{x + it) =-cos X, 

(15) 

sin 

fx + 2n7r) 

= sin x H 

(m 

cos 

(x + 2 hit) = cos x, 

(17) 

sin 

l-*v iL 

- CO S X 

1 

(IS) 

cos 

X /1 4 COS X 

(19) 

3. 

With reference to Rft, 4 r fi. 

we Jtftue 
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The trigonometric functions 


EXERCISES 


1 *r t!xetci&£& I 2ft. find die jiuhrattrf tm f«f of jiTilt functiittL 


1. 

sin 

Tf 

3 

y 1]T 

2+ ms — 

3, 

Sir 
tan — 
o 

4. 

, 4ir 
sin — 

3 

5. 

* CL T 

*. 

3 IT 

tan — 

4 

7, 

7 IT 
esc ^ 

ft 

8* 

cot 

(-t) 

9. tan it 

1ft, 

COS 3rr 

] 1. 

see 2 tt 

12, 

sin fi it 

13. 

Sin ( - Tit \ 

14, 

cos (—3ir 

If, 

sin 

(-1) 

Sir 

E6» tan — 

4 

17. 

3ir 

Inn- 

2 

18. 

cot 5 ir 

19. 

‘/IT 

sec — 

4 

20, 

23 it 

esc- 

6 




21. 3T -if/2 =£ # < tti2 and sin = -1/3, find cos fi 

22. II Till -■■ i 1 ? < 3w/2 anti tnnfl 4, find sceft. 

23. If l.l i (f < 7r and t(Ki ft = — |/S, find col ft. 

24. If u ^ ft < 2ir and see 0 3. find tan ft. 

2 ?* If it.!2 £ ft < 3ir/2 and sin ft = 1/4, find col 0 . 

2fi. If ft =e ft < it and cos ft = 1/3, find sin 2#, 

11, If - ir/2 ft < tt/2 and sin ft 2/3. find ■sin 2(1. 
2ft* 11 0 < ft < it (2 and tan ft = 3. find eos 2ft 

I 4 *. If ft < ft < t r/2 and hcc ft 4, find cos 20 r 

3ft* IF ft < ft < tt/ 2 and cos if = 1/3, find sm 3ft 1 . 

31* As in Fip. 4,1, let itae arc corresponding in * 

terminate at {u, u>. 

n) Where does the aie corresponding tn — x ler- 


b) Uhfc the result in (al In verify regions flftl 
and 111). 

32, As in Kip, 4.1. let |he urc corresponding lo x 
terminate a I \ it, t'J. 

a) Where docs l he arc cot resin ending in x ► tt/2 
terminate? 

b;i Use the result in (;ft to venfv relations (12} 
and (13}. 

33. As in Fig, 4.|, lei the ire corresponding tn * 
terminate at (« r t f. 

a I Where does I he arc corresponding to * it/ 2 
term male? 

b) Use the result in (a) in derive relation* similar 
[n (12) and (13). 


niinale? 

hi tjemises 34 thriKitfi 42, use the identities in ike summim fr* verify cudi of she fofircwrng idVrirjlies. 


34* Inn {— jc j tan je 35. sec(-K) = sec \ 


3** lan 


38. a 


*(>-!)- 


39. see 


(* + “ ) = —col x 37. sin 
: | J£ - —) esc Jt 4ft* cos (jr - y j 


in (*-f)“- 


Cos Jl 


41. 

42. 


ms2* - 2 mb 1 * -1=1- Jain’* 
tail x. i tan y 


tlin I jf 4 y) = 


l tan x tan y 


cos Jt cos y 4 sm x sin y 


43. Let LJ trianple have sides of 5 and 7 unils anti id 
I he angle lie I ween ihcHc two sides be rr/3. Find 
Llic lenpih of the other side of the triangle. j Him. 
Ust: the law of cosines. | 


4.2 TRIGONOMETRY 
REVIEW II: GRAPHS 
OF TRIGONOMETRIC 
FUNCTIONS 


You can easily check that the graph of y - sin x is ihal shown in Fig. 4.7. 
Note that the intercepts on the x-axls are the multiples of it. 

In view of the identity cos x = sin U + it 12). the graph of cos t can be 
obtained by translating the graph of sin* a distance ir/2 tn (he left. The 
graph of cos Jt is shown in Fig. 4,8, 
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+■ i 4 7 



I 4.-B 


4,2,1 Graphs of the The graph of ion je has as heigh i at each point (sin jeVfcos * l If 

six functions cos x £ (h Front the graphs of sin x and cos x, you obtain the graph in Fig. 

4, ( ) for Ian x. Taking the reciprocals of the heights to tan X you obtain the 
graph of cot x = t/ftanx} in Fig. 4.10, Figures 4.11 and 4.12 show the 
graphs itf see x = l/fcosjc) and esc t = l/fsin x\. 



* i 4.9 



4 10 


4.11 



4.12 
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The trigonometric functions 


4.Z.2 The graph of 
y — tk * irin (h(jf - cj) 


Amfdtfutfe 
and period 


Phaser 

Fuunple 1 

SOitmoPi 


To find the graph of y — a ■ sin (h(x c|), wo tirst discover the effect of the 
individual constants a, b , and c on the graph. 

The graph of sin x oscillates in height between —\ and 1; the graph has 
amplitude ft is Obvious that the graph of d£sin X I oscillates between —a 
anti a, that is h has amplitude \u\. The constant tt controls the amplitude of 
the graph. 

The graph of sin x repeats itself every 2*r units on the x-axis. We say h 
has period 2t r. The graph of sin bx will repeat as soon as fix changes by 2ir T 
which is as soon as x increases by \2itfb\. Thus sin bx has period |2ir/fi], and 
h controls the period of the graph. 

Finally, we turn to the graph of sin (x c). You have seen that she 
substitution x - x c, y = y (1 amounts to translating axes to the point 
(c, 0). Thus the graph of sin (x c) is the graph of sin x translated c units to 
the right.. Note that sin(x c) is zero when x = e, rather than when x = 0. 
The number c is the phase angle 

Let's sketch the graph of y — 3sin{2x + 

First we rewrile' 


y - 3sin(2x + nr) 



The graph lias amplitude 3, period 2irll ■ rr. and phase angle —it/ 2. The 
graph is shown in Fig. 4.. 13. Think of moving the curve y = sin x a distance 
ir/2 to the left, and then having it oscillate three limes as high {amplitude 3 
rather than 1) and twice as fast (period w rather than 2 tt). jj 

T he effect of a„ ft, and c on the graph of y - a ■ cos (h(x - c)} is 
precisely the same as for the graph of a ■ sin(Mx 1 1), Indeed, multiplying 
any of (he six functions by n and replacing x by b(x c) has an analogous 
significance. 


4.27 The graph of 
y — tk * irin (hjjf - c)) 


Amfdtfutfe 
a ad period 


Fluiw 

Fuunpk 1 
sot.i mors 


v 



V = 1 sin I It + rrt 


413 
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4.3 Differentia rkm of tfigonomstfic functions. 


SUMMARY 1. THicr graphs of she six trigonometric functions are ^<jwn in Fi«s. 4.7 

shrtmgh 4.12. 

2. in she graph of v = a ■ sin ib{x - <’) k she amplitude \a controls the height 
tif flit? (we ■iHtiiion. she period {x-distance for repetition) is |2ir/i»|. and c is 
the phase angle. 


exercises 


In lixcrrises I through Ilf find (tie Amplitude, tillrf period, nnd 


I. 

siri i, --jl) 

2. 4 009X 

3. 

5. 

-2 

ft. 3 cos (x •» tif ) 

7. 

9. 

Sting- .1 

10 . -2cos(2x + 3tr.l 



ifcchh tlte f^riiplr of the indicated fruicfmn. 
3 sin 3 x 4. 2 cm {xJ2) 

3 [iir t4je + ir) 8, ^ eus f - - } 


hi Fiefcists t I ffirrjiigli IS. fond fJhc petard (g-dwUNce fur repetition i amt sketch the graph «f &e itttftaitaf fumium. 
11. -ran* 11. cot2x 11. 3secx 14» cm;(2x - n\ 

15. sin * 1ft. 4 cos * 1 * 

17. sin* 4 2 cos* [Him. Sketch sin * and 2. cos * on 
i he same rises and add their heights] 

IS. 2sin 2* — cos ( xfl) [Hut. Proceed as in Exciei^ 

17 .] 


4.3 DIFFEHENTI ATfrON Now that you know ti bit of calculus, every Time you study new functions 
OF TRIGONOMETRIC you just can't wail to find [heir derivative^ When you try to compute the 
FUNCTIONS derivative of sin x, you will run right into 


4.3,1 Linn Isin = 1 

M —0 


sin x « COSJt - I 

hm- and Inn- 

« x *-*o X 


Note that the Function {sinJCl/Jc is not defined at 0, and that 


lim (sin cl = Sim. x t), 

i dl 1—“II 

Figure 4.1 4 shows once more pari of the circle u + n ? - 1, A positive 
value of x is indicated by the length of the dark are. The altitude of the 
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Tho trigonometric functions 


1! 



small triangle in the figure is sin r, Since the large and small triangles are 
similar, if d is the altitude of the large trtangle, you have 

d = I 

sin x cos x 

so d = tan x. Clearly the area of the small iriangle in Fig, 4.14 is less than 
the area of the sector oF the circle having are of length x , which in turn is less 
than the area of the large triangle.. The area of the sector of the circle is the 
fraction xflw of the area tt ■ 1 - it of the whole circle, so you have 

sin x eos x x tan x t . 

Multiplying (11 by 2/(sinx), you obtain 

x l 

cos x < -r— < - - . (21 

sin x cos x 


1l is easy m see that 121 is valid also for x < U but near zero: this follows at 
once From the relations 


sin {—Jtj - —sin x and cos ( x) - cos r r 

The definition rtf Cosine and the graph in Fig. 4.H show that 


so 


l ini fees x) = 1, 


Itm- 

* ■" cos x 



But from (2), you sec that x/(sin x) is “trapped"' between cos s and 1 /(cos x), 
which both approach I as x approaches zero, so you must have 


lim— = L 
* sin x 


















4,3 DFlforunliatJon at trigonometric functions 
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4.3.2 


Of course, then 


sinx 

Tim-= lim 


1 


i=i 


X ■ -"[xUsm X )\ I 
Turning to lim, (tus x - IV*. for x near zero, 

cos x — i cos Jt — 1 cos x + I _ -sin'x 
x x emx + I xlcnsx 4- 1) 

sin x sin x 
X COS X + I ' 

Since Him, (sin x Vx l. you have 

lira—-- - film )) (ilm =<-!)■ P) - 0. 

*—Q x v \ x ft V—ncns* + 3 .' \2 / 

These limits tire so basic I hat we summarize them in a theorem. 

Thanm 4.1 For rhe /tmiViwr.s sin x and cos x. 


.. san x 
lini- = i 

* -*fl x 

trample l We find lim A . Hl (sin 5x)/x, 
soLLrnoN Using (3) p we obtain 

sin 5x 


and 

*--<* X 


13) 


lim 


}' sin 5x\ , , .I 

= !™ \ 5 sir! ~ 5 = 5i 11 


x *-»v 5x / 

More practice in using the limits in (3) is given in the exercises. 

The derivative We imist p,n hack to the definition of Ihc derivative 

at sin xr 


fix i) “ lim 


fix i + Ax) - fix 11 
Ax 


to find the derivative of /"(.x) sin x. Forming the difference quotient and 
using some relations for trigonometric functions* we obtain 

fixi f- Ax}_— j fjx t ) _ sinjxi * Ax) - s inx, 

S7" " Ax 

_ sin x i cos Ax + cos x, sin Ax - sin x x 

Ax 

cos Jt sin Ax + (sin x,)(cos Ax - 11 
Ax 

sin Ax , cos Ax I 
= cos x, —— + sin x, 


Ax 


Ax 
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The trigOndmutric functions 


Kxurnplic 2 


'I'he reaxon for radian 
measure 


4.3,3 Derivatives of 
the other trigono¬ 
metric functions 


Therefore, using line limits (3), 

fix, + Ax>-/(*,) 


fix |) = lim 


Ax 


/ suiAx\ , . . cosAx - l\ 

— (ens *,) I lim —- + tsm x 3 ) lim -™-1 

Ux -n Ax } W-ji Ax i 

~ (cosx r h 1) + (sin x,)(0) = COs 


Thus 


dfsin x ', 
dx 


= cos x. 


By the chain rule. 


dfsin ii) d(sinn) du Ju 

~liT “-jT '^ = ( ™ su) ^ 

if u is a differentiable function of x. 

The derivative of y = sintVl is 


(4) 


dy f j. i/(j ) _ 2 3 „ 

— = cos (x ) ■ —— 3x mi x . 

dx dx 

Now you can nee why radian measure of an angle is the convenient 
measure when doing calculus. Let x be radian mensure and ! lie degree 
measure for an angle, Then 


and 


x 


IT 

Tko 1 


d isin x) dfeifl jc) dx 

d: dx di 


l cos x) 



In Other words, if you used degree measure, you would have the nuisance 
Factor WlNfl in your differentiation formulas for trigonometric functions. 


Since cos x = sin U + {W2», you have 

Jtcosvi 11 " i sin i. \ 1 i7?2 1 i 
dx dx 

But cosU + - -sin x, so 

dtcos xl 


= (* + f )■ 


dx 


- -smx. 
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Example 3 
sou more 


Using the chain rule. 


d (fOS [U 

du 


du 

(-sin u)-p, 
dx 


(5) 


The Formula tifeos K}Idx — —sinx can also he derived by different Sating the 
identity sin 2 * + cos 2 * - 1 implicitly: 


* . „ dCcosxj 

2 sin x cos js +2 cos x - -= 0, 

UX 


d(cos x) -2 sin x cos x 

dx 2 cos x 


-sin x. 


The other four trigonometric functions are quotients involving only 
sin x and cos x, so their derivatives can he found using the quotient rule for 
differentiation. For example, 

d(tanx) dftsin jQAcos jp] (cos jeMcos jc) (sin jcK-sin x) 
dx “ lx~ 

cos 2 x + sin 5 1 
eos 2 x 


= sec x. 


In a similar fashion, one finds that 

d(col x) 
dx 

d(sgc x) 
dx 

d(csc x) 
dx 


-cse 7 x, 
sec x tan x. 


-esc x cot x. 


One then gets chain-rule form ulus analogous to (41 and (5), The formulas 
are given in the summary. It is recommended that you memorize these 
formulas. Note that if you know [he derivatives of Ihe three functions sin x, 
tan x, scex, then the derivatives of each of ihe corresponding cof unctions 
cos x i colx, esc x are found by changing the derivatives to the cof unctions 
and changing sign. 

We find dyjdx if y - x l tan2x. 

We have 

-- = x ! — + {tan2xT- — = x*(scc 2 2xH2) + (tan 2x}(3x z ) 

dx dx dx 

= 2x ? (seC 2 2x) + 3x z (tan2x). || 
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The trigonometric functions 


SUMMARY L JJniifsr 


Mil X 


lim 

s~4J 


2. Diffemttiatim font i u i!a.s: 

dfainit) tin 

-— -= {cos uj —, 

fit <■/* 

d(tJinw) , „ du 

—;- - (serw)-p, 

dx dx 


d (stsc «I 
dx 


du 

|<m;c u tan rj) —. 

dx 


lim C ^1JL± = o. 

* *» X 


dices «) du 

—--- - (-~sm k) —, 

dx dx 

d(ccl u) 3 , du 

-;- = (-cscw)-p p 

dx dx 

fi(C£C U) du 

--- = (-CSC u an «) —. 

dx fit 


EXERCISES 


In Exercises l thnm^ti Hi, find the indica led limit, if h exists. 


sin x 


i . Inn 

|x| 

5. lim (fl’csc’fl) 


2. Ism 


sin 2t 


■l-Hli { 

run Jo 


ft. Lim 


lim sin f——-1 III. Lim 

c_ * 1 -t ]■ ~ wCi 


*i”HJ 0 

COS'.X 


3. Lim 

7, lim 


cos u 


-l' 1 (7t/2) 14 

LOS 2x 
C05 3x 


4- liml t esc 1 *) 


*un 21 

8- 11 ni 

1 - fl sen Hf 


in Exercises I I [firoujfft JO, /irrJ ihc df/rpotioe of die gimi /unction. I’m:* need not simplify your ttrawers. 


11. 

x con JL 

12* 

x' (an x 

13, 

(x 2 + 3s; 1 see x 

14. 

CivL .1 

X 

15, 

sirrx 

16. 

sin 2x 

17. 

sec 1 * 

18. 

sin x tan x 

19, 

X 

10. 

x' 2x 

21* 

v = sin 2x 

22* 

y = see (3* + 31 

calx 

CSC X 






23* 

v cos : '(2 3 jc > 


V = cot'x 

25. 

v = sin J x cos”.t 

26* 

V = In n x sec 2 x 

27, 

v + CNtr'-TE 

18. 

V = s/-8x" + costs 

29, 

y sin (tan 3.t.i 

30. 

y ese [ x + cos 

tn Exercises 31 36, Jimi dy/dx of ific indicated point 

usinjs impliL.il differenlhuirm. 


31. 


TT / 

IT \ 


1 

fir ir\ 


X cos, y + y nin x - 

r l 

H 

32. 

(sin X )(C05 V ) = 

( 4 J 

I 

33. 

sin (jtyl + 3y = 4; 

(-!■' 

) 

34* 

h 

It 

£T=r 

» 


3S. 

see x + tan y t; 

(u, 0 ) 


36. 

rac ( 2 r sln C; 


= 3; (1,1) 




























Exercises 


in 



37. Find the equation of the tangent line to y - sin x 38. Find the equation of the line normal to y = tan je 
when x = tt/4. when x - 3tf/4. 

39. Use a differential to estimate sin 31°. 40, Use a differential to estimate tan 128°. 


exercise sets for chapter 4 


review exercise set 4.1 

1. Find: a) (an Jit b'l cosJtt 

2. If 0 ^ ft < tt and see I? = —5. find sin ft. 

3. Use the identity sin (jc — y) = sin x cos y 

cos x sin y to compute sin 1 5°. 

4. Find the amplitude and period, and sketch the 
graph of y = 3sm(2x tt). 

5. Find the period of jsin 3x|. 


review exercise set 4.2 


1. Find: 


a) sin 


1 Ur 


b) cot — 


(- 3 ') 


2. If rr/2 < ft < 3 tt/ 2 and tan ft = 2/3, find sin ft. 

3* If a triangle has sides of lengths 2. 4, ami 3. find 
cos ft if ft is (ho angle opposite the side ofdength 3. 

4. Find the period and amplitude of —iCOS(x/3). 

5, Sketch the graph of y - 3 sec U/2). 

more challenging exercises 4 


6. Find the indicated limit, if it exists. 

, sin x t ^ ( . sinfx- - 9) 

al lim —s —— hi lim- 

jr + 4x *-* x - 3 

7. Find dyfdx. 

a) y = sin x 2x b) y = x 2 cscx' 

8. Find dyldx if jr cos y + y 1, = -3, 

6. Find the indicated limit, if it exists, 

* stn 7 x . , . „ / 1 \ 

a) lim -7—— b) lim (2x + 4) + sin-} 

«-« X + 4JC \X + I ) 

7. Find dyjdx . 


a) y ~ tan(x +1} b) y 


sin J x 


x — 4 

8. Find the equation of the line tangent to y 
2 cos (a (ir/2)) at the origin. 


fn Exercises I through 6, find die indicated limit. if it exists. 


l 

I, lim x sin - 
x 


_ . ■ z . 1 

2. hm x sin — 
*—* x 


3. lim 

£ —*■ I 


cos 2x l 


tan x - I . t 2 sin x - I 

4* lim - [Him. Sometimes a limit can he 5. hm - 


v-tt/j jc tt/4 
recognized as the definition of some derivative.] 


*—■" & fix - 


6, lim 

jc-Ml 


sin (sin x ) 




























applications 
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Applications qI the derivstime 


5,1 RELATED RATE Recall that the derivaiive dyidx gives the instantaneous role of change ol y 
PROBLEMS with reaped to jc r Leibniz notation is, very useful in keeping track of just 
what rate of change you are working with, Lor example, imagine that a 
pebble is dropped into a calm pond and a circular wave spreads out from the 
point where lhe pebble was dropped. You might he interested in; 

dr 

rate of increase of radius ner unit increase in rone, 
dt 


dA , 

; = rate of increase of area per unit increase tn time, 

dr 

dA , r . . . 

—— = rate of increase of urea per tm.it increase in raduis, 
dr 

— = rare of increase of circumference per unit increase in time, 
dt 


etc. The d-notation helps you remember which rate of change you warn. 

In many rate-of-change problems, you warn to find the time rate of 
change of a quantity O if you know the time rale of change of one or more 
related quantities, say r and s, Wc give one convenient step-by-step outline 
you might like to follow in solving such refated rati' problems. (The letters 
may be different from CL r, and s in a problem, of course.) 

Outline step I. Decide wbat rale of change is desired and express it in Leibniz 
for jrifrfrd notation; 

rale, problem* 4Q 

Find — when ( —-- h 

dt 

si'fcr 2. Decide what rates of change are given and express this data in 
Leibniz. notation: 

„ .dr , ds 

Given “ - and -r - when t - - 

dr dr 


STEP 3. Find an equation relating Q t r, and s. You may have to draw* a 
figure. Or use some geometric formula. 

step 4. Differentiate the relation in Step 3 (often implicit differentiation) 
to obtain a relation between dOfdt , drfdt , and dsjdr 

STEP 5. Pul in values of r, s, and O and of drfdt .and dsfdt corresponding to 
tile instant when dQfdt is desired, and solve For dOfdL 

The following examples illustrate the use of the steps just described, 

Example 1 If the radius r of a circular disk is increasing at the rale of 3 in ./sec, let's lind 
the rate of increase of its area when t - 4 in. 
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solitrim We lei A be the area and r Ik i the radius, 

step 1. E-'iitd dAftfa when r = 4 inches. 
step % Given drfdi = 3 in./sec. 
step 3. A = irr . 
sitiP 4. dAJdt — 2Trr-drfdt. 

step 5. When r - 4 and drfdt = 3, dAfdt = 2ir " 4 ■ 3 = 24-ir in’/sec; |! 


iCxamplo 2 Ship A passes a buoy at 9:00 am and continues dt) a northward course at a 
rate of I2mph. Ship R. traveling at IK mph. passes the- same huoy on its 
eastward course at 10:00 \,m, the sEime day. Let's find the rate at which thti 
distance between the ships is increasing at \ 1:00 a.m. that day. 

soi,mow We draw a figure and assign letter variables as shown in Fig. 5,L 



step L Find ihhit at J = 11:00 Am 

srfip 2. Given dxidt - I2ntph and dyfdt - iMtnph, 

step 3. s 1 = x 7 + y 3 , 

srt-i’ 4. 2s[th}dt) ~ Ix(dxfdt) + 2y{dy}di), 

STEi* 5. At 11:00 am, x = 24, y - dxfdt = \2, dyfdt = IH* and 
s = vr 4 y : - V( 24 ) J + (W - 30 . 

Putting these velIlics into the equation of Step 4. 

2 - 30 v =*'2 ‘ 24 ■ 12 + 2 ■ IS ■ 18. 
dt 


so 


da _ 2j 24 * 12 + 2 ■ 1W « 1W _ 24 - 12 + IS - IK 
eff ” 2 ■ 30 3U 

612 _ 102 
- so ~ ~5~ 


20.4 nnph. |L 


SUMMARY 1. To solve related rate problems, yon could follow Step 1 rhrougft Step 3 
described just before Example t. 


EXERCISES 


). bird die rate at which ihc area of tin equilateral 
triangle is increasing when it is In in t>n a Hide, il' 
the length of each side is increasing at the rate of 
2 in./.min. 

2. A particle starts at the origin in the plane and 


travels or the curve y vjl If the *-coord irate 
of die particle increases liI a uniform rate of 
1 fe unils/sec t find the rate of increase of the y- 
coord in the 9 sec after the particle started (mm 
the origin. 
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Applications of the derivative 


.1. An iH-fi ladder is leaning agiuusl a vertkatl wall. 
If the bottom of I ho ladder h pul ltd away from 
l he wall nl a constant met of 3 ft/sec, find the rate 
hi which the nip is sliding down the wall when the 
bottom is H ft from the wall, 

4, A ship sails out of New York harbor at a rale of 
2(tft7sec. The cJoscsl it comes to the Statue of 
Liberty is l2Mlft til a -iccrtum time r,i. hiiiel the 
telIl" ;ji which the distance from the ship m the 
statue is increasing 25 see later, ( Assume the ship 
travels in it straight line during these 25 see ) 

5. Jim is 6 fl tall and is walking at ninhi straight 
toward n lighted street lamp at u rate of 5 fl/scc, 
IT the lamp is HP ft above (he ground, find the 
rate at which his shadow is shortening when he is 
til fl from the lump post 

A. A spherical balloon n being inflated so that its 
volume increases at eh eoibitonl rate of K ft min 
Find the rate of increase of ihe radius when Hie 
radius is 3 fl. 

7. Water is being poured into an inverted OCme 
(vertex down t of radius 4 in, and height Id in. Jl 
a rule of 3 in.'.'see, Find the rate at which the 
water level is rising when the dcplh of water over 
the vertex is 5 in (For a cone of volume V. radius 
r, and height h r we have V (')Wih.) 

H. Sue is standing on a dock and pulling u Ixiut in to 
the dock bv ruebLus of a rope tied to a ring mi the 
bow or the boat. If the ring is 2 ft above the water 
level and her hands are 7 ft above the water level, 
and if die is pulling in [he rope at a umlorrn rate 
of 2 fb'see, find the speed with which the Ixntt is 


approaching t|u- dock when it is 12 ft from the 
dock. 

■y. Sand ts being poured jit a rate of 2 fl^/min to form 
a conical pile whose height is always three times 
ihc radius. Find the rale at which the area of ihe 
base of ihc cone is increasing when the gone is 
.1 ft high. (For a cone oT vol um e V-', height k, and 
radius r, wc have V = l'i?rr' h.f 

HI. A bridge goes fiiraigiu across a river at a height of 
60 fl, A car on the bridge traveling at 40 ft/sec 
passes directly over tt bunt traveling up rfiL river 
at 15 fi/vL'C at Et time Find the rale ai which the 
distance between them is. iriL-reiihing 3 st^ later. 

11. The vertex angle opposite the hast: of an isosceles 
triangle with equal sides of constant length 1(1 ft 
is increasing ai a rale of ' radian (mi i t. 

at E'iiid the rate at which the bast 1 of the triangle is 
increasing when The vertex tingle is 6£F, 

hi Find the rate at which ihc urea ot the triangle h 
increasing when the vertex angle is 6(1°. 

12. A Light lower is located one mile directly uiTsbore 
from u point P on a straight coastline. The beam 
of Sight revolves at the rate of radian/fece, l-ind 
the rale at which the spot of light cm the shore is 
moving a ton n the coastline when (a) the spot is .n 
P. a ii d (b‘i the spol is two miles from P a tong the 
sbnre. 

13. The vertex angle of a right circular cone of e<in¬ 
stant slam height / is decreasing ;l1 a constant ntte 
of '■ [iLdiaiii f sec. Find the rate at which the volume 
ts changing when the vertex .ingle is WT. 


5.2 NEWTOhCS Much of high school algebra is devoted lo finding a solution of an equation 
METHOD of the form /(*) = CL Solving f{x) = b is essentially (he same problem, for 
this amounts to solving g(,x) = <1 where gU) “ f(x) b, 

Suppose you wish to solve fix) 0 For a differentiable 1 unction f, This 
section describes Newton's method for finding successive approximations of 
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a solution. First, find a number a,, which you believe is dose to it solution. 
You might, for example, substitute a few values of x to see where f(x) is 
close Ied zero, or use a computer lu plot the graph. The following fact is 
sometimes useful 1 , it is proved in courses in advanced calculus. 

Theorem 5.1 I Weierstrass Intermediate-Value ntenrejn] If f i.s rniifxnur>n.s at every paint in 
[«, M and if f(a \ and fib} haue opposite sign, then fix) = 0 has a solution 
where a < x < h. 

Figure 5.2 shows the graph of a continuous function f where /'tali < 0 
but fib) > 0, The graph of such a continuous function can be traced with a 
pencil without ever removing the pencil from the page. The pencil moves 
from below the j-axis to above it. and must touch the axis where it crosses 
it, At that point x, where the pencil touches the axis, you have = 0. 
You can’t gel from one side of a road to the other side without crossing the 
road. These arguments should be viewed as an intuiEive explanation of 
Theorem 5,1. not as a proof! 


V 



Fiumpti? I Exercise 3 asks you to approximate a solution of jt 5 + jc — ! 0. Let 

fix) — a' +- ,* — 1, Then f(0) = —3 and f(l) = 1, so by the Intermediate- 
Vsitue Theorem, the equation x 1 + x - I - 0 has a solution in the 
interval 0 < x < 1. |] 

Suppose now you have found your approximate solution a L of the 
equation fix) - 0. Utok at the graph in Fig, 5.3(a), It appears that the 
tangent line to the graph of f at the point intersects the x-axis at a 

point a, which is a belter approximation of a solution than a t . Repeating 
this construction, starling with a,, you expect 1o find a better approximation 
a v etc. 
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Appllcaitons Of the derivative 


Referring io Fig. 5.3(h), we cun find u Formula For the next approxima- 
ii<"• n a,,, if we know the approximation a* The tangent line to y = f{x } 
where jc - u, goes through Ihe point (a^, /(o,)) and has slope fia,)* Its 
equation is therefore 

y ~fW - f(a ( )ix - a,). (1> 




To (Lnd the point a, + ( where the Mne crosses the .ic-axis. set y = 0 in (U and 
solve for jc: 


-fM - fMU - till 
rtft) 

* n^y 


x = a, 


fW 

FW‘ 


The recursion 
formula 


Thus we have the recursion relation 

= ft, 


fW 

n*y 


m 


Example J l et's use Newton's method to approximate v'2 hy approximating a solution 
of fix) - JC 2 - 2 = flL 

solution We have f{jc) = 2x. The recursion formula (2) becomes 

a, 2 - 2 

2d, ' 


( i - a. - 
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The accompanying table shows successive approximations starting with 
iit = 2. These were easily found using a pocket calculator. 


F 

a. 

*4+1 

1 

2 

2 1 1.5 

2 

L5 

, 0,25 

1.5 - —- = L41666fi 

jS 

L416666 

0,0069425 

1.416666--= 1.414215 

2, #1333 3 2 

4 

1,414215 

0.000004 

1.4(4215- .- 1.4142 E4 

2,828430 

5 

1,414214 



Only four iterations pave us at least six significant figure accuracy. I 1 

Newton’s me thud will nut always converge to a solution, for example, 
if you choose a f as shown in Fig, .5.4, the successive iterates approach ** 
rather than the solution of f{x) I), It is also possible for the iterates to 
oscillate hack and forth without Converging. 

Newton’s method really amounts to repealed approximation by 
differentials at X = tl,. Recall that 

dy = f (tit) dx. 

If you set dy - f(a,h which is the change you desire in y to make f{x) 
zero. ihen 

~fW 


dx - 


f'M 


Thus you should change je from a , to 


u, + die - Oj - 


fuv 

fW 


which is precisely formula (2) for fl, +l in Newton’s method. 


>■ 



5.4 
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Applications of th* derivative 


ryn 

Appendix 1 contains tt computer program NEWTON, which finds so¬ 
lutions of fix) — 0 by Newton's method. Printout 5.1 show the solutions of 
X' 1 + lOx 1 + fix - SO = 0, We started with u, - —fi + which was obtained 

as a trial approximation from Printout L2 of the graph of y - 

x ? + LOx 3 +- fix — 50, shown in Section 1,4. Two more program runs with 

a | - -5 and a, - 2 found the other solutions indicated by the graph In 

Printout 1.2. We had the computer prim successive approximations, so you 
could see how quickly New to iris method converges and yields eight- 
significant-figure accuracy. It is an efficient way to find where a differentiable 
function is zero. 

ttEUTBN 



I If I7 IAL APFRCXrMATHH+7-U 


AFP ftrGXIMA T r UN X 

Fixi 

-t 

-ft.jr.QOOQOCOE+OO 
-9,314ff&?084E-MHJ 
Uh Jl4: J a4-j42ET'(JC 
-e. 3145B4499F.P00 
-S.3i4S04499t'+CO 

14 

-1 f 757874996tt0<i 
-1,843331369^-02 
~2 . IG342GJ 37E 'DA 
-3.19744231 IF-M 
-i.4aAB^9D7BE-i4 


1+r ETON'S ME fHDD nONvERGFfi TO ft SOLUTION AT X 3 -9,3i45B4499E+00 

run 

new tun 

INITIAL ftPF-RQXIhATION?-l 


APPROXTHATION x 

F(*J 

-5 

I!r94J 17A470E400 
-3.4 424M3/4E+00 

3 . 4337l43OAEtG0 
■’3.4H371407AE K?y 
3 f 433. r ]4B/4H00 

-13 

-1.24AA9745CF4CH 

I ► *944 76 . ID IE -01 
l x 44i5013 3 4E—03 
-1 kOASBI4104E- 1 3 

7 * 105427,35UE 13 


NEWTOW'S Ml tHim CONVERGED TO A SOLUTION 1 M X • “3.435714R7AE+0Q 

n*r> 

MFUTDN 

! M1 T l AL APPROXI HA t lOM'’ □ 


AFF-RnXIMATION X 

F CX) 

2 

1, 76666646 7E+00 

1 r.''30 37 707 IE +00 
Lx7502P9377EI00 

L ■ 7302?7375E+0ei 

14 

B,SB4 0 741UDt-01 

4*055547129E-03 

9.20A1D7102E 00 
• inyATjB14iy4E-14 


NEU TON'S HETHOD CONVERGED TO A SOLUTION TIT X 1 . 730299 37SE +00 Printout 5.1 
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SUMMARY 


1. i WeicreiroBjV Intermediate-Value Theorem) If f i.s conDnUOui af every point 
in [aji] ami if flu) and fib) Jiatfit opposite sign, thgn f{x) 0 has a 
solution where a < x < b. 

2. (Newton's method to solve f{x) — 0) Frrsf decide on tfri approximate 
xotarion cx L of fik \ — (3. and then determine successive approximations « in 
a x . a. u .. - of a solution using thf re^rsrort formula 


-1 “ 


ffa) 

fuO 


EXERCISES 


1. Estimate v'3 hy u*ing Newton T method f or (Halv¬ 
ing i'Ul = 3i" - 3 - U, starting with «, 1 and 

Binding a v 

2. Repeal r’scrcisL- L r hut start with n, 1. 

J, Use Newton's method to approximate a solii 
lion o| x' + x — I = D starting with a, l and 

1unlil3l’ J,. 


4, Ust' Newmn’s method to compute v'7 until ihe 
d iiferenec between successive approximations is 
less than 0.0005. 

5. Use Newton's method in lind a solution of x' 

v ' Iti o li mil the difference between succcs- 
vhe approximations is less c hsin O.OOUJi. 


calculator exercises 


6, Use Newton's method to estimate v'17, a solution 
<il x - 37 = 0 H starting with Pi 4, 

7. Use Newton's method 4<.> estimate v2.v a solution 
of x' - 25 = 0, starling with it, 3. 

If. Use Newton’s method to us lima le a solution of 
x 2 sin t = 0, starling with «i = 2- 


Use Newton's method to estimate a solution of 
x‘ 5 II. Starting with, tl| = 2, fI Jcraf. You can 
compute the derivatives you need using the ap¬ 
proximation 


r(u , - W + 

2 - Ax 


for smstll Ax.J 


additional ftxnreises 

Ewndltr-'T l ' 1 fhrough lb are demised to further explore 
5.5 1 for dieisc wli'.i cure i'rtE crested At least rend Fierrixf 

ID. Prove the- following corollary of Theorem 5.1. 

If fix i ts run lift irons for x in I a, h] und if L A a 
number between f(u) and ffh). then ffc) L for 
some nuntforr c where a < e < h , 

This is Die way the Intermediate-Value Theorem 
is usually stated. A continuous function on an 
interval [u, h | assumes every value £_ between 
f{u) and fih). 

IJ, Alice was 2(1 inches long when born aild grew to 
a heiglu of bD inches. Use the 1 ntcmicrhatc-Value 


mid lifmrtrare the Intermediate.* Value Theorem (Theorem 
ID before trying the other exercises. 

Theorem {see Exorcise 10) to argue chat al some 
lime in Alice l h life, she was exactly 4 feet tall. 

1 2 Give three more everyday applications of the 
Intermediate-Value Theorem. like ihc illustration 
in Exercise II. 

1,3. lei / be a polynomial function of odd degree, so 
lhal f[xt ti^x" t - ■* t-a,i + where a„ ^ 0 
and u is an odd integer- Show that fit) t) 
has al least one real solution. [Hint. Consider 
lim*-, , fix ! and lim, . . /{X>, and then apply the 
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Appli-CdtiDns of the dorivativ? 


In(trmtJiiiie-Value thenr-m to u autlkncntEy 
Sarpy interval [- C. (’].] 

M, A d river an dii oval racetrack passe* [lie Hay at 
the unit l>F e he third lap going exactly *>fi inpli At 
ihe end of the Fourth lap, the driver is again going 
exactly 9-6 inph when parsing the flag. Lltte 
Theorem 5,1 in show Ihni during the fourth kip, 
there were two diametrically opposite points nl 
the ova] where the ear had equal speeds inot 
necessarily mph of course), [Hint 1 cl H he the 
length of flic: ovn.1 track l v OJ D X ■ Sil. let 


= (speed at .ti 



where c isihe distance the car haMraveled past the 
Hag during that fourth lap.] 

IS. IJse i lie In termed tale-Value 'Theorem (see Exer¬ 
cise lill to show [hat on August 4, at some point 


on the )T' meridian of the earth, there tmisl be 
exactly Hi hours of daylight We define daylight 
tu mean that some portion of the sun is above rhe 
horizon. A meridian runs from tliu North Pole to 
[he South Pole and is numbered according to the 
degrees of longitude, measured Irom the prime 
meridian of 0" through Greenwich, England.) 

16. A square [able with Four legs of equal length 
Eeeterv on diagonally opposite legs when placed 
on a warped lloar Show, living Theorem 5.3, that 
Ivy touting the tables k'Ss than a quartet turn, you 
can make all fr.uir kgs touch the floor* so that the 
tabic won’t wobble any more, [Hint, Number the 
kgs I, 1. 3, 4 in a counterclockwise order. Let 
i(ft) equal ihc sum of ihe distances from legs one 
and three In the floor, minus the sum nl the 
distances front legs two and four to the (loot, 
when Hie table has beer rotated L'LiLmEuTctnL:kwiv<- 
through the angle (f for 0 -- 0 -■ ttV2.] 


5.3 MAXIMUM AND Definition 5.1 Suppose is defined for nil x in [d. /) |. If (here is a point .v, 

MINIMUM VALUES in fa, fr] inch that f(jc t ) ^ f[x) for all r in [a, b\ ihen M - f{x t ) is the 

IN [», b] maximum value assumed by fUJ in [u, ft]. Similarly, if f{x 2 ) ^ fix J for all x 

iff | to b ]. (hen rn fix-, i is ihe minimum value assumed by fix) in fu. b]. 


fcAumplc I The maximum value assumed by f(xi - x J + I in [-3,2] is HI, which is 
assumed at jc = -3, The minimum value is l, which is assumed ui 0, See 
Fig, 5.5 || 


V 
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Example 2 


Theorem jS.2 


The maximum value assumed by sin x on [ — 2 it, 2it | is 1. which is assumed 
at both x = -3ir/2 and x - tr/2. The minimum value is -1, which is 
assumed at both -tt/ 2 and Jir/2. I| 

There is an important theorem on the existence of maximum and 
minimum values, It is proved in more advanced lexis. 

HfW is contEimous zn [a, to], rtocra f(x f assumes a Fna.ttortum ualiic M a( some 
point Xj and a mm mi am value m m some poi'rii x z in [fl, to]. 

The fad that the interval [a, to] is closed, so that a and to are in the 
interval, is an important hypothesis for this existence, her example, there is 
no maximum value assumed by f(xl = x + I for 1 < x < 4. The only 
conceivable place such a maximum could be assumed would he at "the first 
point x | to [he left of 4," and it is easily seen that there can he no such "first 
point to the left*” since (x fe + 4)/2 is always halfway between x s and 4. 

It is geometrically clear that if fix) is differentiable at x, and assumes a 
maximum value in at x 5 where a < x L < to. then / r U,) - IT See Fig. 
5.6, The tangent line where x — X\ must he horizontal. You can also see this 
from the definition of the derivative. 


fix t ) = lim 

ii *[> 


/Ui -i- 6x1 - fUlJ 

Ax 


IF f{x T ) is a maximum, then Tor small Ax. 

ffjc, -t- Ax> ^ f(x L ). 


(. 1 ) 


y 



Thus the numerator of the difference quotient in (I) always negative or 
zero. If Ax > 0, the whole quotient is while if Ax < i), the whole 
quotient is a 0. The only way that fix, I can he simultaneously approached 
by numbers ^0 and numbers 2 *(l is if f(xj - 0, An analogous argument 
shows that if f(Xj) is minimum and a < x 7 < to. then = 0. 

For the function in Fig. 5.7(a), the value f(jc s > is not a maximum of f{x) 
over the whole interval [a, to]. The maximum occurs where x - to. However, 
fix 0 is a maximum of fix) for all x in a sufficiently small interval contained 
in [a. to]. 











Applications of th# derivative 


Theorem 5J 


f'ijrid fri,i= fjeCr^rnt' 
uuluei eecr on 
interval 


y 

a 


v 


“ l 




Dpfinttlon B.Z If is a maximum of fix\ for all x in |a, - Ax. x, + Ax] 
for sufficiently small Ax > 0, then /(x,) is a relative maxi muni or local 
maxi mum of f(x). Similarly, jTf jc 4 > in Fig. 5.7 is a r dative minimum or local 
mini in unt of f(x). 


Intuitively, (x 3t fix?)) is a local high point and (x.j, a local low 

point of the gnifih in Fig. 5.7(a). The argument following Ekj. (1) 
establishes the following theorem. 

Iff is differentiable at x t and if fix,) is a local maximum (or heal minimum) 
of fix). rJww f(xt) — 

A derivative need not exist at every point where a function has a local 
maximum or local minimum. Figure 5.7(h) shows ihc graph of y fix) 
x \ which surely has a local minimum at the origin. Rut 

so fix) does noi exist ai the origin where * - 0. Finding all points where 

fix) exists and is zero thus does nuf guarantee that you have found all 
possible points where there could he a local maximum or local minimum. 

Out discussion indicates ill a I if fix) is continuous in [a. fi] and differen¬ 
tiable for a < x < K then the maximum value M and minimum value m 
assumed by fix] in fa, f>] can he found as follows: 

sri-.p 1. Find all points in fu, | where f r (x) = 0. Usually, there are only a 

finite number of such points, 

sn-:r 2. Compute /(a) for all x found in Slop 3, and also compute f{a) and 
The largest value found is the maximum .Vf and the smallest value the 
minimum m. 

















Ererci$o$ 


125 


Example 3 Let's find the maximum and minimum values assumed in | ', 2] by /{jc) ~ 

3** + 4x* - \2x 2 + 5. 

sournoN step 1. Differentiating, we have 

f(*) = 12JS 1 + L2x 3 - 24* = I2x(x ? ■+ x - 2) = V2x[x + 2)(x - 1). 

Thus f{x) = 0 for x = -2, 0, and 1. Of these three points* onfy 

0 and 1 

are in [— 3 , 2 ]. 

snip 2- Computation shows thai 

fin) - 5, fill = 11. fi-i) - u . /ca-37. 

Therefore 0 is the minimum value, assumed at x = 1. and 37 is the 
maximum value,, assumed at x = 2 . || 


SUMMARY 1, If fix) is continuous at each pnini in [u, h], then fix) assumes a 
maximum value M at same paint *i in fa, h] and assumes a minimum 
t’fline m at some paint in fa, h\ 

2. If f[x) is differentiable and hair a tac.ai maximum at x^ then fix\) - 0. If 
fix) has u local minimum at. x 4 , then f{x 4 ) — 0 , 

3, If /fxf i.r conhnuou.r in [a, ft | and differentiable for a < X < h. then the 

maximum ami minimum twiiuer u.vsurncd in [a, ft] may he /ound using 

tJur twa-step procedure giaen before Example 3. 


EXERCISES 


fra Exercises I through 10, find the maximum and minimum naJuM assumed f>y the function up the (iwn internal!, 


1 . x 4 in r- 2 , 1 ] 

I, -in [2,4] 

X 

3* 

5. JT + 4x - 3 in 


a) f-5,-31 

h) [-4, 1] c] 

I 4.(1) 

x 1 - x + I . 
7. — -i —— in 
x 1 + 1 



a> [-3,-21 

h) E—2*0] 


c) [0* 2] 

d) [-2,2] 


9. sin x + cos 1 

in the intervals: 



x* + 


a) [u.j] W ^ E(>, H d 'i 


^ 2 tt 


1 , 2 ] 


A. 


x- - I 


4. .t 1 — 3x 7 + 1 in 

Ed [1*31 h)f-L3] 

in [-3,-21 


sin x in the intervals 
a) 


K] 

.in x ■ 

"■!] 


“ [-iil 


C) 


10 , v 3 sin x - cos x in the intervals 
a) 0 . - | b) [ 0 , *r] c) ' 


h 


c) [-3,41 


T 3?t' 

I ”T l T 

Li 1 [0,2*1 
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Applications of the derivative 


11. Let f be 3 polynomial function of even degree n real numbers x. [Hint. Consider fix} and 

such that the coefficient a n of x" is positive. Show lim* *>. and apply Theorem 5.2 to a targe 

that fix) assumes a value that is minimum for all interval 

In Exercises 12 through 16, u,?e the result of Exercise I I and the two-step procedure outlined in the text to find the 
minimum value assumed hy the function for all real numhers jc. 

II. 3* 2 + 6k - 4 13. 3*“ - fix' + 2 14. * J - lx 2 + 7 

15. 3x 4 - 4 k’ - 12k 2 + 5 16. x 6 - 6x 4 - K 

calculator exercises 

Find the maximum and minimum values assumed hy the given function on the indicated interval 
17- x 3 - 3x' + x - 2 on [0,2] 18, T - + 100 on [3,10] 19, * - sin 2x on [-1,1] 


5.4 THE MEAN- The Mean-Value Theorem is one of the most useful tools, for theoretical 
VALUE THEOREM purposes, in calculus. First wc discuss a special, easy ease known as Rolle’s 

theorem, which will serve as a lemma for the main result. 

Theorem 5.4 {Roth's Theorem) If fix) is continuous in [a, b] and differentiable for 
a < x < b, and if, furthermore , /(a) — f(b) 7 then there exists c where a < 
c < h such that f(c) = 0. 

Proof. Figure 5,8 illustrates Rolled theorem. From the last section, you 
know that fix) assumes a maximum value M and a minimum value m in 
[a , h). If / is a constant function in [a, 5] so that f{x) = f(a } = f(h) for all x 
in [a, 6], then of course f(c) = 0 for any c where a < < < b. If f is not 
constant in [a, h], then since f(a) = f(b), either the maximum or the 
minimum of f(x) must be assumed at a point c. where a < c < b. From 
Theorem 5.3 in the last section, you then know f r (c) = 0. This completes 
the demonstration of Rolle’s theorem. O 

v 

A 



5.8 


Relic’s I heoren 
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The Mean-Value Theorem may be regarded as a generalization of 
Rolled Theorem, and is illustrated in Fig, 5,9, Both theorems assert that for 
f continuous in I a, b] and differentiable for a < x < h, there exists at least 
one c where a < c < b and where the tangent line to the graph of f is 
parallel to the line joining the points (a, /(a)) and (/), f(h)). The slope of this 
line is 

fib) -f(a) 
b — a 

so the conclusion of the Mean-Value Theorem will take the form 

/'(c) = f{b) .~ f{a l or m - f(a) = (b- a)f(c) 
o “ u 

for some c where a < c < b. There are two such points, e, and c 2 in Fig, 
5.9. 



U (/) 


6.10 



fuo 

(i 


Tfieiwm 5,5 (Mean-Value Theorem) Let fix) be continuous in [a, h] ami differentiable for 
a < x < b. Then there exists c where a < c < b such that 


m - f(a) = (h- a)f(c). 



Proof. In order to obtain this result from Rollers Theorem, we introduce 
the function g with domain [a, h] whose value at jc is indicated in Fig. 5,10. 
It is easy to see from Fig. 5,10 that we should define g by 


g(x) = /(*) - [/(«> + 

= [/(*) - /(«)] - 


fib) - f{a) 


b — a 

fib) - f(a ) 


(Jt 


- a) ] 


(x - 


«)J* 


b — a 
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Applications ol the derivative 


Since / is coil! muons in [ti., b] and dilTerenliable for a < x < to, we see Ihat 
ft is also, and = g(b) = I). so Rollers Theorem applies. Therefore for 
some c where a < c < h, we have g J (c) - I). Now 


K'ix) 


fix) - 


fib) - /(a) 
h - u 


so 


H " g r (c) = / r (c) - 


m _ m 

h — a 


atid m - fU) = {h - ajflc). □ 

Fiumpfe 1 Let s s illustrate (he Mean-Value Theorem with fix) = x~ in the interval 

[0.3]. 

Hoi.iTioN We musl find c such that 

/(3) - m = {3 - 0 

or such that d — 3 j fic). Nuw fix) 2x, and *3 3 * 2c when c = 3/2. 

Note that as the Mean-Value Theorem states, we found a value c satisfying, 
0 < c < 3. || 


SUMMARY 1, (.Rnj7t! "s Theorem) If f (x) is cumin nous it\ | a, b ] and differentia hi? for 
a < x < b, and if fia) — f(/t) + then there is Tr?nic niimh^r c where 
a < c < h such that f (c) = 0 . 

2. (Mean* Value Theorem) if fix) is continuous in f a. h ] and differentiable 
for a < x < h. ffarn there is sotitd number c where a < c < b such that 


f (M - fia 1 
b - a 


nn 


EXERCISES 


1. Verify that /(jt) s' 4- Jt + 4 satisfies the 
hypotheses fnr RoLle'a Theorem on the interval 
[—3,2], and find die number c described in the 
theorem. 

2. RepcEit Fxerejse 1 ft;r f(x) = T* - 6* * 2 + S* + 3 
on the interval [1.5]. 

3. Generalize Rollc's 'I heorem to show that if / is a 
differentiable function and f\x) in- y.ero at r dis¬ 
tinct points to an interval in. to], then ft a) ta stent 


for at least r — I distinct points in [a, h], 

4, Use Ko lie's Theorem to show dim if f is a 
differentiable function and fix) / u for a < x ■ 
ft, then /'(v ) is /cm for m most one value of in 

[«. H 

5. Illustrate Exercise 4 by showing that 

f(x) X ' - 3x - IK = 0 
for at most one value of x in |2.4 | 
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in Rxemaet * fi through 111. iJIurfftUF the Mrun-VriJW Tlieoivm for die (jiivn frmriion ui;cr (hi- gitum irihrnMif, ci.s we 


did in FMtmpfr I, by finding a uafue Of c giwn in |h*! 
6. 3x 4 on | t, 4| 

8. x - pn [1.3} 
x 

J(L Vi - t on l 3,01 

li. i..et f be a function satisfying the hypotheses of 
l he Mean- Value Theorem nn [o, fr]. 

,0 Give the ratiulf-changp interpretation of 

f/f/0 - - «)- 

hi Give she interpretation of f(c I as a rale of 

c hnn pe. 

e) K estate the Mean-Value Theoiem in terras ul 
rales of change. 

k 1 . L'wo towns A and B are connected by a highway 
U.-ri nik's lonp wilh a Ml-mph speed limil- Mr 
Smith h. arrested on a speeding charge, and ad* 
mils having driven front A to B in eight ininuics. 
In a speeding offense* the court is allowed to 
impose a line of S1 ^ t^uu $2 for each mph speed 
in estess of the Limit. Use the Mean-Value 


et'iir of tht 1 theorem. 

7, x' on f — 3,2] 

x ,fa on [9, In] 

Theorem to show Thai the judge is instilled in 
imposing si fine of $4? ora Mr. Smith, [flint. Use 
lIlL" preceding exercise.) 

13. I or a quadratic function / given hy fix) - 
ijc"‘ -t fn + r, slmw Wi ll llie point between in 
and \ where til tangent to the graph of f is 
par; i He I in l lie- ch>trd joining fx h , jT( x, >> and 
li f[x )' is halfway between amt x : . What 
example m ihe text illustrate* tillsV 

14* UsiiiL' the Mean-Value Theorem. consent 
bounds oti fix) ear lie used m give linear bounds 
on fix), L.ei f satisfv i he hypotheses of (ho- Mean- 
Value Theorem or |rt, h). and suppose that rtJ - . 
ffri -- M if u ^ e <■ b. Show that 

f(a\ + mix - a} -=- fix) f(a) + \1{x - o) 
for all x in |a, b ]. 


5 5 SIGNS OF 
DERIVATIVES AND 
SKETCHING CURVES 


h its geometrically obvious thal live graph of y f(x) is rising where 
fix) > 0 aild is. falling where fix) < B. This can be proved using the 
Mean-Value Theorem. First, we give a definition. 


5.5.1 The sign of the Definition 5,3 Lei f[x) and gU) be defined for x in [a, fi], If f(x t ) < fix t a > 

first derivative whenever x, < x z in [a, h]. then fix) is increasing in [a, h]. Similarly, if 
fi:(x,) > gf-tj) whenever .r t < x . in la, hi, then g(x) is decreasing in [a, b], 


Suppose fix) - 0 for all x in \a, b], Let x, and x 7 be in [a, b] with 
x, < x,, Hy (he Mean-Value Theorem. 


fU.d - fixj) 

Xi - x, 


fie) > 0 


U) 


where jc, <c < x 3 . Tn particular, tl) shows that fix?) fix,) > IK so 
fix,) < fix t). Thus fix) is increasing in fa. h}. 
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Applications oi 111* derivative 


Theorem JJ 

K\unif)k 1 

simmoN 


Similarly., if f(x) < 11 for all * jo [<i, b], then fix) is decreasing in [a, />], 
for if x, < i, in [a, h], then an analogous argument shows that f{x t ) > ftx 2 ), 
You already know that poinls where fix) - IP ar t candidates for high and 
low points of the graph. We summarize in a theorem. 

Lef f(x> he con tmuous on |yi,fi| ami differentiable for a < x < h. If fix) > t.P 
for a < x < k then f{x) is increasing an [a, b], ff fix) < 0 for a < x < h, 
then fix) is decreasing on [a, b). 

Let f(x) = v 1 - 3x' + 2 and find where /(xp is increasing, decreasing, 
and has local extrema. 

We have fix) = 3x' - ft* = 3xlx - 2 ), so f'Ul = 0 where * = 11 or x = 2. 
The points IJ and 2 separate the x-axis into three parts, and fix) must have 
I he same sign throughout each individual pari. En Fig. 5 r I t we show the sign 
of fix) on each part of the x-axis. For example, if x < 0 r then 3i < 1i and 
x - 2 < (>„ so fix) = 3.v|x - 2} > (L Thus you see that f(r) is increasing 
for x < II or x > 2, and /Yx! is decreasing For 0 < x < 2. 

f{k) > n j 'txi < ti J \\j > (i 

1-A- ^ *■_ 


You must have a local maximum at (0,21 where X - 0, for f(x3 is 
increasing from I he left to attain the value fiO), and starts decreasing to (he 
right. Similarly, iherc is a local minimum ai (2, -2) where x = 2 since flxl 
decreases coming in to X — 2 from the left and increases to (he right. The 
graph y - fix) is shown in Fig. 5.12 |] 



*■ s 5,12 













5,5 SippnS of derivatives and shetchinq Wives 


Etmn|ilc 2 


( 


5.5.2 The sign of 
the Second 
derivative 


Cfintflurry and 
infli'rtkm pmnfs 

soixmfiN 
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[f fix) = x\ then fix) = %*- so fU) ~ H fiir alt x and f£je> h always 
increasing. Of course, fl Jt) 0 where x < 1 , hut (0,0) is not Ft high or low 
point since fix) increases to (0,0) From the left anti continues increasing to 
the right of dU>). The graph of y = x 1 is shown in Fig. 5,13 lj 



These facts concerning the hrst derivative are summarised as The Tint 
Derivative Story in Ihe summEiry at the section’s end. 


Since 


run 


difix)) 

dx * 


you see thal fix) is increasing throughout any interval where fix) > fh 
Now fix) gives the slope of ihe tangent line at x For the slope of a line to 
increase, [he line must rotate courttercftfcfcwjM 1 . It the tangent line rotates 
counterclockwise as x increases, the Graph must he bending upward as x 
increases. This is the ease in Fig. 5.12 For x > I Fn this situation, we snv the 
curve is concave up. If f(x) < (I, the slope decreases, the tangent line turns 
dtfekwise increases, and the curve is concave down, litis is the case in 
Fig. 15.12 for v < I. 

Points where fix) = fl Eire candidates For places where the concavity 
changes from cuncavc up to concave down, or vice versa Such points where 
the concavity changes are inflection points. 

We discuss concavity and mil eel inn points For the curve y = x 1 — 3,\ J 4 2 
of Example I. 

You have fix) - 3x 3 - 6* and fix) = fix - 6. Thus f(x) = 0 where 
fix 6 = 0, or where v = T Since f>* 6 < U if x < l t the curve h 

concave down if X < 1. The curve is concave up if x > 1 since f'U) 
fcx - ft > 0 there. Since the concavity does change eis x increases through 
i. the point (1,0) is an inflection point, as indicated in Fig. 5.12. )| 

If fix) -= x 4 , then f{x) - 4X 1 and fix) - ^xf Now f{0) - 0, but (0,0) is 
not art inflection point ■since fix) > !) on both sides of x - (!, Actually. 


F,iuni|itt 4 
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Applications of tho derivative 


r^'irwm 5,7 




Oil&ai 


(0, 0) is a local minimum since f{n) - 0 and f t.* I = 4x ' is <0 if * < 0 and 
>0 if X > 0, I! 


Finally, we mention that if = 0 and Fix t) > <i. then y fix) has 

a horizontal tangent where x = x ] but is concave up there, so y fix) has a 
low point where x = Xi. If fU 2 ) - 0 but f n [x.}< i> r then the curve has a 
horizontal tangent but is concave down, so the curve has a hi^h point where 
x = .tn. Thus if f r (a') = 0 but / P, (fl)/0 p the. sign of f"(a) can in: used to 
determine whether there is a local maximum or local minimum where 
x = a . We summarize all this information about the second del native hi a 
theorem. 


let f be a twice differentiable function. 

L If f"(x) > 0 fftimigihoiit an interval the graph h concave up there, 

2, If F(x) < t) throughout an interval the graph rs roncmv rbinm rherc. 

'll. If Fia) ~ tl and Fix) t'hditgtfff .sign at a cur x increases through a, then the 

graph has an inflection point wfwifK t a, 

4. {Snrand-dentHi/iL# test) ff f{a\ = 0 find F{u I / 0, the graph has a local 
maximum where X - (t if Flu) < 0, ami a local minimum there if 
F(a) > 0. 

Returning once more to the cubic y --- fix) = X* .lx" 1 + 2 of Fig. 5.12, 
you know that fix) = 3x' - hx = 3xU - 2] - tt if x - 0 or x — 2, Also, 
Fix) — 6x - 6. Then f*(0) = -6 < It, so the curve is concave down at 
((!,. 25, which must be a local maximum. Finally, ^(2) - 12 - fi “ 6 > ti. so 
the curve is concave up at 12. -2). which must be a local minimum. || 


We have shown the importance of finding places where f r (x) = 0. Such 
points, together wjih points where f(.v) does not exist, are called critical 
points; of the curve. Newton's method can ha used to find where f r (x) d, 
using the recursion relation , r , 

„ _ , HfO 
rTl (| Fioit 

and points where /“'(*) = 0 can be found using ihe recursion relation 


a. 


- a. 


run 


lilt derivatives /"( a,). Fi a th and Ciin El11 be found numerically on a 

computer, so dearly one could write a computer program to find the critical 
points of the graph of a function 

We shall conclude with two examples illustrating the use of hrst and 
second derivatives in curve sketching- Please read the section summary 
before you study these examples, The summary gives in one place the 
information developed piece by piece during this section. 
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Example A I,( 2 i's find any local maxima and minima and any inflexion points of 
y ® f{x) = x + sin x. 

solution Differentiating, you obtain 

/'(x)' I + cos x and ft*) = —sin x. 


Now t -r cos x 0 where cos * - I, which occurs when x ~ (2n + i)7r 
for any integer n. Rut /'(*)= I 4 cos x cannot Change sign as x increases 
through these points, for t + cos .\ - 0 for all x. Thus the function x + sin x 
increases for all x. There ate no local maxima or minima. 

Turning to the second derivative, f'U) = -sin x i-- -'em at x = fltt for 
ail integers n. which include those points where fix) is zero. At id I these 
points* f(x) = sin x changes sign as x increases. Thus x = nn corres¬ 
ponds to an inflection point for ah integers n, If a is odd, then fU) =■ d, and 
there is a horizontal tangent at the inflection point. The curve is concave up 
if-sin x > 0, which occurs when (2ri - I)it < x ■ 2nirfcireachinteger n.il 
is concave down for 2mr < x < fZri + l)ir, Figure 5. 14 shows the curve, IJ 



>. 1 sm i 


+ . 5.14 


Example 7 Let's study the graph of 



finding all local maxima,, local minima, and inflection points, 
si yLirnoN IJ i IT e re n t iati rtg, 

f{x} = jc 3 4x’ + 4x and f"{x) ~ 3x 2 - Hr t 4 
= xix 2 4x + 4) - {3x - 2)(x - 

= jc(jc 2) 3 
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Applications of the derivative 


Thus f r (x) - ll when Jt = 0 or x 2. Since ihc rflol x 0 rames from the 
s-ing.Lt-' linear factor x, you see thuL fix) does change sign, from negative to 
positive since fx 2) 2 3 > 0. as x increases through 0. Alternatively, /"(Q) — 
4 •- fl T so the graph is concave up at x — 0. This shows in two ways that 
f(x) has a local minimum when x ~ 0 P corresponding TO (0,-1) On the 
graph. 

Although f{2) - 0, the derivative, fix) does noi change sign as x 
increases through 2 r since the factor (x - 2}' has an eram exponent. Actu¬ 
ally, f*[ 2) is also zero, and f(x) does change sign where x = 2 due lo the 
odd'powcred factor (x - 2) * 1 , so (2. f(2)) = (2,^) is an inflection point, 
Another inflection point occurs when x = f, corresponding to the ndd- 
powered factor (3x - 2)" in /"fx). 

Finally, since (x - 2)~ ^ 0 for all x, you see that fix) ^ xfx - 2} 2 > 0 
if x >0 and fix) < 0 if x < 0. Thus fix) is increasing if x > 0 and 
decreasing if x < 0. A similar study of the sign of _f'(x) establishes the 
concavity described below. The graph is sketched in Fig. 5.1.V Summarizing: 

fix) is increasing for x >0: 
fix) is decreasing for x < 0; 
f<xl has a local minimum at (Q. 1); 

f{x) has inflection points at (2, 5) and I';, -jfft; 
fix) is concave up if x > 2 or x < f; 
fix) is concave dowm for | < x < 2. || 






SUMMARY tkf. first dfrivath/f story 

I. If fix) > 0 throughout tin inlfrufti, then f(x) is incn&utttg daerei. 

2- If f(x) < i l throughout iin internci, then ffx> is decreasing there, 

3. If fix |) = f) T then x, is a candidate for a point where fix) has a focaf 
maximum Or minimum. 
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a) If f(x I changes sign from negative to positive as x increases titrpwgft x t , 
then f{ jcj) is a focal minimum. 

b) If fix) changes ,ttgn from poaiUw to ncgatic^ as x increases through .v v 
rhtfrt f(jCi) is a Uniat rfieijeir^tNrn. 

c) If fix 1 does nuf change sign os x increases fferaugh x lt thm f{x,) is 
neither a Jtfed! maximum Kpr a local minimum, 

i he second derivative story 

4. // f r U) > if fhrouKftouf an internal!, the gmpft is coHcatw up there. 

5. If fix) < b rhnjugftouf an mtemjf, rfif graph h concave down there. 

*. // n*z) “ 0, then (Xj, /U;)) if a candidate for an inaction pafnf of the 
graph. 

a) if f(x) changes sign a\ x increases through * 2 * then (x 2l f{x 2 )) is an 
inflection point. 

b) If f*(x) does not change sign as x inciiasef f/iroug/i x 7 , then I fix*)) 
is not an inflection point, 

7 (Second Pcripariue Test) if fix,) — 0 and p(x,)^0, then f(x,) is a focal 
nimimam if jHx,} > [I and a local maximum if H-t,) < If, 

CRITICAL POINTS 

8. Fair its where fix) — 0 or where f (x) does ntit exist are critical points of the 
graph. 


EXERCISES 


t. Find U Mich that the polynomial function x : + 
hx 7 has a local nnimmun «t 4. 

I. Consider the polynomial function ax 1 4x + 13. 
ei) Find the value liT a such that the function has 
either a local maximum or a local minimum at 

1. which is it. a m axi in uni or a mini mum? 

h) 11 rid i,fie VEtlueof a such rhai the function Has 
either a local maximum or a local minimum id 
l. Which is it. a maximum or a mini mum? 

3. Consider the polynomial function ( given by 
ax' +■ bx + 34, 

u| Find the ratio b}a if f has a local minimum at 

2 . 

b) Find « and h if f has a load minimum at 2 
and fffl 12. 


e) Can yoil determine a and b so thm f has a 
local maximum at 2 find ,T(2'i = 12? 

4. Assume that f is twice differentiable and lhai J" is 
con l in nous. Mark each of the following true or 
false, 

;l'i If f has a local maximum at then 0 

H| If / has a Locitl maximum at x HN , then n*id ' 

0 . 

e) If rfxn) ■<■' 0, then f has a local maximum at 

Jfn- 

d) IT Hx,,) - II and nX|d < (I, then f has a loyal 
maximum at .*,,, 

If fixti) > iJ. then f is increasing near v,„ 
fj ffjtJ SI, then f cannot be increasing near 
Xo. 


cl 

n 
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Applications of the derivative 


gl If f tisi.H. an inflection at jc m , then ,T"'<jc.,> = £), 
hi IF (I. then f must have an inflection sil 

i) IF t hah ;t |OC4l minimum ut then I he 
tangent line to the graph of f at fx,,. fi t,,)) is 
horizontal. 

ji If f has an inflection at jc,,. then I he tangent 
line So She graph of f tn ftx,,» may possi¬ 
bly be Itori/On tflj r 

5„ Sketch the graph of a twiec-diffcrcnlifible func¬ 
tion f such that f(L) = 3. f(4l 1, f has a local 
minimum at 1, and f has a local maximum al 4-. 

tn Is il possible for a twice -di tie re ivii able function f 
lo satisfy the conditions of Exercise 5 and haw 
no local maximum nr minimum for ] <" X < 4)7 

7. Sketch the graph r>F a twice-differentiable Func¬ 
tion f such that f{«) = 3, f(0) = 0, f(&) < Eh 

ft 2 i = 2 , r j { 2 > = -i. rm = a f(4i = i, m 

0, and H'41 > 0- 


In Exercises 12 through 21. 

M) ditn-murre where rite /ViFirfmJT. is i/rcrenortn. 
b) determine where the fum-tion jx decreasing 
cl find ufi irh'iif maxima, 
dl find ftd local minima, 

12. 4 - x 7 ‘ 13. x 3 - 6x + 4 

i 3 

1*. — + r 4 * - ti If*-; 

3 x - 1 


20, x 4 2 sin x 


21. x - 2 cos x 


8. Sketch the graph of a twice-differen liable func¬ 
tion f Much that ft(x) < II for x < 1, /(l) = - I. 
f£L) = 1. f*(l) Q r Hr) > 0 for x > 1, and 
fO) = 4. 

9. Sketch the graph of a I wace-differentiable func¬ 
tion f sueli that fix i > II for x > 2, /"{xl > f) for 
x > 2. f' r {2) = f), f(*> < 0, for x< 2, and 

rtx> > 6 for x< 2 . 

lit, 0 k) you think that it is possible I hat. for a twice- 
differentiable Function f, one «m have ftO) = SI. 
f r ((>> = 1, f(*)■>!) tor x > 0, and ft!) 1? 
Why? 

11 . a| Sketch the gruph «f ihe function x' \ 

b| In terms of concavity, would it be reasonable 
to say that the graph of x"' has £0,0} as an 
inflection poinl? 

c? Docs lhe second derivative of x 1 at £1 exist? 


e) p felJ tdJ iFijffc'flion points of the graph. 

I' sketch the graph, using rhe iFiforrt6£ilwui in jwrtjs 
(a He). 


(4. ‘ , 

X + I 

15* 

IB. x -1 - 4x 4 ! 

19. 


— 4 x ’ - 3x 4 
3 

x* - 5x + 1 


in Exercises 22 through 25, ifcetcH the curve with the giwm e^uaiion. [Hint. Regard f he equation a.\ giuinR x as a 
function g <i/ y, und apply die theory in fhu vtcridn with x and y mferchditged,] 


22 . x = y J - 2y + 2 IX x = y* - 3y* 


24, x = 


I 

y* + l 


25, X 


y 

y 1 + i 


26, Find a function f such that f*{2) = 0 and 

such that f is increasing wl 2 with f£2) = 3. 

27. Find a function / such that f{2) -j f*l!2) = 0 and 
kucH ifrai ( has a local maximum nf -17 ;n 2. 

IB. If ftfx) g£xh (x - o) where g(a)^0and g is 
continuous at u, argue thai f has a local minimum 


at a if gfa) >0 and a Local maximum .it a if 

|?(o > < 0. 

29, If f(xl = «U> j - “1 where g(a) / 0 and g ts 
continuous al n. argue lhat f is increasing near u 
if glu) > II and ch ilecreasing neat ti if g(tJ I < 0. 
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calculator exercises _ 

f jrrfJ ffiuffur maxima, aimf/tui, and hj^vinffi r?>*rnrs far i-'tR-fi of the foffawing functions. You may waru m use 
winn's, method arid either ci/flf/jraif differentiation or die formidcix for firsr. Hcimcf, and third 

drriixuinifs l Yt-f the Exercises of Section 1.4), 

Jfl. x‘ - 3* s f t 5 31 * jc* - 2*' x ’ + Jt 32. T - 5x 


5.6 MAXIMUM! AND There arc many situations in which one wishes lo maximize or minimize 
MINIMUM WORD some quantity. For example, fl manufacturer wants lo maximize his profit. A 
PROBLEMS builder may waul to minimize his materials. Such extremum problems arc 
dearly of great practical importance One can often solve extremum prob¬ 
lem* with differential ealcuius, using the ideas developed in the preceding 
section- 

To iind local maxima and minim it of a function /, one may proceed as 
follows. Find all points x where fix) - 11 These are candidates for points 
where / has a local maximum or minimum. See if the derivative of f changes 
sign, or use the second derivative test at each of these points, and determine 
whether each point corresponds to a local maximum, a local minimum, or 
neither. Then examine the behavior of f near points which are not inside an 
interval in which / is differentiable, if any such points exist. 

lk-re is a suggested step-by-step procedure you might wish to use with 
maximum and minimum word problems. 


Suggefferf step l. Decide what you want to maximize or minimize. (You can't do 
rFjidme anything meaningful until yon establish your objective.) 

step 2. Express ibis quantity which you wish to maximize or minimize as a 
function / of one other quantity. (You may have to draw a figure and use 
some algebra to do this.) 
step 3. Find all points x where /'U) = 0. 

snv 4. Decide whether your desired maximum or minimum occurs at one 
of the points you found in Step 3. Frequently it will be dear that a maximum 
or mmiriUiiTi exists from the nature of the problem, and if Step 3 gives only 
One candidate, that is your answer. If there is more than one candidate, or if 
there ate points in the domain of f that are not inside an interval where [ is 
diffetetil table, you may have to make a further examination. 


Eumpte 1 Lei's find two numbers whose sum is 6 and whose product is as large as 
possible. 


son thus xte v I We want to maximize the product P of two numbers. 















Applications of the doritritive 


srtrj’ 2. 
have y 

STEP 3. 


If ihe two numbers are x and y, Then P - xv. Since x f y - 6, we 
-tt x, so P 1 * Jt(& - jc) = fix - x 2 . 


Wo have 



2x. 


Thus t/P/dx ~ (I when h — 2x 0. or when * = 3. 
step 4. Since d FUix' ~ 1 < (l T we sec That P has a maximum at x = 3. 

Thus ihe largest value of P occurs when x - 3 and v = 3. so xy ~ 

9- II 


hixample 2 A manufacturer of dog food wishes to package: his product in cylindrical 
metal cans, each of which is to contain a certain volume V rp of dog food. 
Lei’s find I he ratio of the height of the can tn its radius in order to minimize 
the amount of me la I assuming thal the ends and side of (ho can tire made 
from met a] of the same thickness. 


SI ILI HON 


stf p l. The manufacturer wishes in minimize Ihe surface urea S of Ihe can. 

sti-t 2. The surface of the can consists of Ihe two circular disks al the ends 
ond the cylindrical side If the radius of the can rs r and the heigh I is h, ihe 
top and bottom disks each have area ttr, and ihe cylinder has area 2Wi 
(see Fig. 5.1‘fi,). Thus 



S = 2-irr ’ + Iirrh. 

We would like to find h in terms of r to express S as a function of the single 
quantity r. From V n irr 2 h, we obtain h VJttt 1 . Thus 

S' - 2*rr~ + 2wt —^ — 2(irr 2 4 — ). 

7?r V r / 


srrn 3, We easily (inti that 


dS 

dr 


1 




Thus dSfdr = 0 when 2 tt r - \ VJr) = 0, so 2ttf' - V,„ and 


r 


1 


V, 

Itt 


sri:i‘ 4, It is obvious lhal a minimum for S does exist from the nature of the 
problem. A can L 1 * of an inch high and six feet across uses a lot of metal, as 
does one ,4 of an inch tn radius and a hundred feet high. Somewhere 
between these ridiculous measurements there is a can of reasonable dimen¬ 
sions using the least metal. We found only one candidate in Step 3, so we 
don'l have to took further. 
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We were interested in [he ratio hir. Now V M - nr h. so 

and 


h ^ % ynd ft = V* 


wr r nr 

From Step 3, the least metal is used when r :t VJItt, no 

_ - y» „ 2 . II 

r tt(VJ2tt) 


Example 2 illustrates the practical importance of extremum problems, 
For a cylindrical am of minimal surface area and containing :i given volume, 
we should have h 2 1 . so Ihe heigh! should equal the diameter. Thus few 
cylindrical cans oil the shelves in our supermarkets represent economical 
packaging, assuming that the ends and sides arc of equally expensive 
in ate rial, The tuna fish cans arc usually too short, and the soft drink and 
beer cans are loo high. 


SUMMARY I. To solve rnd.vunrifti cind minimum w*ml problem*, you may jfnlfow the 
four-jtep outline given junt before Example 1, 


EXERCISES 


L. Kind the maximum area a rectangle can have if 
th^ perimeter is 20 ft. 

1. General be Exercise l to show thal the rcctanjdc 
ilf rnaftinnuTi area having a fixed peri me ter is it 
sq uare. 

3, Find two positive numbers i and ^ such thsil 

jc + v = b imd Jty' is as large as possible, 

4, Had ihe positive number jt such that the sum of x 
and its reciprocal is minimum 

5, Kiiul two positive numbers whose product is 3b 
anti such ih a i ihe iunt of their cubes is a 
minimum, 

6, Find ihc point on the parabola y x which is 
elosesi to the point (A, .I). 

7, A cardboard box id I CHS in' volume and having a 
square base and open lop is in he constructed. 
Kind ihc mini mum area of cardlward needed. 
(Neglect waste in construction-) 

8„ An open box with a reinforced square bottom ,md 
volume "Jb ft"’ is to be constructed. If material fur 
ihe bottom costs three limes ;is much per square 


fun 11 as muieriul Fin die sides, find ihe dimensions 
of the box of minimum cost, (Neglect waste in 
co qat ruction ,1 

9* A funnel has 100(1 rods of fencing with which to 
fence in three sides of a rectangular pasture; a 
straight river will form the fourth side of ihc 
pasture, find ihc dimensions of the pasture ot 
Ili rgesi area ih.it the farmer can Fence. 

ID. A rancher has L2t)fl Ii nf fencing to enclose a 
douhlc ptidddck with two rectangular regions of 
equal ureas, as shown in Fig. 5.17 Find the 
maxim urn area lhal the rancher cun enclose. 
(Neglect waste- hi construction and the need for 
gates.} 


5-17 
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Applications of the derivative 


It. An open gutter of rectangular cross section isi to 
he formed from a lone, sheet of lin of width K in., 
by bending, up the sides oF ihe sheet. Find the 
dimensions of the cross section of the gutter so 
formed For mu aim urn earryi rig capacity, 

11. Niki the dimensions of die rectangle of mkiimum 
area that can be inscribed in a semicircle of radius 
ci. [I fiat. Yon may find it easier Its maximize I he 
square of the area. Of course, the rectangle hav¬ 
ing maximum area is ihe one having lhe square of 
Us area maximum.] 

13. rind the volume of ihe largest right circular cylin¬ 
der that am he inscribed in a right circular cunc 
of radius ,-j »nd altitude ft. 

14. Find Ihe altitude of the right circular coiic of 
maximum volume I ha I can be inscribed in a 
sphere of radius a. 

15. Find lire area of Ihe largest isosceks triangle that 
can be inscribed in a circle of radius a. 

I ft. A rectangular cardboard poster is to contain 2 l ft 
in' id printed matter with two-inch margins til ihe 
shies iinti three-inch margins at Ihe top and bot¬ 
tom. l-'tnd the dimensions nf ihe poster using the 
Ichsi cardboard, 

17. 1'hc wreck oF a plane in si desen is I 5 mi from the 
nearest point A on a straight road. A rescue 
truck stans fur the- wreck at a point on the road 
30 mi distant from A. ff the truck can travel at lit l 
mph on the road and at 40 mph on u straight path 
in the desert. how far from A should the truck 
leave [he. road in order to reach Lh-c wreck in 
minimum time? 

IK. A Norm an window is to lx 1 built in ihe shape of a 
rectangle of cieai glass surmounted by a sc illicit 
cte of colored glass, The lota! perimeter of the 
window Is to he 3fi ft, 

ai Find ihe ratio of Lftc height of the rectangle to 
the width that maximizes the sire a of the dear 
glass in the rectangular portion. 

hi If rhe clear glass admits twice as much light as 
the colored glass, fmd the ratio of the height, 
of the rectangle to the width to ml mil the 
maximum amount of light, 

ci N the colored glass costs lour times as much 


as Hie clear glass and the window is to tie at 
kasl -I It widt", find ihe width of ihe window 
of minimum cost. 

1^ The Htrengih ■ rf a beam of re el angu I a r cross sec¬ 
tion is proportional to the width and the square of 
the depth, f ind ihe dimensions of die strongest 
rectangular beam that can lie cut from a circular 
tog of radius in, 

2tL Ship A I ravels on a due-north course anti passes a 
buoy at ft: lid am Ship B. traveling twice as fast 
mi h due-east course, passes the same hufry at 
11 : Eii i a si the name day AS what lime arc the 
ships closest together. 11 

21. A sil'-> is to have Ihe form of it cylinder capped 
with :i hemisphere ll the material for the hemis¬ 
phere is twice jls expensive per square foot as the 
material for the cylinder, find the ratio of the 
height id the cylinder to ils radius for the most 
economical structure of given volume. (NccJlll 
w^sie in vo rot ruction. I 

22. An open box is to lie formed frntn ft rectangular 
piece uf cardboard by cutting out equal squares at 
the comets and turning up ihe resulting daps. 
Find the size of the corner squares Uifct should be 
cur olii From a sheet of cardboard of length a and 
width ft in order to obtain a bus of maximum 
volume. 

23. Phe following is a simple economic model for the 
production of a single, perishable item that must 
he sold on die day produced d we arc to avoid 
a loss due to spoilage. 

I‘he producer has a basic plant overhead oF rt 
do liars per day. Each item produced costs fi dol¬ 
lars fur ingredients and labor In addition, ll the 
manufacturer produces a denis per day. there is a 
dailv Cost of a dollars, resulting from crowded 
conditions and inefficient operation as snore items 
are produced, (The value of r is. usuallv quite 
small, so thai rr 1 is ol insignificant size until x 
becomes Fairly large 1 Hash day, if a single item 
were produced, it could fie sold that day for A 
dollars Elbe initial demand pricel. However, ihe 
price at which every item produced on a given 
day can be sold drops fi dollars for each item 
produced on that day (I he number B reflects the 
degree of saturation uf the market per hem, and 
is usually quite small ) 







5.7 Calculus in economics and busio&ss 


I4t 


a) Find ;tn algebraic expression giving the daily 
profit if the manufacturer ptekIultss x item? 
per day, 

b) Find, in term is of a. h, c r A, and £i, the number 
i of items the manufacturer should produce 
each day rn maximize the daily profit 

24. Suppose that in the economic model in Exercise 
23, the government imposes u tax on lhe man¬ 
ufacturer of r dollars for each item manufactured. 

a) Determine the number * of items the man¬ 
ufacturer should produce each day now to 
miodmize the daily profit, |Hini. Calculus is 
not necessary iT yon worked Exercise 23, Just 
think how that changes the manufacturer's 
emts,] 

b) Find, in terms of a T h, c + A, and if. the value 
of f that will maximise the government’s re¬ 
turn,. assuming that the manufacturer mnix- 
imi/e* die profit as in part (ah 

25, A fence o ft high is located t> ft from the side of a 
house. Find ihu Length of the shortest ladder that 
will reach over the Fence to the house wall from 
the ground oimkle the fence. 

2d. A right circular cone has slant height HI in. Find 
the vertex angle fl (see Fig. 5-18) for the cone of 
maximum volume. 


5 18 


27. A statue 12 ft high stands on a pedestal 4 9 ft 
high How far from (he base of the pedestal on 
level ground should an observer stand so that the 
angle 0 at his eye subtended by the statue is 
maximum if the eye «f the observer is 5 ft from 

I he ground? J JIjpcJ. The maximum value of 0 
occurs when tan 0 is maximum.! 

28. According m Fermat's principle in optics, light 
■ ravels the path for which the time of travel iv 
minimum. Let light travel with velocity l\ in 
medium L and velocity e. in medium 2, and let 
the boundary between ihu media form h plane, as 
shown in cross section in Fig. 5.1b Show that, 
according to Fermat’s principle, light that travels 
from A |n V? in Fig. 5.1b crosses the Imundai v at 
a point P such that 

.sin 0, o L 
sin 0-.. cr,. 

(This is the low of refraction or Stick's Jaw.} 




5,7- CALCULUS IN 
ECONOMICS AND 
BUSINESS 


At many schools, undergraduate majors in economics who intend to 
do graduate work arc encouraged to take many courses tram the mathema¬ 
tics department, including three semesters of calculus. Calculus is an impor¬ 
tant tool in economic theory. 

We shall talk about a very simplified economic situation. Suppose a 
company is manufacturing some product in a very ideal situation where 
there is no competition. This gives the company reasonable control over its 




































142 


Applications of the derivative 


tlxumple t 


own destiny, Wo further assume Oral (ho cost of producing an item, (he 
revenue received from its sale, and (he profit made are functions of the 
number x of units of the product manufactured per unit of time fa month, or 
a year, etc). This is a major assumption. It means that advertising decisions, 
transportation to market, etc., are all functions of this number x of units 
produced. 

En many economic situations, ynu are interested only in integer values 
of a variable x. After all, a construction company is nol going to build 
31.347 houses 1 While some of our functions, such as cost, may be defined 
for only integer values of x, we shrill assume that there is some different nib le 
function C(.v) defined throughout a whole interval, and giving the cost for nil 
integer values of x in the interval. With this in mind, let 

CU) = cost of producing x units, per unit time, 

K(x) revenue received if x units are produced, 

Fix) ~ K(x) C[x) profit when x units are produced. 

Economists are interested in the marginal cost, marginal revenue, and 
marginal profit when x units are produced. In a low-level economics course 
where calculus is nol used, the marginal cost at x is defined to be the cost of 
producing one additional unit in the time period, so that 

Marginal cost = C{x + 1} — C(x) = -r—— 1 -f 3) 

From (1), you see that this marginal cost at x is approximately £~"(x), for (3 1 

gives the approximation 

C(x + Ax}- O-x) 

C U) =“- — - 

Ax 

where A.r = L In a higher-level course, the adjective wmrgnuaf generally 
signifies a derivative. 


Definition 5.4 The marginal «ht is dCftix, the marginal revenue is rfRl'dx, and 
the mnrgiual profit is dPidx. 


A company manufactures a popular pocket calculator, its annual cost 
function in dollars is 

C(x) = 90,000 + 5 (Mix + 0.0 lx 1 , 

where v is in hundreds of calculators produced per year. The £90,000 
represents the annual capital outlay for (he plant, insurance, and such fixed 
expenses. The coefficient $500 might represent the cost, exclusive of fixed 
expenses, of producing MU) calculators if not too many are produced. The 
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tu:rni 0.0lx 2 comes into play only as x becomes fairly large, and might 
represent problems caused by crowding, sliming excessive inventory, and an 
increase in the cost of materials if many calculators are produced, so 
material becomes scarce and its eosi increases. Suppose the revenue function 
ts 


R{x) - loriQx - n.«5x 2 , 


Here lOGOx appears because the first few calculators produced sell for Sid 
each. The term --0,05jr appears because, if x is large, there is a glut on I he 
market, so the sale price falls. Let's find the marginal profit, and find how 
many calculators the company should manufactute for maximum profit. 


solution We have 


P{x) =- R{x) - C(x) - {1 mix - Q.OSjt) - (90,000 + SOOx + 0,(11x 2 ) 


= -00,000 -I- 500 i - 0.06x s . 

Then 


Marginal profit - — - 500 -0.12*. 

<IX 


The profit is maximum when dPjdx — 0, or when 



0.l2x = 500 or x 


I his gives a maximum since d : Pidx' ~ 0.12 <0. Since x represents 

hundreds of calculators, we obtain 416,666,66666, , . calculators, t>f course 
the company isn T t going to make s of a calculator. A computation on a 
calculator gives 


P(4J 66.66) P(4,166,671 951,666,0667. 


From a practical point of view, the company makes she same profit man¬ 
ufacturing 416.666 calculators as manufacturing 416,667 calculators, This 
profit is $951,666.67. | Mathematically. F14I66.67) > Ft4 166.661 by sym- 
melry of the parabola Fix) about its high point where x = 
4166.666666...] j| 

Since C(x) is the cosl of producing x units, then the 


Average cost per unit - 


( 2 ) 


If is interesting to know how many units should be produced to minimize ihe 
average cost, Differentiating to minimize C[x)tx. wc have 


d_ 



xC (x) - C(x) 


dx \ x 
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Applications of the derivative 


Etnmplt 1 2 

HOLUTItlN 


Example 3 

SOLUTION 


This, is zero when 

xCix ) - C{x} - 0 or C{x) = —. 

t 

Thus minimum rust occurs when marginal eons equals average riwf. 

Of course you should check to be sure you have a minimum and uoi a local 
maximum. 


Let’s find how many units should be produced to minimize average cost for 
the company manufacturing calculators described in Example 1 . 

The cost function is 


Cfx) = 90,0(10 +500* + 0.01x\ 

Thus r”(x) = 500 4 (LQ2x, Setting C r (i) -- C{x)jx , you obtain 

5(10 + 0.(12* - 


or 

Thun 

so 

and 


500* + 0.02* 3 - 90*000 + 5011* + lLDU a , 
0.01 A- - 90,000. 

x 2 - 9*000,000 

x v r 9*fKXl T 0fK) - 3000. 


Since litn, . £k i C(x)fx ™ Jim,..^ C{x)fx '*■, there is a minimum somewhere, 
and I he one candidate we found must be this minimum. This minimum 
average cost is achieved when 300,000calculators pur year arc produced, The 
minimum average cost is C’t 300(11/3000 - $560 pur hundred calculators, 
or $5.60 per calculator. || 

We conclude by giving two examples illustrating calculus applied 10 
business problems, 

A large home and auto store sells 9*000 auto tires uadi year. M has carrying 
costs of 50£per year for each unsold tire stored (space, insurance, etc.). The 
reorder cost for each loi ordered is 25^ per tire plus 510 for (he paperwork 
of the order. LeTs find how many times per year the store should reorder, 
and ihe size of the order, to minimize the sum of these iimemnry ants. 

Lei * he the Jot size of each order, i.c., the number of tires ordered at a time. 
Then 

9000 

Number of orders per year ~ 
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Example A 


soi i m»> 


The average number of unsold tires over the year is then x(2. Therefore 
Carrying costs per year ™ (0,5) dollars 


and 

Reorder costs per year = —-J + {11,25)9000 dollars, 

Consequently, the total inventory costs per year are 

C(x) = (0.5)£) t- Ilf?”) + ((1,25)9000 


Then 


= + 90,000* 1 h- 2250 dollars. 


Cix) 


- - 9n + ooox 2 

4 


i _ 9Q,nno 

4 Jt" 


You easily sec Ehal C'(i) - 0 when x 1 - 361MHKI, or when x = 
v'loO.IUKI - 60(1 tires. Since C*{x) = 180,000* 1 > 0, we do have a 
minimum. Therefore the tires should be ordered in lols of (it 10, and (here 
should be 9,000/600 - 15 such orders each year, |[ 

A fisherman has exclusive lights to a stretch of clam flats, Suppose that 
conditions are such that on liis fiats a population of p bushels of clams ibis 
year yields a population of /"("pi 5Op - |p-' bushels next year. How many 

bushels should the fisherman dig each year to sustain a maximum harvest 
yoai after year. 11 

The fisherman can dig (harvest! fit pi - f{p) p bushels of clams over the 
year without depleting the original population of p bushels. He wishes to 
maximize Ji(p|. Now 


hip) = f(p) - p = (50p - ]p z ) - p = 49 p - ! s p\ 


rhen 


fe'(p) = 49 - |p 


and h (p) - 0 when p = 98, Since h*[p 1 “ < (I, we do have a maximum. 

Thus the fisherman should first adjust the population of elams to 98 bushels, 
cither by letting them increase without digging or hy digging the excess 
population. r !Tien he can dig 


him 1 - mm) - i(Wf = 2499 bushels 


each year, or about 48 bushels per week, year after year. 



















146 


Application:-; ot ths derivative 


SUMMARY L if C[ J£) i* the emt, R(js) the revenue, and Pi x) RU) - Clx) iiu> projit 
from pr&dmmg \ r^NJf^ of u ptoduvt per unit of time, then the marginal cost 
i\ ilt 7fix, fit* 1 imirgiwij revmm 1 iv dWdx, ami ' the marginal profit is J Pulx. 

1. The average cost is Cix)fx> Aiwoge revenue and average profit are 
similarly defined 

,i. For Jtwctge tvj.sr to he minimum, you mwrf htfnt 1 
Margineosl = Average cosi. 


EXERCISES 


I- l-nr lhe company manufacturing raleulsilnrs de¬ 
scribed in Rxample I find the 1 1 <lltiwinji when 
2CHMI mills have been manufactured 
a) The marginal tosl 
b? [lie marginal revenue 
e) The marginal profit 
el l I’tie ave rage profit 

1* for ihe company manufacturing calculators dc 
scribed hi Example 1, find how many units should 
tie manufactured for maximum average profit, 
and ihe average profit then, 

3. A small company ma mi futures wood hLovcjh. Its 
cost C"1 j:i .lihI revenue R(j;t when jt stoves per 
year ate manufactured arc given l>y 

C(x) = 10 t 000 + I5IU + H.)G*\ 

= 250.x fUUr. 

a| hind itte marginal profit when x r 100. 

EH How many stoves should the company make 
lor minimum profit? Whai is that maximum 
profit'? 

4. For the company in Exercise 3, find the minimum 
average cost and ihe maximum average profit. 

5. Show that ai any value a 0 where the average 
profit achieves a maximum tor minimum) greater 
thin /cue the marginal profit must cpd lh■ - 
average profit. 

fi. Give an intuitive argument, using no calculus, 
thal the average cost can only he minimum ai 
x > 0 when il ey utils the marginal cost. 

7. Ike amount a family saves is a [unction SC f tot its 
income l , ant) the amount iL consumes is a fume 


turn £"'(/)-_ The marginal puypemity itt vtjrr' is 
dSfdi, a ml the ni.firglriai profvi'ijjry to eon turn? is 
dt'fdi. Show that if the entire income is u'w-d to 
eilhet save or consume, then 

Marginal propensity la consume 

I (marginal propensity to save). 

it. The takes i paid by a lamily in a certain country 
are given as ;i function of the income J by 


Nd, 1)0(1 +■ 5f 

a) Find Eher marginal las rale when / = IN,1)0(1. 
hi Inscribe Ihe minimum and maximum average 
Ease's per unit of income, if ihey exist. 

**, An appliance store sells 200 refrigerators each 
year. 3i has carrying costs of Slfl per year for 
each unsold refrigerator stored The. recorder cost 
for -ciich lot ordered is per refrigerator plus 
Sin for ihe paperwork of ihe order. How many 
times per year should the store reorder, and he 
what lot size, In minimise these invenlnrv eosLs? 

111. A population o) P wild rabbits on a certain farm 
givus rjse Lo a population oj 

ft P) = 6P - fimjjr 3 

next year if left undisturbed. 

a) Whnl population wilt remain constant year 
after year if left undislu rlied? 

hi What h Ihe maximum sustainable number 
dial can he trapped year after year? What ts 
the corresponding populalion size ' 
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SB ANTI- 
DERIVATIVES 

6.8.1 Anti- 
differentiation 


Etant|ili‘ I 


A n arbitrary 
constant 


You have spent a lot of time differentia ling, t.e,, finding fix) if f{x) is 
known, Of equal importance is antidif$BFetUiatin%, which is finding fix) if 
f'[x) ifc known. Wc call f(x) an an tide m ail ve of fix), Here is one indication 
of the importance of such a computation. You have seen that if you know 
the position s of a body on a line at time [.then dsfdt = v is the velocity and 
d^sfdt^ = a is the acceleration at time t. But, in practice, you often 
know the position and velocity only at the initial time t — 0. while you know 
the acceleration at every time r 2= 0, This is because you are often applying 
a controlled force F to produce the motion, perhaps by controlling the 
thrust of some motor. By Newton’s second law of motion, F - mu where rri 
is the mass of the body. Thus if you know the force F you know the 
acceleration tr - Fjm. AntidifFerentiation of lhe acceleration will then find 
(he velocity, and Eimiditferentiatinn of the velocity will find the position of 
the body. You are asked to find a well-known formula for the height of a 
freely-falling body in a vacuum, subject only to gravitational acceleration, in 
Exercise IK. 

We change notation a hit and let /(x) always be the known function* 
and Rx| the desired antiderivative, so that 


Fix) = fix). 

It is easy to see by differentiating that x'/3 is an antiderivative of x\ 
However, lx'73) f 2 ts also an antiderivative of x% and indeed, if k is any 
constant, then ( r v73) + k is an antiderivative of x j| 

As illustrated by Example L if F[x) h an antiderivative of fix), then 
F(*l 1- C is also an antiderivative for any constant C\ In this context, C h 
called an nrhitrmy rwiSKwf, S he Mean-Value Theorem can be used to show 
that all antiderivatives of f{x) are of (his form F(x) + C ; there are no 
others. We show ihis in two steps. 

First, we show that if F is differentiable in [a, b ] and F(jr) - (I for all x 
in | a, b], then F(x) Flu ) for all x in [a, h]. By I he Mean-Value Theorem 
applied to |tr, x] For any x such thnE a < x s b. 


= F,c) = 0. 

X — Q 

where a < c < x. Thus F{x) Fla) - 0. so R*3 = Fin), and F(x) is 
constant in |a, F], 

As the second, step, we turn to the general case where F(xl = fix) for 
all x in [fl, tj. Suppose G {x) - fix) also for all x in [o. tj„ Then 


djG(x) - Fjx)) 
dx 


GW 


FW - Ik 


By the last paragraph, GU) - F(x) - GUi) - F(a). If we let C = 
Gfn) F(fl), then G(x) = F(x) + C, We use Theorem 5.8 to summarize. 
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Theorem 5.tt 

// Ft Jr) = f ( a ). then alt antiderivatives of fix) art of I he form FLO 4 f for 
some turnsjvoit C. 


Example 2 From Example 1, you see that the general antiderivative of x is ix'(3) 4 

a I 

Example 3 ]i is easy to check by differentiation that for n f — 1, the genera] antideriva- 


Example 4 

live of x " is (x n *V{rt + 1)1 +- C || 

Suppose that f and g :sre functions with the same domain. U F h an 
antiderivative of f and Cl its an antiderivative of g, then it is trivial to check that 
F 4 Ci is an antiderivative of f 4 g and rf is an antiderivative of t'f (>ne need 
only differentiate F 4 £7 to obtain 

d{F(x) + G{Jt» dlFl*)) . d{G{x)) „ , , , , 

- . + , ff-K) + fiU) 

d.v d.v dJg 

and differentiate tf to obtain 

d(C'FU)) d(F(i)) 

* - = r ' dx =f /w - 

hi view of Example 3 and the preceding remarks, you i-aje that the general 
anliderivative of a polynomial function 

a„.t" 4 * ■ ■ 4 u,js 4 a it 

is 

f x" +t \ i 2 

Mb + i)"- - ' ¥ *'i + “» J ‘ + C 

I’ or example, the general antiderivative of 3.x 1 1 -l.c '1 7 is 

3^ 4 4('^) +7 x + C = x' + 2x ; + lx 4 C. | 

Exempk .5 

By differentiating, you car cheek that the general antiderivative of sin ax is 
( 1 Ja ) cos ax 4 C. Similarly, the general antiderivative of cos ax is 

[ 1/til sin ax 4 C. || 

5.8.2 Differential 

AQuatiDns 

An equEition involving a derivative of an "unknown" function that one 
desires to find is a differential equation, 1 he problem of finding an anti¬ 
derivative of a function /' may be phrased in terms of finding a solution of a 
differential equation. Namely, to find an antiderivative of / is to find a 
function F thnl is a solution of the differential equation 

F* = f. 
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In Leibniz i to union. you want to find a function y = /'{a) ihal is a solution of 
the differential equation 


dy 

dx 


= fix). 


If I has an antiderivative, that is. if the differential equation dyfdx = fix) 
has a solution, then the general antiderivative of f is the general solution of 

this differentia] equation. 

Let’s characterize the general solution Fix) + C of the differential 
equation dy }dx ~ fix) geometrically, If £!(*) Fix) + fe, ihen the graph of 
G is simply the graph of / displaced |fc| units "'upward 1 ’ if k > 0, or ! ( fc| units 
"downward” if k < U. Thus the set Fix) + C of functions may he visualized 
geometrically as a collection nf graphs with the property that any one uf 
them is ''congruent” to any other, and may be transformed into the other by 
sliding up or down. 

Itaampk 6 Figure 5*20 shows some uf the graphs of solutions of the differential 
equation 




5.20 Artist's 
figure aL Iflfl, 
computer-gen era ted 
Isgure at righi. 


All these functions are antiderivatives of ffjt) - x , and are of the form 
(jr/2) + C. For antiderivatives F and G of /, the fact that FTjtJ = O'taJ = 
f(x u ) for each jr <1 means (hat the graphs of F and G have the same slope 
(i.c„ parallel tangent lines) over je i(i as illustrated in Fig. 5.20. Q 
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AppHt&tiom of the derivative 


If f is defined at je (I and a solution F of dyfdx - fix) exists, then for any 
y„ one can find C such that the solution G(x) = F’fjc) + C satisfies the 
initial condition expressed by 

GUo) = y, s - 

N timely. if you desire to ha\e 

y n = GU<J - F(x rt ) + C, 
simply lake C = y M F(jr (1 K 

Esampfe 7 We find the solution G(jt) of tlyfdx x such that G(If - 3. 

mu iTins We lake t'Hx) = ijo'2)-F C and require dial 

3 = G(l) - (l 3 /2> +■ C 

You find that C = 3 - (V) = Thus Gu) = (jr J /2) + (fk || 


SUMMARY 1. if F\x) = fix), then F(x) + C is the central antiderivative of fix), where 
C is an arbitrary constant, 

2. The general antiderivative of x* i$(x mn )f{n + 1) + C if n £ -1. 

3. The antiderivative of a sum is the sum of the ardidgritMliutis, and the 
antiderivative of a constant times a function is the constant times the 
antiderivative of the function, 

EXERCISES 


tn Hxc‘n isc\ 1 ih rcmyft 12. find iJ’ic treuemi unfMerrisutiue of itte given function, 

1. 2 2. s' - %x +2 3.. g* 1 - 2jc* + 4 

5, x 1,1 S. 4* + *“ a 7. tx 1 + I} 3 


<*♦ 


V* + 


10, sin i 


11, cos 3x 


4. x 1 " 

K. Vx i 

12. s sin htjt 


In Exercises 13 ifirircdL-fi 17, find the ttWbi'ifjn y = Ffal of the difftfertfitd equation fiiat stdis/ies the giifen rmiJid 
rontfilftni, 


4 v 

13. “ = K. Ffl) = —3 
dx 

dy 


14. - - = U 2 + 2. HO) = I 
ax 


16- ~r = 3 ccm 2t r f(-j) = - I 17. —- = x - v'a, Fft) it 
dx \4 / dx 



x + sin x s F(0) - 3 


lit. {Free fail in a warmum.I Suppose a body clc^e to 
Lho surface oJ Ehe earth is Jiyhjeel unK tO I he 
force of gravity; that is. neglect air resistance- li is 
known (hui ihv acceleration of the hotly is (hen 
directed downward with magnitude g = 
^2 fl/sce , ITius if s measures the height of the body 
above die suituce ul time I. llien you have 


d .v/cir’ 32. Suppose that at lime t - 0, the 
bodv has inurtiJ t-Wocrry iy, and burial poserion 

ai Find the velocity v = ds/dt of the Iwdy as a 
function of i. 

hi Find the posit inn s of t he body as a function 
of I. 
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exercise sets for chapter 5 


review exercise set 5.1 

I. IF i he altitude of »i rig hi circular amc remains 
constant Eli Id fl while the volume increases ui .t 
sternly raLe of H fl '/min, find ihe rate of increase of 
the radius when the ladius is 4 ft. (The volume V 
of ii cone of hft.SSe r; ill ins r and altitude h is 

v - 

2* A solution of/(jr) \ 3,t t I is desired. Since 

/(l) = —1 and f{2l = 3, ihere is a solution be¬ 
tween i and 2. Starling with 2 as a first approxima¬ 
tion of the solution, find lhe next two approxima 
lions given hy Mew ton's method. 

3+ Hind Hie maximum and minimum values assumed 
by x* — + I in she interval JL), 3J, 

4* Let / be differentiable for all c If /(3) = -2 and 
f'(x) ie 2 for x in [1,0J, use ihe Mean-Value 
Thenrcm in show that /ih) ^ W. 


5- Find the solution of the differential equation 
tiyirfx 3.t 4 jc ■+ 5 that satisfies ihe initial con¬ 
dition y = -2 when x 1 

6. Sketch The graph of s = jf ' IjT + 2 , finding and 
labeling .ell local maxima ami minima, and all 
inflection points 

7. A iii>hi circular Lime ha* constant slant height I 2- 
I inti ilie radius of the base for which the cone has 
maximum volume (The volume V of u cone of 
base radius r and altitude fr k V' = irr Ji.) 

W. A company lias cost and revenue fund ions 
C(x) 5,000 + l,5(KU + 0,02s 2 . 

Rrx> = 2,00(1* - 0.5 1 ' 3 . 
j'i Find the maiginal profit when x = 10.000. 
h) Hind the aveFa.ee profit when * = 10,000, 


review exercise set 5,2 


1. If the- lengths of two sides of a triangle remain 

constant al 10 fi and 15 fl while the single H 
between them is increasing ai tlic rate of 1/10 
rad inn/min, find the rate of increase of the third 
side when fl it/3, 

2. Use Newton's me shod to us ti male \ l 30. starting 
wiih 3 as first approximation and finding Ok nexl 
approx trunnion. 

3. Find ihe maximum and minimum values assumed 
hv Ihe funclinn s 4 - ft* 3 + 4 in Ihe Interval 

r-ui 

4. If f<jr) exists for all x and Ft4i = 12 while f'tx) 

3 for x in | - 1.4], use the Mean-Value 'i'heorem 
to Iitnl the smallest possible value for /(—U- 

5. A body moving on an s-w*is has acceleration a = 
ht - K at time x. If when t I she body is ai the 

more challenging exercises 5 


poini x = 4 and has velocity ei 3. find the 
position s as u function of time. 

6, Sketch she graph of y lx' x ' i 6, finding and 
labeling all relative maxima and minima, and all 
inflection points, 

7. A rectangle has base on the x-axis and upper 
vertices on the parabola 

y 1 6 x' for -4 s* s 4. 

Find the maximum area (he fcCtatigle can have, 
ft. A L-umpany mil nul'nciuring c units of :l certain 
product per year hiss a cost function C'(xJ 
10,000 + 500x + 0.05 1 ^ dollars, and a marginal 
revenue of AfR(x) OtK) - 0.04* dollars per 
year. Find the profit if I (HI unit? arc manufactured 
in a year. 


1. A Farmer has 1000 ft of fencing. He wishes lo use 
it in fence in one square and one circular enclos¬ 
ure, each having an area of at least 10.000 fl. \Vhn! 


si/e enclosures should he fence to maximize the 
total area? (Use h calculator,) 
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Applications of tflA derivative 




2* Show that il f is a twice differentiable function for 
ii -< j i st and fix) assumes the same value al 
three distinct points in [a, then r i = 0 for 
some r where r* < c < ft. 

3. Slate a generalization of the result in Exercise 2. 

4► Suppose f rs difTerenliable for 0 -i x ^ jO and 
f{2) = 17 while [f(£)| ^ 3 Tor 1U. 

al What is the maximum possible value for /(je) 
for any x m [Q. 3 til? 

b) Whal is the minim uni possible value for fix' ) for 

any t in [0. in]? 

5. Maureen is at the edge of a circular lake of radius 
a mites. and wishes to get lo the point directly 
across the lake. She has a boat which she can row 
4 mph, or she can jog along the shore at W mph, or 
she can row l0 S<»me point arid jog (he rest of the: 
way. How should she proceed tt> get across in the 
shortest time? 

A. Town A is located 2 mileH back from the hank of a 
straight river. Town B is located 3 miles from the 


bank on the same side at a point 15 miles farther 
downstream,. The towns agree lo build a pumping 
station on the bant of ihe river In supply water li> 
bolh towns. How far downstream From, the point 
on the hank closest to town A should they build 
the station In minimi?^ ihu total length of the 
water nr a inn to the two towns'! l Solve l his problem 
first by using calculus, and I hen hy H moving town 
A across the river" und using geometry. What have 
you learned?) 

7, Solve the ctfualpnn x : ' = sin i. {Usl- is calculator.) 

8. Give an example of a function f and a number «. 
such that an attempt lo solve f(x) = 0 by Newton’s 
method with initial approximation u, will lead lo 
oscillation back and forth between two distinct 
values 

A. Construe! an example like I ha I in Exercise K. bul 
where there is oscillation back and forth hetween 
positive and negative numbers Oil ever increasing 
magnitude. 
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The integral 


The practical importance of integral calculus, as well as of differential 
calculus, tics in its ability to handle situations iit which quantities are varying 
continuously. Indeed, differential and integral calculus are closely con¬ 
nected. as we shuEl show in this chapter. Newton (1642-1727) and Leibniz 
(1646^1716) were both responsible for the development of integral calculus 
in (lie form We know it today. However, Archimedes (2H7?'21 Zrl I used 
Ihe principles that tie at the heart of the subject in his work on the 
determination of the areas of certain types of planar regions. For this work 
alone, which was 2000 years ahead of its time. Archimedes must be 
regarded as one of the greatest mathematicians of recorded history. When 
Newton and Leibniz appeared on the scene, it was the natural time for 
calculus to he developed, as evidenced by their simultaneous but indepen¬ 
dent achievements in this held, Newton and Leibniz had the analytic 
geometry of Fermat (16(11 *-l fife) and Descartes (1596-1650) on which to 
build, Archimedes did not. 


6.1 THE DEFINITE 
INTEGRAL 


In this chapter, we will often want to consider a sum of quantilies rep¬ 
resented by subscripted letters, such as 


£I L + £(n + *♦ * + u n . 


6,1.1 Summation 
notation 


There is a very useful notation for writing such sums. A sum a, + u ri 

is denoted in [he sej nun carton h oka f imr by 


r-l 

read, 11 ihe .sum of the u, tis i rum from I Ira n ' The Greek letter V (sigma) 
stands for sum; the value of a under the ^ is the lower limit of the sum, and 
tells where the suau star Is. Tile value above the Vj es the upper liniil of the 
sum. am) tells where the sum slops, The letter r is She summation hide* T he 
choice of letter for summation index isol course noi significant; ihe letters r, 
and k Eire the mosl commonly used, ‘thus 

n it iL 

a,,4- «- ■ + a n = X dj - J a, - J a k . 

a-a i -1 k~\ 

A typical sum (hat you will run into in this chapter is 
+ ft**) + ■ * ■ + fix*) = £ fib). 

i=t 

You will probably best understand ihe use of the summation notation 
by studying some examples. In forming the sum, one simply replaces the 
summation index successively by all integers from the lower limit to the 
upper limit, and adds the resulting quantities. 
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trample 1 We have 


am! 


j -1 


Z a, -a t + a 2 , J a 4 = a , + a 2 + a, T 

is i 

7 

J] a, = a A + a* + ft^ + a?. f| 


Hiumtple 2 We have 


X r = 1* + 2 2 + 3* - 14, 

j j- i 

X ij - l) = (2 - l) + (3 - .1) + <4 - 1) - l + 2 + 3 = 6, 


i 

I 

i-3 


and 


£ (fc 1 + 1) = (0‘ + I) + U 2 + 1) + (2 3 + 1} = 1 + 2 + 5 ^ 8. 


V 1h 


1'iHinplc 1 We have , (£i t + #>J = XP i fl i + EP-i h for 

II 

Z + bi) = (ia, + h t ) + - ■ ■ + la„ + M 

i-i 

= (a i -I- j L ■ + fl „) + {hi + ■ - ■ + h „) 

3 Z + Z b “ II 

i-i I- 1 


6,12 Rismann sums Let f he a continuous function with domain containing [a, fcj, and suppose 
that /(x) ^ (I for all x in | a, fcj. Since the graph of the ednSinudd* function / 
over [a, h \ ts an unbroken curve, it would seem that the notion of Ihc area of 
die region under the graph of f over fa. h], shown shaded in Fig, hj, should 
be meaningful, Let us denote I he area of this region by A 1 ; if). 


v 
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Ftift integral 


You Can lint] areas of Erhinites, rectangles, circles, tr^pe^nids, and 
certain other familiar plane regions, hut [he region under ihe graph of f over 
[tt, frj may no I he any of these. Since you can find areas of rectangles, von 
might approximate A[\ (f) by areas of rectangles with bottoms on [he v-asis 
and whose (ops are horizontal line segments intersecting the graph oil /, as 
shown iti f ; ig. 6.2. The sum of the areas of these rectangles will give an 
approximate value of A \ (Th 

The bottoms of the rectangles in Fig. fi.2 divide [a, /j] into subfutfruafa. 
To make computations easier, let's divide \a, hi into n sub intervals of equal 
lengths. The length of [he base of caeh rectangle is then 


Length of base - i* 





y 

A 




t.2 



6,3 


The height of the tth rectangle is fix,) for some point jc, in ihe rth 
subintervaL so 


Area of the fth rectangle f( jc, > 


h — £i 


n 


(See L'ig, 6,3). If we let if n be the sum of [he areas of these rectangles, [hen 

h - a 


h — a h — a 

---‘fU, t +- f ixd + 


n 

h a 
R 


fix,, 1 


(f(X|) + f{x?) + ■ * ■ 4 f(x n )) 




Riemann sums This sum Ff n is a Ricnumn sum 4 of Order n for f over [a, h ]. 


(2> 


Named fur ih< OeiMiUi iHiilhcaittkian, HcrnFiard Kicmiinn sl.SJr- ISiim 
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Of course, the Riemann sum in (2} depends not only upon the value 
of n hut also upon the function jf, the interval [a. fr], and the choice olpoints 
in the n subintervals into which ft] is divided. However* a 
notation that reflects all these dependencies would be unwieldy, so we shall 
simply use JF n . 

Sample 4 Let s estimate AJU 3 ) by computing S**, taking for the points x ]t x 7i and 
Xj the midpoints of the first* second* third, and fourth intervals, respectively* 

sol mo N The situation is illustrated in Fig. fr.4. We have 

■*i = 41 Jtj = 4, -in ~ ji and X4 = 5, 

while 

b_-_a _ 2-0 1 

n 4 " 2 

The estimate bf' A for Aj|{x J ) given by (2) is then 

K& + A + H + ® = = ¥ = ^ 

You will sec later that the exact value of An(jc fl ) is v so Our estimate is not 
too bad. | 


6.4 



Jt is important to note that you can form the sum SF n in (21 even if f(x) 
is negative for some x in f« + b]; the geometric interpretation of Sf A for such a 
function will appear Eater in this section. 

There are several natural wavs to choose the points Jt, in (2). One way is 
to select i r so that /(xj is the maximum ua/ue M, of fix) for x in the rth 
















Thu integral 


SuNisiciva] (, | v; x ■*' ^ (sec Hg. 6.5), This gives a Riemann susii that you 
are sure is Another way is to select x { so that /(*,) is ihe minimum 

value m, of f U) over the oh sub interval which gives a Riemann sum that is 
— ^u(/) (soc tig- 6.6). To summarize notation, terminology, anti relations: 


Upper and 
lonir .v»rtt,i£ 


S„ - Upper Riemann sum - --- 

ii 

(Im). 

’j ™ t 1 

m 

b - a 

s N = Lower Riemann sum -- 

n 

(£ 4 

'l -1 f 

(4) 

Genera! Riemann sum - — 

n 

-°(£«4 

(5) 

s n Kin ^ s n . 


(6) 

3 n d£ ^ S n . 


( 7 ) 




Example 5 Let us find ihe upper sum S 2 and lower sum s> approximating A^Url. 
soi.moiN Here n = 2, unci 


h-_a 1_-A) _ 1 

n 2 2 

It is easily seen front the graph of f in Fig. 6.7(a) that 
nti = 0 and m 7 = ^ 

while 

Mj = i and Mj = 1, 

as shown in Fig. 6.7(h). Thus 

h = (iKO + !) S A’tx") (|Ki + 1) = s 2 , 

SO 

K s AjU 4 ) £ s- 

Of course, these bounds oh Aq(x~) are verv crude. 
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y y 



6 7 


Trample 6 

fUlLUTJOCN 


You can improve the estimate Of Ai(jr ? ) in Example 5 by taking a 
larger value of n. 

Let's estimate .Af x') by finding s 4 and S.,. 


As indicated in big. 6.8(a) you have 
while 


m | 

■ = 0. 

m 3 = iV, 

- 4' 

Mi. 

T5i 

M 2 - J. 

£ 

UJ 

II 

'■ 

Fig- 

6.8(b), 

Of course 




b - a 

1-0 1 



n 

4 " 4 


^4 

M, 


|m 


Thus 

s 4 = (J)(0 + ^ + i + B =s A^X 2 ) ^ ti)(^ + i + ft + i) = s 4 

The arithmetic works out to give 

*i - 'll *' - iS- 


This is an improvement over Example 5, which gave yi s A$C**) — S- 
You might estimate A^x') by averaging }± and k\, arriving at 1L We 
shall show later that the exact value ol A, l ,fx*) is .1 Thus ^ is not a bad 
estimate. 


y y 
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The integral 




6.1.1 The definite The accuracy a f the hounds a„ and S„ for A‘ c ',{f) tan be measured by S„ s„. 

Integral Geometrically, S n a n corresponds to (he sum of the areas of the IiLite 
rectangles along the graph shown shaded in Fig. b.9. (Figure illus¬ 

trates the ease fix) £= El for all x in [a, b], and Fig. 6,9(b) illustrates the ease 
where f{x i is negative for some t In |a, b].) Let h„ be Ihc height of the 
largest of these little rectangles; that is, fj H is the maximum of M, - m,. By 
lining up the shaded rectangles in a row, as shown in Fig. 6,9, you find I hat 
the sum of the areas of the little rectangles is less than - £fi, so 

" s„ * hjb - a). (H) 



If f is a continuous function, then f{x) is dose to for x sufficiently dose 
to x (> , so it is reasonable to expect that, as pj becomes large Iso thtfl the 
horizontal dimensions of the little rectangles shaded in Fig. 6.9 become very 
smaltl, the vertical dimensions become small also. That is T you expect /i„ to 
be dose to zero for sufficiently large it, so that 

lim >a„ = <) r 

In view of Eq. (8), lim,,_. Jfi„ - 0 implies that S (l - s n is close to zero for 
sufficiently large n, By F.-q, {ft), for fix) 0, both S ri and s„ therefore 
approach A 1 ', if) as n becomes large; that is. the following theorem holds. 

rAfurtm 6.1 If f is cortfinwus on [u r hi. then 

lim = lim tf n = lim 


_ 
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fiwmttrii: meaning of 
£ fix) dx for f{x\ 
rametimcj piegatrw 


Definttkin 6.1 The n>nmior tinii I of all the Ricniann sums in (,*•)) is (he 
ill-finite integral cif f ever [«. h]. written £ /'(xldx, so 


lira ff n = lint S„. 


(tO) 


fC x 5 *ijc - tins 

n 


The Leibniz, notation £ f(.x) dx may be interpreted as follows. You think of 
the integral sign jf as an elongated letter $ standing Tor A ‘sum.'’ If you lei 
dx — Ax, an increment in x, then f{x) dx is ihe area of the rectangle shown 
in Fig. 6-10- The notation For the integral thus suggests (he surah in (3), (4f, 
and {5). 


y 



We have drawn the graph of f rn most of (be figures for the ease in 
which fix) > 0 for * in [a, 6]. ff fix) < 0 foi x in the ith subinlerval of 
| then both nij and M, are negative, so (he contributions f(h - a'J/nlm, 

to \ and f(b - a)/n]M, to S„ are both negative. L( is obvious that for a 
function jf where f( .t ) is sometimes negative and sometimes positive 
)^f\x)dx can lx- interpreted geometrically as the total area given by the 
portions, of the graph above the X-axis, minus the total area given by ihe 
portions of the graph below the x-axis (see big 6,11) 


Oenttwtriie. mean mg of 
£ fix) dx for f{x \ 
rametimej piegatrw 


i 





















f 
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Example 7 


6.1.4 Computing 
integrals by limits 
of sums 


Example 8 
SOLUTION 


The integral 


Let’s use geometry to find ft {x - 2) dx. The graph y = x - 2 is shown in 
Fig. 6,12* Since the smalt shaded triangle is below the x-axis and the large 
one is above, 

| (x - 2) dx = (area of large triangle) - (area of small one) 

- i - 2 ■ 2 - M . 1 = 2 - |■ « l [I 



We have used our intuitive notion of area freely in motivating the 
development of the definite integral. Once 'theorem 6J was stated and 
Definition 6.1 given, we may consider the area under a graph of a continu¬ 
ous positive function f over [a, h] as being defined by ft /(x) dx. 


The formulas 


and 



i i 


n (n + 1) 
2~ 



n(n + l)(2n + 1) 
6 


( 11 ) 


( 12 ) 


can easily be proved using mathematical induction. These formulas can be 
used to compute definite integrals of linear and quadratic polynomial 
functions, as shown in Examples 8 and 9 below, Wc shall find a much easier 
way to compute the integrals in the next section, so these examples serve 
merely as illustration of Definition 6.1, and have little practical significance. 

Let us find the integral ft (5x 3 ) dx using (11), 

Partition [0, 4] into n subintervals of equal length 4/n, If you take x, as the 
righthand endpoint of the ith subinterval, then 


. 4 4j 

Xi = i ■ - - —. 

n n 


* This subsection can he omitted without kiss of continuity. 
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Example 9 
sols/hon 


SUMMARY 


8()(n til - 12 = 4 ° (n + 0 - 12. 


Then 

*.-±X( 5^- 3 )^P(l.)-l3] 

n n / n in V i ' i =t J 

= 4 T20 »(n + 1) _ 3 1 

f! 1 ft 2 J 

Therefore 

f 4 (5* - 3) dx = lim <f„ = lim ("tt+ih - 12 = 40 - 12 = 28. | 
We use (11) and (12) to find U + 2*) dx. 

Partition [2,4] into n subintervals of equal length 21 tu and let a, be the 
righthand endpoint of the ith subinterval. Then 


. 2 „ Zi 

X: = 2 + i‘ — — 2 + — 

ft ff 


and 


2 M/ 2iV / 2i\l 2 A 1 8/ 4 r . 4H 

+ 2 ( 2 + jJ%\M 4 + 7 + ^ + 4+ »l 


2 ff 0 12 4 ^ , 2 

= ” i 8 + # -1. 1 + ~ * L * 

M li i n it w 


M Li 

2 


1 L 


n 


12 it (it + 1) 4 n(n + i)(2h + 1) 

8 n H-"— _ -^ —; - - —— 


n 


n 


l 


I2n(n + t) 4n(n + l)(2n + 1) 
= 16 +- y -^---T”5-' 

ft 3n 

Taking the limit as n -+you obtain 


f (ar + 2x) dx — lim &„ — 16 4 12 + § = 


1, Tu write out or compute a sum that is written symbolically using summit 
turn natation starting with 


simply replace the summation index i successively by all integers from (he 
lower limit I to the upper limit n, and add the resulting quantities * t or 
example , . 

£ i 3 - 1 3 4 2' + 3 5 + 4* 4 5*. 
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Lcf I be coniifmans rm [-1 H and let l«, bj he divided, into n subiniervah of 
etiuaf /ffrtgfJi.*, fet M, he the Mac and fji, she minimum Mae of 

f(x) ot i'.r the (tli suhiiuertaL and let x, he any pumr of ike ith subintervnL 

h ~ if h — u / i 

2, S„ = ~— 5 i M, + M, + - ■' + =-I V M, 

n n f 

b - t\ . b - it ( v \ 

b Y rt = — (jFI| + fllj + ' ' ‘ + (14) *" ' \ _ f f t| ] 

n n y ii 


EXERCISES 


4 

5, 

h t 

7, 


h — n * h it l t- , \ 

= : - tfix^ + Hxd + - - + f{x*H = -(I ) 

n n . n. I 

V ^ K ^ s* 

f t 

/U) dx = Him S„ Sim s„ = lim 'f„ 

^tl n 

For fix) > 0. (droit lin«i< F r V = ffi) and over [a. ft]) ts S., 


1, Write 4iut each id the fallowing sunns. 


a! 1] di 

i - ft 

b) t b i 

j-a 

1 

c? £ a*, 

j- 1 

8. 

d) I (a,. + K'f 

e) £ t; * 1 

f) £ 2- 

9. 

1-1 f-a 

C ompute each of the following sums. 

10. 

a) £ {i + l) 1 

| - & 

% 

J 

h) £ 2 J el 

4 

if* - o* 

1 * 1 

11. 

d) I i2 k ■ V v l 

el I (M V 

i 7 ) 

12. 


where 1 is the ith tipoint of the iih interval, 
Pulinialc [‘. *' d* Lining ihc Riettiatlll sum 7. 
where x, is Lite midpoint (if the ith interval. 

l ind tho upper sum S-, and ihc lower sum s- for 
r ’ from 0 to 2. flTie actual value of a nr in v.) 

Rnd the upper sum 5* und I he tower sum vj for 
x from t) 10 2. 

Estimate \\ (llx) dx by finding the upper <nm S, 
and the lower sum x 4 < 

Give the enact value of f, 4 dx where 4 is the 
usual constant function 


Express each Of the following sums in nummu- 
lion notation. (Many answers arc possible?. 

a) a,b, + a?b. ■+ hi a h bj + a 7 b 1 + rtift* 

c? A, +■ u?' + fli' + fl.i 1 d) fi/ + «/ + a-i' 
ej a^fu 1 + a A* + a 3 V f) a*' + a?'' + « ^ 

4. Show, as in. Example 3, dial X.7 -1 tc ■ fl r ) 

c(S l 

5. Show, as in Example 3 thal 


1 (fl, + h,) 7 t u > + 2 (l <*>-) 

, 1-1 V~i t 


+1 if. 

I»l 


fa Estimate using the Ricmann sum 

where x, is the midpoim liT the ith interval 

7. Estimate f”f1/i}<Lc using the Ricmann ^uni -/ ; 


11. Let/fjt) = I t, and consider the interval [ 0 . 2]. 
u? Sketch lhe graph of / over this intervul. 

h i Find S : tor this interval I Note (hat fix) ii' 
sometimes negative for r m (it, 2]-i 

c) Find jr- : . for this interval. 

d) Whfll common value do hoth and ap¬ 
proach as n gels largeV 

14. a) hind the upper sum S, and the tower sum 

for * 1 from -1 to 1- 

b) From the grtiph of x\ what common number 
do both S n and x r approach as r\ gets large? 

15. Esiimate f* mii a dx by finding the uppei sum S, 
and the lower sum 
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It, Exercises 16 through 2 1. nkeith a region wPwj* area is Riven by the integral. JVimninr the value of the integral 
fry finJmg (fur urea <if the rtgian. 


16. [ xdx 
in 

r, 


17. 


(lx + 3) ilx 


(X t 1.1 tfx 


v'y x 2 dx 


2®. f v' 

h 


16 - i" dx 


n - 1, 

21* J (3 + v'Th jf 3 ) dx 


In Exercises 22 rftmugh 31, find the exact oulue of the integral luting geometric ajgwnwrius and the fact (wfirdi 
\owft ill aw) (iirtJ 


sin x dx = 2. 


27 


• i - 

•I 


sin a: tlx 


23 


. ( 


cite x OX 


28. 


sin .v (Ja 

24. j 

r iV2 

cos x dx 

Ilk 

25. 

r 

cos x dx 

J w(2 

26. 

sin x dx 

29. | 

r 

bin x\ dx 

3®. 

| [cos X 1 dx 

31. 


II * 


3 a ) dx 


dx 


n Sketch the tfftph of it fy nut ion f over the interval 33. Sketch She graph a f a function / over the interval 
[» 21 for which S* is much closer to ft fix) dx [0*6] for which S, > iV (This shows that while 

than the average of S and j a - (This shows that S» approaches £ f(xidx for large n. we need not 

the averaging technique used in Example fi may have S H+1 -V,,.) 

nol give good results) 

t„ Exercises 34 rfiroirgh 37, use formufar £11) and (12) and Detfnta 6. i fa find the value oft he definite integral. 


r 34. [ (jt ■ 2) dr *35. | (4 a 1 + 5) dx *3^ [ 


a 2k) dx 


- r 


(j 2 4 a + 2) tlx 


calculator exercisas 

{he your calculator to cstmmie rfre gfwn integral msing .9'., for rite indicated value of n, where x, is the rrudpaim of rhe 
ith xubtnlenxil. 


3H. 


■2 

X 1 dx with n 8 
ft 


39. 


2 ' dx where n = 10 


4® 


•r 


cos x ' dx with pt = 16 


6,2 THE FUNDAMEN¬ 
TAL THEOREM OF 
CALCULUS 


Throughout this section, we assume that fix) and g(x) are continuous in 

[fl.fr}. 

The l undamcntal Theorem of Calculus exhibits I he relationship be- 
tween the derivative and the integral. Before proceeding with (he fundamen- 
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6.2.1 Properties of tal theorem, we prove three properties of the integral, given in Eqs. (l), (2) 
the integral and (3). Properties (1) and (2) parallel properties of the derivative, When 
the properties are stated in words, the parallel is striking. You can take your 
choice of '‘derivative 1 ' or "integral” in the following: 


The 


The 


{ iimimfiuel . _ . deriuaftpesl 

> of a sum is the sum of the r. 

integral j l integrals ) 

(derivative] , 

i . . f of u constant times a function is the constant times the 

{ integral } 

f derivative] 

\ > of the function . 

K integral J 


Theorem 6.2 t hree properties of the definite integral are 

b 


f (/( 

Jri 


x) + dx = 


f /(*) 

m 


rfx + 


g(x) dx. 


r 

'’u 


c • f{x) dx — c 


r fw 


dx for any constant c. 


J ' b r h 

f(x)dx = f(x)dx + f(x) dx for any h in [a, &]. 

n Jrr J S. 


( 1 ) 

( 2 ) 

( 3 ) 


AH these properties arc evident if you think of the interpretation in terms of 
areas. Figure 6.13 illustrates (3); surely the area under /{*) from a to b is 
the area from a to h plus the area from h to /). If you look hack at the 
Riemann sums ff n (f), 5P n (g), and 9t n (f + g) for f(x), g(jc), and their sum, 
then 

y.u + g) = ~~~ (z </U) + 

= 9„tf) + ^,( 8 ). 



** 6 13 
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Therefore 



x) + g(x)) dx 


lim .‘fjf + g) - Uni (<f„m + y„(g)) 


- lim '/„{() + lim ‘f„ jKI 

n.—ft "M!* 


J. 


= fix) dx + 



This establishes (1). Property (2) is established in a similar way. 

For another property, note that if h = a, then 

j/(x) 4x — 0. (4) 

You would like ft/{x> = ft/(*) dx + ft;f(x) dx to hold whether h is be¬ 
tween a and fi or not. (Naturally we require that a, K and h all lie in some 
interval where /(x) is continuous.) Then if you set h a T you would have 


0=| f(x)dx = | f(x)dx + | f(x) dx, 

which leads to 

[ f(x)dx - - [ fix) dx. 

Jh 4c 

We arc motivated by (5) to define ft fix) dx if /? > a by 

[ f{x) Jx = — I" f(x) dx. 


(5) 


( 6 ) 


You will see again at the end of this section that (6) is a convenient 
definition. 


6,2.2 The fundamental We have defined the definite integral ft fix) dx and you have had some 
theorem practice in estimating the integral. You will soon see that the definite 
integral has a great variety of important applications, so that it is highly 
desirable to have an easy way to compute ft/(x)dx. It turns out that the 
exact value of the integral can be found if you can find an antiderivative 
F(x) of fix). This is amazing! What should antiderivatives have to do with 
areas? Let’s state the rule for computation and illustrate it before we see 
why it works. 
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Theorem 6,3 

Example 1 

SOLUTION 


Computing an 
integral 

Example 2 
SOLUTION 


Example 3 

SOLUTION 


(Fundamental Theorem , Part 2) Let f be continuous in [a, b] and let F{x) = 
f{x)* Then 



Let's find the exact value of x 1 dx, which we estimated several times in 
Section 6.1. 

An antiderivative of the function x 2 is F(jt) = x 3 /3. Thus, by (7), 



After all our work trying to get a good estimate for this definite integral in 
Section 6,1, you should appreciate the elegance and beauty of this easy 
computation. 

It is customary to denote F(b) - F(a) by F(x)f a . The upper limit of 
integration is b and the lower limit of integration is a. For example, you will 
usually see dx computed as follows: 



Let's find the area under one ‘‘arch” of the curve y = sin x. 

Note that —cos x is an antiderivative of sin x. The area is given by 

f sin x dx = -cos x 1 = —cos ir - (-cos 0) 

J o J D 

- -(~ 1 ) - (- 1 ) — 1 + 1 - 2 , || 

Let s sketch the region bounded by the graph of the polynomial function 
1 - x 2 and by the x-axis, and find the area of the region. 

The function 1 - x 2 obviously has a maximum at x — 0, and has decreasing 
values as x gets farther from 0, The graph crosses the x-axis when 
I - x 2 = 0, that is, when x - ±1. The graph is shown in Fig. 6.14, where 
we have shaded the region whose area we wish to find. Clearly the desired 


Theorem 6,3 

Example I 

SOLUTION 


Computing an 
integral 

Example 2 
SOLUTION 


Example 3 

SOLUTION 


V 
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area is j 1 , (1 - x 2 ) </\ square units, and 



Now we shall show why ant [differentiation enables us to find the area 
under the graph of a function f(jc) + The trick is to consider the integral 
function 

F(0 = | f(x)dx< (H) 


so that if f(x) > 0, Fit) is the area under the graph of f over [a, (], as shown 
in Fig. 6.15, We shall show that Fit) = /(f), and this will remove the 
mystery. If the derivative of the integral function F is /, then surely to find F 
one should find an antiderivative of f 
By (3), 0-1(*YJ 

f it + At rl rt+At 

f{x)dx = fix) dx + fix) dx 

a 

so 


v . F(f + AO - Ffr) 

Fit) = Urn —-——- 

Ai-» O At 


= Urn -- 


pr + it ft f l+A4 

f(x) dx — J f(x)dx J /(x) dx 


A( 


= lim 

At -O 


At 


(9) 


Referring to Fig. we see that 


m ^ Af ^ 


( ■[ -i Ai 

t 


f(x) dx £ M ■ At, 


(10) 


where m is the minimum, anti M Ihe maximum value of fix) in [i, t + ir|. 
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TTiiWtfii 6A 


Example 4 


Therefore 


fJl £ 


i 


i +-AI 


fix) dx 


At 


^ M. 


( 11 ) 


Now lini Al _ Ih m Utn A ^) M fit ) since f is continuous. We combine (9) 

with (in to obtain 

1 1 + A f 

fjc) cfx 

= fit). (12) 


r l +4 r 

* 

F'(() = i in 1 


Ac —II 


At 


This concludes our demonstration that F{f) = fit), which is an important 
result in its own right. 

{Fundamental Theorem, Part I). // / is continuous in [a, 6j and F(t) = 
f{xl dx, then F is differentiable and F(t) = f(n. Timt is. 


By Theorem 6,4, 


d 

Jt 


j,([ fMdx ) = f{,) - 

( Vx"~" + I j = vr + 1, 


lor you can lake fix) - -vx + I and Fit) =■ Jf, f[x)dx in the theorem. 
Using properties of the integral as well as Theorem 6,4, you find that 


id- 


sin : xdx = — I - 


dt 


shrxdxj = - — (| sin 2 xJx] 


= —sirr I. 


We now continue our explanation of (7) as a means of computing 
j;;/U)dx Since F(t) = j; f{x) dx. 


[ 


fix) dx = F{h). 

Bui F(a) = fix) dx = 0, so you can write (13) as 


(13) 


1 

"J 1 


fix) dx = Fib) - F(a). 


04) 


Now FheoreTTi 6.3 asserted thai (14) is true for tiny antiderivative of 
/(x), not j us i our integral function F, Let G(x) be any antiderivative, so 
O (x) - fix). Since h(x) and G(x) have the same derivative f(x), you know 
that F(x) = G(x) + C for some constant C and 


[ fix) dx = Fib) - F(a) - [G{b) + C] - f G(a) + C] - Gib ) 

"ai! 


- Gia). 
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Hence ft fix) dx can be computed by finding any antiderivative of fix) and 
subtracting its value at a from its value at b, as stated in (7). 
Interchanging a and h in (7) yields 

f f(x)dx = F(a) - F(h) = -lF(b) - F(a)] - f fix) dx, 

which is another reason for our definition in (6)* 


SUMMARY Let f(x) and g(x) be corifmuflus in fa, b], 

J r It ri* pb 

(fix) + g(*)) dx = fix) dx + g(x) dx 

!a 4a Ai 

2. f c-f(x)dx = C‘ f f(x)dx for any constant c 

Ai 

rb fk rf* 

3* j f(x)dx = J f(x) dx + J fix) dx for any h in [a, b| 

4. [ f(x) dx = -f f{x)dx. 

4 At 


5. (Fundamental Theorem of Calculus) 

d / P \ ' 

= fO). 


a) Jt 


f f f(x)dx) 


h) // Fix) = fix), the,, 


fix) dx = F(h) F(a). 


EXERCISES 


1, State part t of the fundamental theorem of cal¬ 
culus without referring to the text 


2. Slate the second part of the fundamental theorem 
of calculus without referring to the text. 


frt Exercises 3 dim ugh 32, use the fundamental theorem , properties of the definite integral geometry, and the fact 
that 



to evaluate the definite integral 




3- 

X dx 

4. x 4 dx 

5. Or + 3x - I)4 j 

■ 


J-i 



-9 

f* 

w!2 

6, 

dx dx 

7, sin x dx 

8* 4 cos x dx 


4 

■ft 

Jo 


■ xr/Z 

r tt/2 

r w/4 

9. 

(sin x + 2 cos x) dx 

10, (sin x - cos x) dx 

11* 3cosxdx 


D 

Jttj* 

J -&>■* 
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12 

IS 

IS 

21 

24 

27 

30 


* | x~ dx 

■ 

* J I x + -Jl — x 2 ) dx 

■ f 


(cos x l . sin 2 x)dx 


cos 2 x ti v 


•f 

■ r© 

■ i'( 


dx 


,2 , j.1/ 2 


d (jr 4 3x — 1) ■ 


dx 


13* | 4 dx 

f 4 

14. ( (-4) tlx 

f "* 

16* | v x ' + 1 dx 

17* j yJl - x 2 dx 

19. 1 {sin x t sin'x) dx 

hi 

f fl 

211* f sin 2 x dx 

J w 

f H 

22. 8 stnrx dx 

23* (2 sin 3 x + 3 Vtt j 

f * 

1* rr/2 

25. (3* - 4 cos J *l dx 

Ji i 

26* (2 sin'x - cos 2 x] 

Jn 

-• f(^‘ 

- I'FSa* 

31* j j^j" 'Jtdt dx 

32. [ [[ 4 drj dx 


33* Sketch the region bounded by rlie curve y 
0 - a and the x-axix. and lind the area of [he 
region. 

34. Sketch the region bounded by the curve y - 
2x - x 1 and the x-axis, and find the area of the 


region, 

35* Sketch the region bounded by I he curve y = 
x~‘ - 16 and the x-axis, and find the area of the 
region. 


h i Exercises 3b hi rough 46 h use properties of the definite integral and 


36* 

4(1 

dt \J 

x 2 dx) 

i / 


37. 

-( 

dr VJ 

Vx ' 4- 1 dx) 
f 


J / 

r a 

- \ 



r r 

39. 

*(J 

43 + 

1 dx \ 

40. 

s(J 

vjc + 1 dx 4 

2 



V 



fj 2 f 

r \ 

41* 

s(J 

L ' v+ 

Idx) 

42* 

dl ( 

\ dx'- * 1 dxj 


m 

r 11 



-( 
dt \J 

r tS ~ 3 \ 

44* 


1 dx) 

45. 

v' x 2 4 1 dx) 

i» f 


Theorem 6.4 to find the indicated function of l. 


vV + l djrjl 


*■$( 


v'x +■ I dx 


) 


43, -— ( Vjc ' + l dx) 

J / N 1 \ 

46* ! Vjl ; t ! dx) 


6,3 INTEGRATION The fundamental theorem gives a powerful method for computing ^ f(x \ dx. 
AND DIFFERENTIAL The burden of the compulation is placed squarely on finding an antideriva- 
EQUATIONS live Fix) of fix). 


6.3.1 The indefinite 
integral 


Definition 6.2 t he general antiderivative of fix) is also called the indefinite 
integral of /(x), and is written 
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fix) dx 


without any limits a and b of integration. Computing an antiderivative is 
called integration. 


Example 1 The indefinite integral j (x 1 + 2x 2 + 1} dx is given by 



where C is an arbitrary constant. 

According to ihe last section, every function / that has a derivative in 
[a, 6] also has an antiderivative in [ a , b]. That is, if f is differentiable, it is 
continuous and by the fundamental theorem, F(f) = J^/(x)djc is an an¬ 
tiderivative of / for r in [a, b]. In practice, it is often more difficult to 
actually compute an antiderivative of a function than to find its derivative. 
The reason for this is that there are no simple formulas to handle integration 
of products, quotients, or composite functions, as you have for differentia¬ 
tion. Tables have been prepared that list indefinite integrals of a number of 
functions frequently encountered. A brief table of this type is found in this 
text. Such tables are often useful, but no table exists that gives the integral 
of every continuous function anyone will ever encounter. It can be proved 
that an antiderivative of an ^elementary function" (a function formed by 
algebraic operations from rational, trigonometric, exponential, and logarith¬ 
mic functions) need not still be an elementary function. This is contrary to 
the situation for differentiation. 

We will discuss integration techniques in considerably more detail later. 
Integration frequently requires ingenuity, and real facility can be acquired 
only by practice. 

We start your training in integration now. This section presents a small 
number of integration formulas, which you are expected to remember and to 
be able to apply faster than you could find the desired formula in a table. 
For example, you should never have to Look up Jx 1 dx in a table. These 
formulas are those that arise from the differentiation formulas for basic 
elementary functions. For example, if u is a differentiable function of x, then 



so 


(sec h) ■ — dx = tan u + C. 


dx 


Since du = u\x) dx = (du/dx) dx, the preceding integration formula is usu- 
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ally written in the form 

(see 3 w) du = tan u H- C. 

. 

The integration formulas that correspond to our differentiation formulas 
follow. Formulas 4 through 10 assume that u is a differentiable function 
of x. 


I. J{/{x) + tf(x:3)<ix 

= if(x)dx +1 g(x)dx 

C x il+t 

3. I jc^ cIjc ---+C 

J n + 1 

5, J sin n du = “Cos u + C 
7, J sec 2 u du = tan u + C 
9. i sec ii tan u du = sec u + C 


2. J c ■ f(x)dx = c * f f(x) dx 


4. 

1 

u" du 

U * 1 

- + c 


J 

1 

ri + 

1 

6. 

i 

COS U du 

= sin u + C 

& 

i 

CSC “ tl du 

— — *1 

cot U + 

10. 

j 

CSC U cot 

n du 

= —esc 


I'AampJe 2 
SOLUTION 


(sample 3 

SOLUTION 


Formula (3) is a special case of Formula (4), which is one of the most 
often used. The following example illustrates the use of Formula (4). 

Let us find jlxv'x' + 1 dx . 

If you lei w — x + 1 T then du = 2xdx and from Formula (4), you obtain 

r - r u v 1 2 

J Ix-Jx 2 + 1 dx = J (u vl ) du = — + C = j (* 1 + 1) ,,J + C II 

Let us find J 3x 2 sin x' dx. 

If you let a — x\ then du = 3x 2 dx and. from Formula (5), you obtain 
3x 3 sin x* dx = (sin u) du = -cos a + C = -cos x 3 + G || 


In practice, you usually do not write out the substitution u = g(x) in 
simple cases like those in Examples 2 and 3, but rather, realizing that the 
substitution is appropriate, you compute the integral in one step "in your 
head,*" Suppose, for example, you wish to find J cos 2x dx. If you let n = 2x, 
then du = 2 dx and 

| cos 2x dx = J l • 2 cos 2x dx = £ J 2 cos 2x dx. 


You thus find from Formula (6) that 


\ 


cos 2xdx 



2 cos 2x dx ] sin 2.x + C. 
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Example 4 

We illustrate this technique further with some more examples. 

Let's find j x 7 sec 2 * 3 dx. 

SOLUTION 

If u = x\ then du = 3 x 1 dx and we would like to have an additional factor 
3 in the integral so that Formula (7) would apply. Using Formulas (2) and 
(7), we obtain 

| x 7 see 2 * 3 dx - 1 1 3x 2 sec 2 * 1 dx = \ tan x 1 + C. || 

Example 5 

Let’s find Jsin 3* cos 2 3*dx, 

SOLUTION 

If we let u cos 3x, then du = “-3sin3xdx, and we would tike an addi¬ 
tional factor (-3) in our integral so that we could apply Formula (4). We 
obtain from Formulas (2) and (4), 

Fixing up 
integrals 

| sin 3* cos 7 3* dx — — ^ J (-3 sin 3x)(co$ 2 3x) dx = + C 

= — J cos 3 3;c H- C I 

As illustrated in the two preceding examples. Formula (2) shows that 
you can Ll fix up an integral to supply a desired constant factor." We warn 
you that a similar technique to supply a variable factor is not valid , To 
illustrate, 

| x dx / — J x * x dx = — f x 2 dx, 

for f x dx = x 2 f 2 + C while 

1 f , , I/* 2 \ x 2 C 

- x- dx = + C) - — 4- - , * * 0. 

x J x\3 / 3 x 

For example, you can compute J x sin x 7 dx , for you can '"fix up the desired 
constant 2" and use Formula (5), hut at the moment, you can’t compute 
i sin x ? dx T for there is no way you can “fix up the variable factor 2x" needed 
to apply Formula (5h 

6.3.2 Differential 
equations 

A differential equation is one containing a derivative or differential. In 
Chapter 5, we solved some differential equations of the form 

dy ft V 

~r = fU>- 
dx 


Many differential equations cannot be written in this form, where dyldx 
equals a function of x alone. (Remember that, when differentiating im- 
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Sept* ra n f e k lg b«/’ It's 


Rumple 6 


SOLUTION 


plieitly, you frequently obtain an expression for dy/dx that involves both x 
and y T ) An example of such a differential equation is 

dy x 
dx y 

You can solve (his differential equation by the following device: Rewrite the 
equation with all terms involving y (including dy) on the left and all terms 
involving x (including dx) on Ihe right: 

y * dy x j dx. 


Since the differentials y ■ dy and x * dx arc equal, it appears that you must 
have 


Jfy • <ty = j * • dx 


or 


V" x 2 

\ + C, = y + C 2 , 

where C, and Ci are arbitrary constants. This solution may be written as 

y* + 2 Q = x 2 + 2 C 2 


or 


y 2 - x 2 - 2 C t “ 2 C 2 . 

Now 2C'j — 2 C 2 may be any constant, so you can express it as a single 
arbitrary constant C obtaining 

y 2 - x" = C 


as solution of the differential equation. 

Crucial to this technique is the ability to rewrite the differential 
equation with al! terms involving y on one side and all terms involving x on 
the other. Such equations are variables-separable equations, 


Lei us solve 


dy „ 

— = y sin x, 
dx 


This is a variables-separable equation. The steps of solution are 


dy . . 

— = sin x dx, 

y 


| y 2 dy = | si 


i 


-1 


= -cos x + C 


y _ dy = | sin x dx, 

1 ^ 

— = cos x 4- C„ 

y 
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where we used only one arbitrary constant t 1 and replaced - C by C again in 
the last step. || 

The equation 

dy 

— = jc + y 
dx 

is not a variables-separable equation. The final chapter of the text discusses 
solution of a few more types of differential equations. 


1. The general antiderivative of /(jc) is also known as the indefinite integral , 
J f(x) dx . 

2. Ten important formulas for integrating are as follows: 

{ (fix) + g(jc)) dx = f f(x) dx + J gix) dx 

f c ■ /<jc) dx — c k j" /(jc) dx 

f x w+1 

*"dx - —— + C n / -1 

J n + 1 

f M tt+i 

u n du = - 4- C, n ^ — 1 

J n + 1 

f sin n du = -cos u + C 
f cos u du = sin u + C 
| sec z i< du = tan u + C 
f csc*w du = — cot h +- C 
f sec u tan u du = sec u + C 
f esc u cot ii du = — esc w + £ 1 

3. Suppose all die y terms {including dy) cun be put on the left side of a 
differential equation and all the x terms (including dx) on the right, to 
become 

g(y) dy = fix} dx 

Then the solution of the differential equation is 

| g(y) dy = | fix)dx + C, 

where C is an arbitrary constant. No further arbitrary constants need be 
included when computing i g(y) dy and f fix) dx. 
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EXERCISES 


hr Exercises 1 through ZS, f ind the indktned tine at without using tables 


1* j (x 1 i- 4jt'j dx 
4. f [2* + l) 4 dx 



10. fcoslxtix 
13. | sin 4* tos'^i dx 
10. ( lilll a Si't'J dx 


1«. 

22 . 


f sin s 

] (I + cnsjt) 
[ sin x 

J j 


dx 


I. 

8* 


j(-*a 

jW + 2 


dx 
V dx 


4 c t 2 


v'.i 


dx 


r JK 4 X 
It. fill! X OXV! X fit 
14, ]rKccr* dx 
17. J sec'2* tan 2* dx 

sec’2x 


20. 

23, 


[4 i tan 2.x) 
sec'x 




/i 


dx 


1- \ .m \ 


3. 

0, 

9* 


j (x + i f dx 

Wn^ 

Jx^JS 1 4 4) 1 dx 


Si* fens x &in~xdx 
IS. J cm.' 2a cot 2 a dx 
18* J X(see'Y>fliiil ‘x J 'l dx 


21* 

24* 


1 

I 


t 

sce4x 


dx 


col 3 a 

- dx 

sin 3 a 


2s. few'2 a col 2.t (ix 

20. Bill is rnurooned without integral titbit tin :i 
desert island and is building a ship to escape. At 
one si age in the construction of bis ship, he needs 
to know J cos 5 * dje, 

ut Show how Bill can find ibis integral. 
(Hint, Consider the ‘"double-angle FormuLa' 1 
For cosine,] 


b) !>o you ihink il likely Hud you will ever he in 
Bill’s predicament.' 

27. Sam is uko marooned on a desert island (see 
Exercise 201, Sam is building h larger ship than 
Bill: con screen l ly, he needs to Itnd f cos 4 * dx. 
Use Exercise 2 til si) to show how Sam can find this 
integral* 


fiN Exercises ZH rhmugli 33, ,softie the differential equation, 


28, 


dy 

dx 


2**, 


dy a 

- * * C(Mi‘V 

dx 


tlx 


30. — = xWi + r 
dr 


31. ^ = xVu 



[V5i; 7)(fcosr) 



lsin ' v ll,co>' r M.sin x) 


$.4 INTEGRATION Integration using tables is a very important technique., and one that should 
USING TABLES be practiced. You w ill find a table of integrals un the endpapers of this book. 

The formulas in tin? table ate given using the variable since thEil is l he way 
they arc stated in most rabies, For a differentiable function ti. if follows, 
from the chain rule for differentiation and tiu = w r (jc) cf*. lhai ihc formulas 
hold if a is replaced by u and dx by du. 
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Example 1 

SOLUTION 


Eiample 2 


Example 3 


Lei’s compute sifi'.t dx. 

IF you worked for a time, you mighi hit upon I he relation 

sin 1 * = |(t — cos 2i), 

which would enable you to lind j sin x dx. This indefin ite iniegral is one that 
at the moment you can probably lind more quickly (and more reliably) using 
a table: 

[ . 3 j x sin lax , ^ 

sm'djE djt --+ C 

J 2 4a 

After looking the formula up a few limes, you may remember it, Wc take 
fl = |, and obtain 

The integration formula 

ciwai 4-1 — I r 

dX dx 


, -sin ax cos ax 

sin uxrfx =-— + 

na 


n - 1 f . 

- sin j 

n J 


is known as a reduction formula ; the problem of integrating sin" ox is 
reduced to integrating sin" 1 ujx One applies this formula repeatedly until 
the problem is reduced 10 integrating either sin aX Of sitl^dx = 1. For 
example. 


, -sin 4 2x cos 2x 4 

~~tl - + 5 


sin L 2xcf.r 


-siu' E 2jt cos 2x 4 /-sin J 2x cm 2x 


in 


+ 


St 


3 ■ 2 


+ 


- | sin 2 jc iixj 


sin '2x cos 2x 2$in‘2xeos2x 4 

--io-is-is“ ,slj! + c 11 

We emphasise again that each integration formula in x given in the 
table can be modified, using the chain rule, fo give a more general result. 


I he formula 


tlx 


v'V 


+ c 


J xVu 2 -+ x 3 a 2 x 

together with the chain rule For differentiation, yields the formula 

f if It 


v'V + u' 


uVa 2 + 


a'u 


+ c 
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for any differentiable function u. Thus if u tan x so that du = sec y dx, and 
if a 1 2 = 3, you find that 

f sec 2 x dx 
J (tan 2 x)V3 + tan 2 x 

V3 + tan 2 x _ n 

= — —- + C. 

3 tan x 

If you are faced with an integration problem such as 

f sec 2 x . 

-'- .■ - - dx, 

J (tan 2 x)V3 + tan x 

as in Ihe previous example, you should train yourself to spot when the 
integrand contains, as a factor, some function that is the derivative of some 
other function u in the integrand, tn this case, sec 2 x should be spotted as a 
factor that is the derivative of u = tan x. This suggests that we might put the 
integral into the form 

du 

■ i i’V 3 + u 2 

and therefore hunt in the table for an integral of the form 

f dx 

J x 2 Jc + x” 

for some constant c. 

Even if a table of integrals has the formula you need, discovering which 
formula it is sometimes requires much ingenuity. Facility in integration, as 
well as facility in differentiation, is developed only by working several 
hundred examples. I he exercises will get you started on this project. 


1. All formulas J f{x)dx in the tables should he regarded as formulas 
f f{u) du, where u may be any differentiable function of x. 

2. When faced with a complicated integral that you can t find easily in a 
table , fry to see whether some factor of the integrand can be viewed as the 
derivative of some other portion t l Then try to write die integral in the form 
J f( u) du and see if you can find j f(x) dx in the table , See Example 3 and 
die drsomion /of/owing the example , 
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EXERCISES 


In Exercises I through 30, fir if/ die giueii integral the fastest way you can* including the use of tables {hut excluding 
frwking up rhe answer in the back of the text). 


* l 
‘•1 


1* I x 2 dx 

5 


xv LQx — x 7 
j cos ri 2xdx 

■■I 

K J" x si 
21. j sec" 

I 


dx 


13, J cos 2x cos 5x dx 
17. f xsin 3xdx 
4x dx 


25. \ x sec^x 2 dx 


cos x 


»■ ) - 
J sin 


sin"jr\/4 - sin'X 


[ - 
J x 2 * 


dx 


x~s/4 + x 1 

6. cos 2x dx 

*a 

10, I sin 2x cos 3x dx 
14, J sin L x cos 2 x dx 
18. |xcos4xix 
22. |tan^3xdx 
26, | x J cos' x' dx 
dx 30, | 


lan 3x dx 


‘•I 


3x 


dx 


(V4 + x z f 

r tti* 

7. sin xdx 

f 

n. : sin 2x sin 4x dx 
3 


15 


r. 

. si 

Ju 

■ It 

j 


+ COS X 


dx 


19, Ix 2 sin2xdx 
23, I x coTx" dx 


| x col 7 ; 


27, 


L f-J= 
J xV?^9 

B. I 


dx 


12 . J si 

f~ 

J 1 - c 


sin 4x cos 4x dx 


16 

20 


, J* X ' COJ 

f 


COS X 

cos x dx 


dx 


24, tan 2x dx 


x (sin V)(cos x ") dx 2H. 


f_1 

J r'y/4 


dx 


v^4scc3x - scc z 3x 


X"V4 + X 

[Him. Multiply numerator and denominator by sec3x ] 


SS NUMERICAL If you can’t find the indefinite integral f fix) dx, even in a table, then the 
METHODS OF fundamental iheorern is of no help in computing Jt fix) dx . For example, it 
INTEGRATION can be shown that the integral 


J V4 - sin 2 x dx 

can’t be expressed in terms of “elementary functions** such as polynomials, 
trigonometric functions, roots, exponentials, and logarithms. Numerical 
methods for computing a definite integral such as 


v'4 - sin 2 x dx 

Jo 

arc therefore very important. With pocket calculators and computers readily 
available, computation of such integrals is an easy matter. 
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6.5,1 Tlw rectangular One method of approximating j£/(jc.)djr is ics use a Riemann sum with n 
rule subdivisions and midpoints of the intervals for the points JC, where you 
compute The integral is then computed as a sum of areas of rectangles, 
a,s indicated in Fig. 6.17. For obvious reasons, approximation by such 
Ricm.mn sums is also known as the recftmppdtfr rule. 



Theorem 6.5 (Rectangular Rule) t^et [a. ft] ftc divided infn n subintervals of equal length 
and Jn x t t>e tke midpoint of flic ith .suhinfermf, Then, for f ointmumu- in 
[a. ft], 

f ft *)dx - L/U) + FM + •■ ■•'+ /I*,,)] (1) 

J„ n 

and the opproxfinahort is very good for sufficiently n, 

it should not be necessary to give an example using the rectangular rule 
now that you have studied Section 6.1 and done some of the exercises. 

S.S.Z The trapezoidal We again divide the interval [fl, ft] into n subintervals of equal length, but 
rule this time let the ^ndpofritt of l he subintervals he 

a = x ih x it x 2 . ** = *»„ 

as illustrated in Fig, 6.IS for n 4. Let the (signed) hcighls to the graph 
y - f(x) at these endpoints be 

y« = .K Yi - fix j}, y 2 = /UJ, — Y« = fM, 


V 




























G 5 Numerical methods of integration 


183 


Tfidowm 6 . ft 


EiHinplu t 


solution 


as in Fie. fi-IH. Consider the chord of the curve y f{ jc) joining lx, y, d 
and (jr r , y,). us shown in Fie, ^ 1^, The shaded regions in Figs. f>. IJt and f>. 19 
arc trapezoids. Now the area of a trapezoid is Ehc product of its altitude and 
the average length of the bases, so the area of the shaded trapezoid in Fig. 
h. 1*3 is 




Vi . + fc 



Since we divide our interval [fl.Jb] into rt subintervals of equal length, 

b — a 

Adding up the area of ihe irapezoids for i I, we obtain 

* - rt j' y,, + y l j + b - ftp-, + y/ j + b - a ^ y 2 ■+ 

+ ... + ?ULgP- ■ ' M, 

n \ 2 / 

Factoring out (ff ti)/2fi n we obtain at once the trapezoidal rule. 
[Trapezoidal Ruiej Fora Continuous function f on fd.h], 
b — u 


V) 

■ 1,1 


dx 


2n 


(>o + 3 y« + F ■ ■■ + 2y n , + yj 


for sufficiently large value* of n. 

Let's use the trapezoidal rule with n - 4 to estimate 




You have 

x„ = 1, 


(2) 


V - J 

x i - 2’ 


x z = 2. jc 3 = and x 4 = 3. 
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The integral 


Thus 


VQ=h yt - i >7! = k, and y 4 = 

The trapezoidal rule yields 




15 + 20 * 15 + I Z + 5 
15 




Since the graph uF 1/x ls concave up over fl T 3], h is clear that the 
approximation hv chords is too large. The actual value to four decimal 
places is 1.0986. || 


6.5.3 Simpson's In the rectangular rule, our approximating rectangles have horizontal lines 
|parabolic} rule (constant functions y - a) as tops, and the lines usually meet the. graph at 


unc point, In the trapezoidal rule, the top of a trapezoid may be any line 
(linear function y - ax + h) and the lines usually meet the graph at two 
points. One can put a quadratic function v — ax’ H' bx + c through three 
points Of the graph. The graph of y = flr J + fw 4 c is a porcikoffl. 

For Simpson’s (parabolic) rute n we divide the interval [a, ft] into an even 
number n of subintervals of equal length having endpoints x , for J = 

0. 1.ti. Let us use the notation y, -/(Xt) as in the trapezoidal rule. We 

approximate the graph of f over the first two subintervals by a parabola 
through £x n , v„), (jc, h y,), and (x : , y 3 ) t over the next two subintervftls hv a 
parabola through (x ± , yj). (x 3 , y.d, and (x 4t yj. etc. (see Fig. 6.201 We then 
estimate the integral £/(*> dx by taking the areas under these parabolas. 



-> L 5.2Q> 
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lor our case where x, ~ x„ = x ? a,* ihere is a Convenient formula 
for the area under a parabola through (x„, yj. {x 1t y t h and (*,. y 3 ) in terms 
of line heights y 0 , y,, and y 3 . This formula will allow us to estimate our 
integral without explicit computation of the equations of the parabolas 
approximating the graph of f. (Note (hat you did not have to find the 
equations of the linear approximations in the trapezoidal rule either > It can 
be shown that if y - ax ' + fuc + c is a parabola through the points u,„ y u ), 
Ui. Vl), and (xj, y 7 J where X, x L i ” x a - x t = h, then 

J "** h 

(«x- + bx +r)di = + 4v, + y*), (3) 

In a moment, we will show why (3) is true* Of course, the number k is 
(h a)fn in the approximation of ft f(x } dx by areas under parabolas. Thus 
the sum of the areas under the parabolas is 

b — a b — d 

f>'r» + 4y n 4- Vi) + - — (y 3 + 4y x + >•„J 4- ■ - - 

* t >V-i + 4y rl _, + yj 
- -v- 11 (y 0 + 4y, + 2y> + 4yj, + 2y 4 + ■ ■ ■ + 2y„ 2 4 4y H _, + y„>. 


Theorem ii.l 


fcixmnple 2 

SOLUTION 


This gives us the parabolic rule 

{Simpson's R«te) If f is continuous on fa, hi and if n is ruen, then 
f f{*)dx 

- — * fyn + 4y, + 2y 7 + 4y s + 2y 4 + ■ ■ * + 2y„ 2 + 4 Vj| , + y n ). 

(4) 

for n sufficiently farge. 

As in Example I. let's take n - 4 and estimate ft (I/x) dx r 
We have 

x lt = I, x t = | f x 7 = 2„ x 3 * i* x 4 - 3 

and 

y n = U y« = i y 2 = ±. y* = I, y 4 = l 

Simpson's rule yields 


f 1 1 3 — 1 / 

— dx “ — [ l + 4 

Ji x 3 ■ 4 V 

2 

‘ 3 

+ l l - 4 4 
2 

2 I\ 
'I + j.) 


8 

1 + s + 

_ 8 l\ 

1 + s + s) 

1 /IS 4 40 f 

1? 

i + 24 4 5\ 

1 (9S 

t\ 33 

11 

1.1. 

~ b\ 

15 

) 

~ 6 Vli 

J ~ 30 

10 
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The correct answer is 1.0986 to four decimal places, and comparison with 
Example l shows that Simpson’s rule gives the more accurate estimate for 
the same value n - 4, || 

It can be shown that if f' v {x) exists for a < x < h, then the error in 
approximating JS/(x)dx hy Simpson's rule tor a value ri is given by 



Error m Simpson's 
rule 


where a < c < b. For example, our error in estimating J,(l/x)dx by 
Simpson's rule, with n 4 in Example 2 is given by 



24 


— ^ 0,0167 
60 


180 ■ 4 4 1 


The difference between our answer El in Example 2 and the actual value 
1.0986 to four decimal places is 0.0014, and we see that our bound for the 
error is correct. 

We now give the details of the derivation of (3), in case you are 
interested in seeing them. Recall that (x 0 , y ( >), (xj, y,), and (x 2 > yj arc points 
on the parabola y - ax 2 4- bx + c, By translating axes if necessary, you can 
assume that x* = 0, so x n — ~x 2 (see Fig. 6.21). Then 




(5) 


>' 

* 


/v = IJJT + hx + c 



>'d y i y% 



>x 6 21 
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On the other hand 


h = x, - x„ = 0 - (-x 2 ) = x 2 , 
v„ = /(*,,) = fi-x-i) = ax 2 : - bx 2 + c. 

y. = /(*,) = /(<>) = c, 

y 2 = f(x 2 ) = ax z : + hxj + c. 


Thus 



( 6 ) 


Comparison of (5) and (6) establishes (3), 

Appendix 1 gives a computer program INTRULES, which compares 
approximations of f(x)dx using the rectangular rule, the trapezoidal rule, 
and Simpson’s rule for n = 10, 50, 100, and 200. The data supplied is to 


compute 


s/4 — sin 2 * dx, 


which we mentioned earlier as an example of a tough integral. Printout 6.1 
indicates the value of this integral is aboui 1,929752909. You will note that 
the rectangular and trapezoidal rules have roughly the same accuracy for a 
given value of n, but that Simpson's rule is more accurate. This is surely to 
be expected from the geometry of the approximations. Since Simpson’s rule 
is no more difficult to execute than cither of the others, it is Simpson’s rule 
you should reach for when you want to approximate an integral. (Of course, 
there are other approximation methods.) 

Printout 6.1 


INTKULES 


# SUBDIVISIONS 


RFXTANfil.il AR 


TRAPF/OIDAI 


SIMPKQN'S 


l,9298574ti0EH>0 1 *929543937E+00 1 i 929753314€ +00 


l * 9 2V7570051; tGO 1,*2974455£F+00 I * *2? 7329 1 OF +00 


100 


1 ,*2*753*53E + 0Q I , ?2?750B:,]0F+00 1 , *297579O9E+0O 


L,929753170E+00 1,*2975230' 100 l,929752909E+00 
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SUMMARY Lef f he continuous in [a r ft"), Let [a, h] he subdivided Into n subintervahi of 
equal krngfh f b - a)fr t. 

L i Rectangular Rule) If x, is the midpoint of the i til suhintenuti (fern for 
sufficiently targe ft* 

f fix) fix •=* 4 — + /(J£ 3 ) + * ■ ' + HxJl 

J a ft 

2 r {Trapezoidal Rute) If x u * a, x u x 7 . x„ -ft are the endpoints of the 

subintemah and y u = y, = y ? - f(x 2 ) -- y„ - /(x„)„ then 

for sufficiently Inrgt? n. 

|* |> — £| 

fix)dx - , (y t1 -i- 2y, + 2y 3 + *■ * + 2y„_, + yj. 

4 An 

3 . {Simpson's Rule) If n is even and y 0 , y,, y 2 .y„ a re ns described rn the 

trapezoidal rule. then, for sufficiently large n, 

f fix) dx 

■o 

^ -j—ljjfc + 4y, + 2y 2 + 4y^ + 2y 4 + * ’' + 2y„_ 3 + 4y._, 4- yj, 

EXERCISES 


flw" fJir: rndjVfifrd rule tend emur a I n to esfiinuft! llie fnJoj'raJ. 


L f; 


tlx 


a) rectangular rule, ft 3 
K! irapezoidat rule, ft 3 

2. f dx a) trapezoidal rule, n 4 
Ji s 

VO Stiltpsosa r }i rule, n 4 


3. v3 


2cos> x tix (Use a table for cosine,! 


a) rectangular rule, ft 4, 
h i SitnpMun’K rule, n ~ 4 


4. IT = 


<i I + x 
tegral r L| Lillis it 3 

a) trapezoidal rule, ft = 4 

b) Simpson's rule, n 4 
tlx 


- dx (Chapter K will show this in- 


«. r 


0 2 +- Nin J x 

a) trapezoidal rule, ft 4 
h) Simpmm\ ruk. ft = 4 


calculator exercises 


6, 


v'4 - sin * dt; trapezoidal rule, n = 10 


(1 + x ) T tixSimpson's rule, rt = 12 


r dx 

H. I . - ■ Simpson >i rule, n = N 

J n dfa — Erne 
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exercise sets for chapter 6 


review exercise swt 6.1 

1- Find the upper sum S., for f{x) = l/U + II over 

[ 2 , 6 ]. 

2- Use geometry Lo find J^(2 + J 1 ) - x 2 \ dx- 

3. Fi nd 

+ ** <ix). 
di 

4p Find lhe area of the region under (he curve 
y x' + 2x and over the t^axis between x = \ 
and x ** 2. 

5. [f JJ fix) dx - 5 and 
i\fU) dx r 

6. Find: 

r *to 

a) sm 2x dx 


R fix) dx = -7, find 


h) 


f xJT^ 

J|h 


jc- di 


7. Find: 

a) ,f gin 2x cos, 2x dx b} J sec 1 * tan x dx 


ftp 


Find the general solution id (he differentia! ^uh- 
[iun d\')dx — v '-J y. 


Use the formula 

( xdx - 2bI 


J VUJC 4 b 

to find 


p n.'-l 

l 


sin 4:f 

r =*&■ 
V ^ + eos 2x 


I ftp Use Simpson’s 


rule with 

tJs 


n = 4 to estimate 

dx. 


review exercise set 6.2 


1. find the Ricmann sunt ifj For ft" sin (x/2) dx. 
using midpoints oF ihc suhintervats. 

2. Use geometry to find J\(5 v25 - x ' I dx. 

3. Find 

•*> 


}(lp^4 


4. Find the area of (he region over the X-axis and 
under ihc curve y lb - x ; between x -4 
and x = 4, 

H fiffxl'd.i 4 and f{x)) dx 7. find 

Si 1 fMdx. 


I nid: 
a) 


L x{i ' 

hi si 
Jn 


+ \?d* 


sin 3* dx 


7k Find: 


a) 


r oos 
J sin 4 


3x 

3* 




b) V L-A-L x eol V dx 


ft. Find the solution of the differential equation 
dyidx v cos 2x such ihm v = -.3 when x 
tt/4. 


■fe Use Mil- reduction formula 
Jfos ,x £ixdx 

cos" 1 ax sin cut 


"^1 


coh" 'rrxdx 


lo find JT M cos' 1 2 v dx 


J 0> Use the trapezoidal rule with n 4 to estimate 


1 


I i t- + 


dx. 


6. 
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nicire ch alien girt g OX*rciSft5 


1 T Sketch the graph of :t function / over (he interval 
(jO, h| for which s, < .*?. IThis shows that while a 
approaches j!; fix><ix as jj increases. we need nol 
have s',,, i a .s„,) 

2. Shiiw ihjil. for any continuous function f defined 
on |ajj|, we have S\„ == 5L For each n- (Compare 
with PseruiKL- l,i 

3. Show that if f is continuous and incrcusing on 
[0, 11 with m = I). (hen S. - ^ = f(l.)/«, 

4. Exercise 1 can lie generalized easily to give a 
simple formula for S„ in ihc case nf a con¬ 


tinuous increasing function on [u, hj, hind this 
formula for $„ - s,,. 

5, Give a formula fot S„ analogous to that found 
in Exercise 4 for the euse of h continuous decreas¬ 
ing function on \a. d? ]. 

6, Give.- .in example of a function f with domain [(). I| 
such that S„ 1 and s„ H for ettery positive 
integer n, (Of course. Theorem h,l shows dim f 
could not 1>e continuous, but it is possible fo 
choose f so that it assumes a maximum and a 
minimum over each subinterval,) 


Eiamptes 7 and M nf Serfiem fi, t .showed fruw irrfegrfl/.* < cm snrnflrniftf he found hy fcaJucltfng ifte /intif of n Jflftt. 
OmiW.'H'Iy, wYidtinp hdcJtmird ffinjugh Ihe example^ you see how rr h>nr» of U sum might hi- recognized a\ giUEflg ijn 
integral, und ihfJi euaJriaml M.sing the fuirdirmeriju/ r/ieorerpj. in Exercise,s 7 thmugili 12, n.se tin imenrai to find each. 
of dte 


, 4 4r 

?, imi - 2i — 
■■ - It tl 


10. lini — ■ 7 {\ 4 k\' 

* *" n L I 


K 

It, tint 

M 

Sr' 
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Applications of the integral 


You have seen that if fix) is continuous and nonnegative in [a, &], the 
definite integral ^J(x) dx gives the area of the region under the graph of f 
from a to h as in Fig. 6,1, Like differential calculus, integral calculus lias 
important applications in situations where quantities vary. For example, the 
area of a rectangular region is the product of its length and its height, and in 
the case of a rectangle, these quantities remain constant throughout the 
region. For the shaded region in Fig. 6,1, however, the height varies as you 
travel across the region from left to right. This is the type of situation where 
calculus comes into play. 

The definite integral is potentially useful in any type of application 
where, in the case of quantities that do noi vary, you would compute a 
product, (Since any quantity can be viewed as the product of itself with I. we 
are talking about a very general situation.) For example, if the length and 
height of a plane region do not vary over the region its area is the product of 
these dimensions. We list here several other things that may be given by a 
product of two quantities. 

Volume: For a solid with cross section of constant area A and with 
constant height h, the volume V is the product Ah. 

Work: If a body is moved a distance s by means of a constant force F 
acting in the direction of the motion, the work W done in moving the body 
is the product Fs. 

Distance: If a body travels a time t with a constant speed u, the distance s 
traveled is the product vt. 

Speed ; If a body travels a time f with a constant acceleration a, the speed v 
attained is the product at. 

Force: If the pressure per square unit on a plane region of area A is a 
constant p throughout the region, then the total force F on the region due to 
this pressure is the product pA . 

Moment: The moment M about an axis of a body of mass m, all points of 
which are a constant (signed) distance s from the axis, is the product ms. 

Moment of inertia: The moment of inertia / about an axis of a body of 
mass m. all points of which are a constant distance s from the axis, is the 
product ms'. 

All these notions can be handled by integral calculus if the factors appearing 
in the products vary continuously. This chapter is devoted to such applica¬ 
tions of the integral. 


7.1 AREA AND This section shows how to Imd the area of a more general plane region than 
AVERAGE VALUE one under the graph of a continuous function from a to Consider, lor 

example, the shaded region in Fig. 7.1 that lies between the graphs of 
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7.1,1 The area of continuous functions / and g from a to 6, The area of this region can be 
a plane region estimated by taking thin rectangles like the one shown heavily shaded in Fig. 


7.1 and adding up the areas of such rectangles over the region. This 
rectangle is dx units wide and fix) g(x) units high, for x as shown in Fig, 
71- (Note that g(x) is itself negative. The distance between the graphs of f 
and g over a point x is always fix) - gU) if the graph of / is above that of g 
at x.) Thus the area of this rectangle is 


(/{*) - gfxf) dx, 


We wish to add up the areas of such rectangles and take the limit of the 
resulting sum as dx grows smaller and the number of rectangles increases. 
As we know, the limit of such a sum will be f l(f(x) g(x)) dx. 

In computing the area of a plane region, care must be taken in finding 
the correct function to integrate. Le.. in “setting up ihe integral.” The area 
of Ihe region bounded by the graphs of continuous functions / and g 
between a and h is not always (fix) g (a V) dx. If g(x) ^ fix) for all x in 
[fl.fr], then the correct integral is indeed j£(/(x) - g (x))dx. However, if f 
and g have ihe graphs shown in Fig. 7.2, then C(/U) - gU)) dx is numeri¬ 
cally equal to the area of the first region minus the area of the second. The 
area of the total shaded region in Fig. 7.2 is best obtained by finding the 
areas of the first and second regions separately, and ihen adding these areas; 
a correct expression is 



The area of the region between the graphs of f and g from a to fr can 
always be expressed as 



indeed, as mentioned in Chapter fi, it is appropriate to define the area lo be 
this integral. In practice, one does not work with the absolute-value sign, but 
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Applications of the integral 


looks at a figure, and sets up one or more integrals to find the desired Etrea, 
Setting up the integrals is the interesting part of the problem. Computation 
of the integrals should he regarded ei< a mechanical chore, much like adding 
a column of numbers, although you haven*I had as much experience in 
computing integrals. 

We suggest that you use the following steps to find the area of a plane 
region. 


Outline for £Ti r 1. Sketch the region, finding the points of intersection of hounding 
iNrtdifls nr-em curves. 

sn ]- 1. On your sketch, draw a typical thirl rectangle either parallel 
to the y-axis and of width tfx, or parallel to the x-axis and of width dy, 

stf.p . 1 . Looking at y our sketch, write down the area dA of this rectangle as 
a product of the width (dx or dy) and the length. Express dA entirely in 
terms of ihe variable U or y.) appearing in the differential. 

stfj' 4, Integrate dA between the appropriate lx or y) limits. (By definition 
Of the integral, this amounts to adding up the areas found in Step 14 and 
taking the limit of the resulting sum.l 


We illustrate this procedure with two examples. 

Rumple I Let’s find the area of the plane region bounded by the curves with equations 
y = x a and y =? 3 — 2x. 

solution stcp I. Ihe curves arc sketched and the region whose area is desired is 
shown shaded in Fig. 7.3, The points ( 3 T 9) and (1, U of intersection of the 


y 
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Example 2 

SOLUTION 


bounding curvet are found by solving the equations >> -Jr and y -3 — 2* 
simultaneously, 

sm f 2. A typical thin vertical rectangle is drawn and heavily shaded in 
Fig. 73. 

step 3. The graph of the function 3 lx is above (he graph of x 2 over this 
region, so ihc height of (he thin rectangle over a point x is O Z£) 

The area of (his Ihin rectangle is therefore dA = [{3 - 2.0 x 2 ) dx. 

s-tv.f 4. Since we wish to add up our thin rectangles in die x-direction from 
x - 3 to x = L the appropriate integral is 

| \o- 2x) - d.t = (3* - 2 y ~y) 

= 3 1 - i - (-9 - 9 + 9) = n 

Let’s try to solve die same problem that we solved in Example l by taking 
our thin rectangles horizontally, 

snip [ + The appropriate sketch is given in Fig. 7.4. 

s-rr-r 2. Note that you can't take just one rectangle as typical for die whole 
region, for if the rectangle lies above the line given by y L it is bounded 
tin the right by die line with equation y = 3 - 2x. while a rectangle below 
the line y = 1 is bounded on both ends by the curve given by y = x '. We 
split the region into two parts hv the line with equation y - I, and find the 
area of each part separately. 

sth j 3- To find the horizontal dimensions nt our rectangles, you must solve 
for x in terms of y, obtaining x = (3 y)/2 for the line and x r\ y for 

the curve. The upper rectangle has an area of 

dA = [1(3 yi - (-y'y)ldy. 


while the lower rectangle hns an area of 


dA - fvv - (—i/y>]dy. 
stkm 4 The appropriate integrals arc 


- ("7 — 7/ 4 ■ 271 — ( s — [ -t x) 


and 


['ivy - I - Vy }] dy = f'iv'ydy = 2 - ?¥*"] = 5 - <> 


iM 

V 


Thus the total area is i\ ) u 0 V square units. Clearly (his computation is 
not as nice as (hat in Example 1. |'| 
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7.1.2 The average 
value of a 
function 


*. 


Let f be a continuous function with donum containing [ti, b], and let’s; 
consider the size of f(jr) for x in [ti.fc]. This size can vary tremendously over 
an interval [u,b], even if f is continuous. However, let's see it we can 
develop some notion of ihe average size of fix) aver [«, h], 

Perhaps the firs! natural attempt to find an average for f(x) over [a t 
is to form the average (ffu) + fib))} 2. Upon a little consideration, you see 
that we should reject such u definition of the average size for ffjc) nvei 
fe.H for (fia) + f{b}\}2 really reflects the size of JT(jc> only at a anti at J>, 
For f with graph shown in Fig. 7.5, this average f/fa) + f(b))}2 is zero, even 
though fix) > fl for a < x < b. 

Probably the next natural attempt to define ;lii average for fix) over 
[fl. b] is to average (he maximum size M and the minimum size m of all the 
fix) for x in [a, h], if this maximum M and this minimum jm exist. We know 
that M and m do exist if f is continuous in \ti r ft} For the function f shown 
in Fig, 7,5. you have M f> and m = 0, so the average ts i M + m)J 2 = 'i = 
3. which may seem like a reasonable value for ihe average of fix) over 
|fl+H But for the function with graph shown in Fig. 7.6. ihe average of fix) 
over [a, h] should surely be closer to M than hj. reflecting the fact (hat fix 1 
is close to M over mosl of the interval |it, b\. 

In order to take care of a situation like that shown in Fig. 7,6. let’s 
regard (he average of fix) over [a, h] as the height ft that a rectangle with 
base [u, b] must have ill order for the area of the reetangle to be equal to the 
area of the region under the graph of f over [a, fp] r This region under the 
graph of f over fa. h| is shown shaded in Fig. 7.6, where a rectangle of equal 
area with height k ts also indicated. Hie area of Ihe rectangle ts h{5 - ah 
while the area of the shaded region is of course ft f(x) dx< so if the ureas hire 
to be equal, you mus! have 



Definition 7.1 Let f be continuous in [fl, b $, The average (or meant value of 

/U) in [rt, h 1 is 


7.1.2 Tha average 
value of a 
function) 


r 

*. 



M -■ fi*— 

5- 

4" 

3 1 


rn - (1 
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livimple .1 
mii onus; 


SUMMARY 


Let's, find the average valine of x in L(u2]. 


We have 




8 

3 


Thus lhe average value is 


l 4 

2 - 0 3 ~~ 3 ' 


31 m and M are the minimum value and maximum value for f{x) over 
then you know that 


= nilh - (I \ 


fix) tlx ■ M\h a.) = SV 


Dividing by (fj - fl). von obtain 


par 


a . 


fix) tlx M. 


which proves that (he mean value of f(jf) in |nJ)| is between m and A7, 
Since we are assuming that f is continuous on jsj. fs|. it follows h\ the 
Interfiled tale-Value Theorem that 

1 r Ji 

-- ffx) dx — f{c) 

h a L 


for some t where it ■ c ft 3 he exisle nee ot tins r is known us the 
\t*um - Vtihte theorem fur lit? Integral. To illustrate, Fxamplc 3 showed that 
lhe mean value of in K>,2| iv !. In order to have fie I v ~ h von 
must have e - ±2(s3. The value r 2/vT does indeed Tic inside [0.2], 


1. A suggested step-by-step procedure tor finding ike area of a region 
bounded by given niraes is as follow. 

sn-.r I. Sketch the region. finding the points of intcrsectum of the fx Hold¬ 
ing rrireev. 

siii- 2, fl#i your nferteh. firou a tvjucaS thin rectangle cither parallel 
to the v-axis and of Width dx. or par,diet to the x-axis and of width dy. 

s t 11 ” 3 Looking (IJ your vfceieh, write down i/ie areti d. \ of this rectangle 
os a proiluci uf die width [dx or c/ v > and the length. Express it A entirely 
in terms of the variable ix or y) appearing in the differential, 

mlp 4. Integrate dA hetwem ike appropriate [jc or v ) friprd.v. 

2. fVie duerugtf turtle of ft vl ut [a, h| is 

1 r 

ftx)dx. 

b a 1 




















198 


Applieationt ol the mtegiaE 


EXERCISES 


In Exercaes 1 jfrrt/ugh 14, ft?ui ffc total area of the region nr rc^ini!! bounded fry tht* ^im r r[ runx'v. 


13* 

14- 


-ri- 

lt 

*i ‘ 

H 

II 

2. 

y = x\ y 1 

3* 

V 

y = X, y .x ' 

5. 

y = x*. y x ’ 

6. 

V 

y *• x 4 — t* y = 

\ - x- 8. 

It 

Hr 

h* 

1 

11 

x + 1 9-. 

X 

< 

N 

jS"i 

■-< 

II 

H 

n- 

X = Zv\ X = K 

12. v 

[Hfi 

y - sin x. v = 3 

sin x for 0 =£ x s 

rr 

x* + y = 2. V = 

0, 


v - cos X tor 0 =s x =J tt/ 4, and, 


V = SI II X , 

X - (I 

15. Express as an integral the area of Ihe Smaller 
region Hounded In ?he curves x + y = 4 and 
y - -I. 

16. Express sls, tin inEcj 2 .ru \ thi.- art!a of ihc region 
Hounded by t he curves jt - Zy : and jc 2 + y 
68 . 

17. Fxpre-bS :ih one or mor c integrals the area of ihe 
region in the first quadrant bounded, bv the curves 


IS. hind the value of c such that the region bounded 
by y = and y = 4 is bisected by the line 
y = c. 

IV. Kind the average value of the function I - _t in 
the interval { -2, 2j. 

20, t-iod ther value of <■ such that the average value of 
the function - t in the interval [—c, c] is (I, 

21. find the average value nF sin a in the interval 
[O.irL 


calculator exercises 


Evfirnulc the arms fry uiing Stoipsonv rule tviih rr = Ui m find a numerical dpimtxi mn/ian of the ititef-rcil. 

22. The area in Exercise 15 23* The area in Exercise Lb 24* The area in Exercise 17 


7.2 VOLUMES OF 
REVOLUTION: 
SLAB METHOD 


Itet a planar region be revolved in the natural way about a given lire (axis) 
fyinji in (he plane. That is, each point P of I he planar region describes a 
circular orbit, which bounds a disk having the given axis of revolution as 
perpendicular axis through its center. The three'dimensional region consist¬ 
ing of the points on all such orbits is the solid of revolution generated as the 
planar region is revolved about the axis. Figure 7.7 illustrates these ideas. 
Using integral calculus, you can frequently find the volume of such a solid of 
revolution. 

Lei’s consider the case in which a planar region under the graph of a 
continuous function / front a to b h revolved about the joaxis. Such a 
region is shown shaded in Fig. 7*8, The treatment for other regions is 
simitar. 
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I el [rt., fr] he divided inUi n sub intervals of equal lengths, as usual. 
Consider (he contribution to the solid of revolution given by revolving ihe 
heavily shaded strip in Fig. 7,W about the .r-axis, The strip sweeps out a slab 
shown in Fig. 7.9. where the minimum radius is nj, and the maxim urn radius 
is M,. The thickness of the slab is 


h — a 

- = dr. 

n 

The volume of a circular slab of radius i and thick ness h is of course •rrr J fi 1 
Since the radius of our slab varies from m, to M r , its volume V. Jjh satisfies 

s v -“ s 

Thus for the volume V of our whole solid of revolution, you have the 
relation 


h - 


a -{i -e 

’i “ i * 


h a 


( S »M. ! ) 


(I 
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Applications ol the integral! 


Outline for 
finding wInow 
(.sfuh itvtfuif) 


Riample I 


SOLUTION 


for ill! n. Now the extremes of the inequality i 1 1 both approach ft 7 rf(xf dx 
as n -* «r, so our desired volume V of revolution is yiven by 


V = 



U) 


The notation. ft ir(/(3t)) 7 dx is very helpful and suggestive in this ritua- 
lion. For .1 in [f, , f, J as shown tn Fig. 7.8. the radius of the stab in Fig. 7,9 is 
approximately f(x) t so the area of one face of the slab is roughly ir/(jr) ? . 
Since the thickness is dx, the approximate volume of the slab is irffx) 2 dx 
You then add up all these little contributions to the volume and take the 
limit as dx approaches 0 by applying the integral operator ft. You. should 
not memorize Eq, (2), but rather arrive at the correct integral 

j dx 

by such a geometric argument. 

We suggest an outline of steps to follow when using this slab method to 
find the volume of a solid of revolution. The stops arc similar to those in our 
outline in the preceding section fur finding the area of a planar region. 

step 1. Sketch the planar region that is to be revolved, finding the points of 
intersection of bounding curves. 

step 2, On your sketch, draw a typical thin rectangle perpendicular to the 
axis of revolution, i.e.. either perpendicular to the x-axis and of width dr. or 
perpendicular to the v-axis and of width dy. 

stop y, funking ai ytmr sketch, write down the volume dV of the slab 
swept out as the rectangle is revolved about the given axis. Express dV 
entirely in terms of the variable (x or y) appearing in the differential (d.r Of 
dy). 

stfi" 4, Integrate dV between the appropriate [x or y) limits. (Geometri¬ 
cally. this amounts 10 adding the volumes found in Step 3 and taking the 
limit of the resulting sum.) 

Let the region bounded by the curves with equations v - x\ x = (I, and 
y = 1 be revolved about the y-uxis, and Let's find the volume of the 
resulting solid. 

step l. The planar region to he revolved is shown shaded in Fig. 7.10(a). 
Revolving the region about the y-axis gives a solid bowl, as shown in Fig. 

7J£Kb). 

si eg 1 2. A typical rectangle is shown heavily shaded in Fig. 7.1 Ufa). When 
revolved about, the v-axis, the rectangle sweeps out a thin, circular slab. 









I-1 


-1 


Fxiinijtle 2 

soli rion 


•v 
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hi The sulk! of revolution 


uJ The pLanar region 

si ip y. I he volume of such a slab is the product of the area of the. - circular 
Face, and the thickness Cor height) of Ihe slab. The area of a face rs wx \ for 
the point (jl y 1 shown in Fig, 7Jt)(al. The thickness of the sigh is dy, so the 
volume ol Lhis slab is dV = rrjr dv. You musl express the volume ttx' dy 
entirely in terms of y\ For the point (,v. y) in Fig. 7.10(a), you have x 1 = v, so 
the volume of the slab becomes dV ~ Cir y)d\\ 

step 4, The appropriate integral is 



The axis of revolution need not fall on a boundary of the region, as 
illustrated in the nest example. 

Let's tind Ihe volume generated when ihe planar region of Example \ is 
revolved about the tine x = -1. 

sti p i The appropriate sketch is again given in Fig, 7.l<Hai, This time, the 
solid generated is shown in log. 7. El. 
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Applications of the integral 


btRiiiple 3 


SOLUTION 


stvp 2 A typical rectangle is shown, heavily shaded in Fig. 7, 111(a). When 
revolved about Che line t; = —L it sweeps out a thin, annular washer (a disk 
with a hnLe in it), as shown in Fig. 7.12. 

step 3 The volume of an annular washer is the volume of Che solid slab, 
minus the volume of the hole. The radius of our whole disk slab is 
x - (-1) - x -t 1 for the point U. y) shown in Fig. 7,12. so the solid slab 
has volume tt{x 4 I)” dy, On ihe other hand, the hole has radius 1, and 
hence volume trill dy. Thus the volume of the annular washer IS 

dV - ir(x + l) 3 dy - trf I ) 2 (f V - M* 2 + 2*My, 

You must express the volume ttU" + 2x1 dy entirely in terms of y, For (he 
point {jc, y) in Fig. 7.12.. you have x' = y, so the volume of the annular 
washer becomes dV - g<r (y 4 2v'y)dv. 

Step 4, The appropriate integral is 

| *Hy + 2s/y)dy - tr^y + |v 5 '')] = ir(^ + ^ ) - tr(0) = ™ it. \ 



A slab method can often be used to find the volume of a solid that can 
be sliced up into parallel slabs whose faces have easily computed areas. A 
solid of revolution is an example of such a solid, for it can he sliced into 
parallel slabs having circular faces. The general technique ts perhaps best 
illustrated hy an example. 

A wedge of cheese has a semicircular base of diameter 2a. IT the cheese is 
cut perpendicular to the diameter of ihe semicircle. The cross section 
obtained is an isosceles right triangle with (he right angle on the semicircle, 
as shown in lug. 7..13(a). Let's find ihe volume of the cheese. 

We may lake for th e base o f the cheese the semicircle bounded by the x-axis 
anil the graph of va = - .r, as shown in Fig. 7,13(b). The slab shown in Fig. 
7,13(al has thickness while Its faces are isosceles triangles with legs of 
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SUMMARY 


lenjiihs y 3 he area of such a triangle is y / 2, so Ibe volume of the slah is 
approximately dV — iy~l2)dx . Since y = v'a 7 - jr\ ihe slab has volume 
[(a - ' - x z )(2] dx. The volumes of these slabs should be added as x goes from 
a lo g, so ihe appropriate integral h 



= i[2a 3 - fa 3 ] - f ti\ 



T i lit ri jliI.it 
slab 





?,y3 


l. A suggested sitp-bv-siep on if inr for finding nofumes of revolution by the 
si«b method is da 1 follows: 

stfp i Sfce/cfi the planar region fftai is ro be revolved* finding the points 
of intersection of bounding e tores, 

srn.p 2, On your sketch* draw a typical thin reclangicjfVfpetidieulQr to the 
axis of revolution. i,e. m cither perpendicular to the x-axis N«d of width dx, or 
perpendicular to the y-axis and of width dy. 

STuV 3. Looking at your sketch, write down the rohone dV of the slab 
swept out as the rectangle is revolved about the giuen tutif. This stab is 
either a circular slab of uofonie 

dV = 7rr" ■ Idjc or dy) 

as in log. 17.14(a) s or « circular wash jit of uofrone 
dV = ir(K J - r i } ■ (dx or dy) 

as in Fig. 17.14th). /n either case, express dV entirely in femur of the 
variable (x or v) appearing in the differential id* or dy ). 

-■ iEP 4. Integrate dV between (lie appropriate or y) limits. 

/ 
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Applications of Ifm integral 


2, A suggested xtep-hystep procedure for finding volumes of solid* with cross 
sections of known ureas is as follows; 

strip l. Draw a figure: include an axis perpendicular to she cross section 
of known area. (Say* tm 

SI’EP 2. Sketch a cross-sectional slab peqrendicular to that x-axis. 

'rrei* 3. Express the area A (if of the face of the cross-sectional si ah in 
It'/mv trf its fMsition x on the x-axis. The uoJunur of the slab is rfufxi 

dv - A(*)dx. 

a.f rn Fig. 7.141c). 

srtiH 4. Integrate the expression for dV between appropriate x ifimite. 



EXERCISES 


|. Find the volume of the solid generated hy re¬ 
volving the region bounded by Ihc curves with 
equal kins y = i ;md v I about llie line with 
equation y I using circular slabs, 

2. Find the volume of the solid gem-rated hy revolv¬ 
ing (he region in Exercise I about the line: with 
equation x 2 , using the slab method. 

Verify the formula V' = |ur"ii for the volume of 
a right circular cone of heighl Ji with base of 
radius r, [Him. RevoEvc the region bounded by 
die lilies with equations y = Ir/iiJ-c y = d, and 
,c h, about ihc x-axis, | 

4. Verify ihc formula V \irf' for the volume of a 

solid hall of radius r. | Hint. Revolve the haH- 
disk jc •»■ y’ ^ r , y ■- U b about the a -axis. | 


51. Find (he volume of the solid genemlcd bv revolv¬ 
ing the region bounded by Hie graphs of (he 
functions r and x' about the y-axR 

fi. Find die volume of the solid generated when ihc 
plane region hounded hv the curves with equa¬ 
tions v x and v 3 2x js revolved about 

the x-axis. 

7. Find the volume of th< solid generated when the 
plane region bounded hv ihe graphs of v r and i 
is revolved about the x -axis 

8. Find lSic volume of ihe solid generated when the 
plane region bounded hy y = x 2 and y 4 is 
revolved ahoul (he line \ = - 1. 

d. Find Lite volume of the Mill id generated when (he 
plane region bounded hy y = sin i and v (I for 
(l £ t == 7T is revolved about the x axis. 
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lit. Hire! the volume- genermed when the region 
bounded by the curves v cst-i, x = tt/4. x 
3tt/ 4, and y = t), is revolved about the x-axis, 

It* A salkl has. as base the disk s' - v' a Each 
plane senior of the solid cut by a plane per 
pendk’ular to the t axes is an equilateral uriim^k 
Find the volume uf the solid. 

12 * The base of a certain solid is an isosceles right 
triangle with hypotenuse of length «. Each plane 
section of the solid cut by a plans- perpendicular to 


the hypotenuse is a ssjuare Find the volume of 
the solid. 

13, Find the volume of ihc smaller portion of a solid 
bull of radius a cut olT by a plane h units from the 
cenier of (he ball, where 0 ^ i S i 

14L A certain solid has as base ihc plane region 
bounded by r \ ' and x 4. Each plane sec¬ 
tion of lhe solid cut by a plane perpendicular ro the 
.s-axis is ait isosvL'It’s right triangle wilh die light 
angle on the graph of vi. hind the volume of the 
solid. 


7.3 VOLUMES OF Here is another method tor finding a volume cuF revolution. Suppose ihc 
REVOLUTION: region shown in Fig, 7.1? is revolved about the y-axis, This. lime the heavily 
SHELL METHOD shaded strip in Fig. 7,15 sweeps out a cylindrical shell, as shown in Fig. 7, lb. 

Let's try to find an appropriate integral fur the volume, using these shells. 

The volume of such a cylindrical shell should be approximately ihc 
product of the surface Eirea of the cylinder and the thickness of Ihc shell (the 
wall uf the cylinder). T he surface area in turn is the product of the perimeter 
of the. circle £ind the height of the cylinder. For the point (x. y) shown in Fig. 
7.15, the perimeter is 2ttx and the height is y. Thus the volume V„, jrU of the 
cylindrical shell should he about cIV «= lirxydx. Since y — /(*}, we would 
expect, adding up the volumes of these shells and taking the limit of the 
resulting sum. that the volume of the whole solid of revolution would be 





4 —>x 7.15 

h 


H "f ** 7.16 
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Applications- of the inti'qr^l 


F!n simple I 

SOMTinN- 


Thc preceding integral was set up using rough estimates, in the manner 
in which one always sets up an integral for the she]I method, A justification 
of the method cart he made as follows. Let m, and M, he the minimum and 
maximum values of fix) over ihc ith interval of length (ft ti)/n as usual. 
Referring to Fig 7.1b. taking first minimuin radius t, i and minimum height 
iHj for the cylindrical shell, and then the maximum radius I, and maximum 
height Mi, you see that 


2iriU|m,-—- ^ ^ - 

ii n 


m 


The expression 


2 -rrr.A/j 


b — a 


i i (Ii is the value id 

b - a 

(2irx)f(.r)- 

R 


tf you evaluate 2ir.i at *, = r, and fix) at the (possibly different) point V 
where f(x) assumes iis maximum value M, in this ith sub interval. A theorem 
known as Bliss's theorem, which we shall not prove, shows that the type of 
Riemann sums for six)fix) where the two functions f and g are evaluated at 
possibly different points, Xj and x,' in The ith interval still approaches the 
integral. That is. 

f g(x)/ (x) tlx = lim U - - - ( 1, fV x t l g(x,')) - 

n— u \ n r 


Using this fact and setting g(x) - 2rr.v, you see at onee from (l) that 


V = 



f(x) dx. 


( 2 ) 


Our outline of steps in Section 7.2 needs only slight modification to serve 
for computing volumes of solids of revolution by the shell method. The 
outline is revised in the summary. 


Let's repeat Example I of Section 7.2, but let's calculate the volume by taking 
thin vertical rectangles as shown in Fig. 7.17(a) (Steps 1 and 2k 

stt.p 3> As the heavily shaded rectangle in Fig. 7.17(a) is revolved about 
the y-axis. ii sweeps out the cylindrical shell shown in Fig. 7.17(b), For the 
point U, y) shown in Fig. 7.17(h). the perimeter of the shell is 2 ttx and the 
height is I - y. Thus the volume of the cylindrical shell Es 2mi(1 y) dx. 
With x limits, you must express the volume of the shell entirely in terms of 
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x, For (hi-‘ point U\ y) of Fig, 7.17(a) you have >■ - x \ so the volume of the 
Khtrhl js, 


dV - 2tta(1 - x^dx ^ Qttx - 2nx')dx. 
sthh 4, Thus the appropriate integral is 

| C2tt.x — - ^2tj"~— 2ir— ji 

-(¥-¥)—!■ ' 




E&amiile 2 I jet’s find the volume when the region bounded by y - 4 and y — x : is 

revolved about the line y I, using the shell me I hod. 

SQLt noN stt-ts 1, 2. The sketch is shown in Fig. 7J-H. 



+ s 7.1B 
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Application? ol the integral 


sn p 3- The volume of the shell is iIV = 2ffrfK<Jy). We must express r ami 

h in terms of y. In terms of the coordinates of ihe point lx. y) shown on ihe 

curve y - x ? . we have r = y I -1) — y 4 1, while h ~ 2x = 2v'y, Thus 

<fV 2ir(y + 1)2v y dy ~ 4w{y + IWy dy. 


step 4, The integral is 


f 4 tt{ V + iWydy - 4irf |y v? + V 1 ’S cly = + ^y ’ 1 * * * ! 

Jp Jo J » 

/h4 lb\ /4 1\ , 17 WSSflT , 

- -My + 3 ) = 6 * * * Mj + 3 ) “ e4ir is “ “IT- 11 


SUMMARY t 



tfV iTniHih in rfy) 7 ^9 


To find uoJuwttfS of revolution by the shell method, we suggttti the following 
steps, 

step L Sketch (fie planar region that is to be revolved, finding the paints 
of hi ter sec don of bounding cunx-'.v. 

step 2. Oh your sketch, draw a typical rJtin reciongfe parallel to (he ux/s 
of revolution^ he., either parallel to the x-axis with width dy nr parallel to 
fhe y-axis with width dx. 

s-nr 3. Looking at your sketch, write down the volume tiV = 
2 itHt ■ idx or d\ I of the shell swept out us the rectangle is revolved about 
the green axis, [See Rr, 7.19.1 Express r «riJ h in terms of the variable lx 
or v 1 in the differential 

sit.p A. Integrate the differential pohitne dV ru Step 3 between the appro¬ 
priate fx or y) limits. 


EXERCISES 


Use rhi- method of rvtindm’ui shells in oil these eifn'isex. 

1- Find the volume of iItu solid generated by revolv¬ 
ing the region bounded Ivy (he curves with equa¬ 
tions y = x ! and y I about the line with equa¬ 
tion y = 1, 

2. Find the volume of the solid generated by revolv 

iujr ibc region in Exercise l about the Lim- wilh 

equation x = 2. 

.V Find the volume of the solid generated by revolv¬ 

ing the region bounded by the graphs ill 1 hv func¬ 

tions x apd x 2 about ihe y-axis. 

A- Find ihe volume of ilw solid generated when the 

plane region bounded by Ihe curves wilh equations 


% = y' and v x — 2 t& revolved about the line 
V 2. 

5. Find 1 he volume of the solid generated wlieii the 
plane region bounded by the graphs of V r 11 nd x is 
n-vtilved slImhi! the X -El?iis 

ft. Find the volume rtf tlie solid generated when th^ 
plane region hounded by y sin x and y = b lor 
(] s 1 ■=: ir is revolved about Ihe y-axiv 

7. Find the volume of ihe luius (dough null go tier a ltd 
by revolving the disk x' + y' c- o' uhotil the line 
x i> for Ji rt | Hmr. Pail of thu integral esm he 
evaluated as ihe area of a familiar figure r ] 
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7.4 AHC LENGTH A curve given by a amtinuomiy differentiable function y - f(x) h a smooth 
i'utrv, Lei fU) be continuous, so y = fU) gives a smooth curve. We would 
74.1 length of a like to find I be length of the portion of such a curve for .v in [a, h] as in Fig. 
graph 7,21 Ha). We present two approaches to this problem. 



I Hi 



i h> 


AvriicjACH L Let’s partition the interval [a, h] into n subintervals of equal 
leiigths by points a ~ t, h < r, < - - < i n ft. We lake as estimate for tile 
length of ihe curve (he sum of the lengths of the line segments tangent to the 
curve over the points i tYl f. . „ and over these subintervals, as illus¬ 

trated in Fig. 7.20(b) with n 4, That is. if s t is the length of the tangent 
segment over the interval \i t we take, as estimate for the length s of the 
Curve 

s — 4- s? + * ■ ■ + 

Figure 7.2 1 indicates, that rf n is large,, you would expeel this sum to he a 
good approximation to what you intuitively fed is the length of ihe curve, 
I.ei s compute Since our sub interval’, arc of equal lengths. 


f. - 4-i - ffr - 


From Fig. 7,22, We obtain 


= i Ifirf + = ! Hr ‘ v ' 1 


u> 



V 7.21 



> ^ 7.22 
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Applies lions ut thn integral 


You then obtain, as an approximation* 

s - -—-|Vl -i- ftO 1 + Vt + /'(O 3 +■ • • ■ + Vl + fU ,) 3 1. <21 

n 

Now I he expr ess ion on I be right L hand side of <2’J is a Rie matin sum for (he 
function s 1 + fix)' from a tn b. Since you expect the approximation in (2,) 
to become accurate as n becomes large, you obtain 

j = f VI + r(*?<lx <31 

Eis the length of the curve. This integral exists, because we are assuming that 
f is continuous in | u, b j. 

The arc fengdi function six) for the length of the are y = f{x) from u to 

x is 

six) = f V'TTTW dt 

T1 

By (be fundamental theorem of calculus, 

^ = vl + f’lx)', 
ax 

so 

ds - 'J\ 4 fixY dXr (4) 

This differential ds is the differentia! ttf are length, and (3) may he wrilten in 
Ebe form s ~ f ds, Writing f (x) — dy/Jx, you have these easily remem¬ 
bered forms of tin: 

ds = V I + (dy/dxl 3 dx = v'VdxV' + (dyf - x[thjdyf + ] dy, (5) 

The form ds = v'idx) 7 4- f dyV is easy to remember from Fig. 7.23. We 
think of ds as [he length of a short tangent line segment to the curve. This 
concludes, the first approach to arc length. 


y 
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,\min,vn:i 2, Once again, we partition (it. to] imo /i suh intervals of equal 
lengths. This time, we take as approximation to s the sum of the lengths of 
(he chords shown in Fig, 7.24 where the ith chord joins Cr, ,, f(t, ,)) ant! 
0 H The length of this ith chord is 

- t-i) J + t/IO )) 3 = (t, - r, ,)>/l + 


W) 

n 1 \ t t - r, _, / 



Our hypotheses on f enable ns In apply (he Mean-Value Theorem to f on 
[f t L , rj. and we have 


no-fUj ,i 

I, - 4-1 




for some point x, in [i, fj. From (f4, we obtain, as lengih of our chord, 

- —vTTffeF. (7) 

n 

which yields the approximation 

S *= --- LV'l -h TUlF + Vl + fix, l 2 4 ■ ■ ■ + Vi + (8) 

n 

for the length of the are. A gain, the right hand side of (-S) is a Riemann sum 
of the function Vl + fu"iP over (into], so we again arrive at 

s - | v I + f (xf dx 


for out are length. 
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Applications of the integral 


Eicani|iie I 
SOLin ion 


Let s find the length of the curve y = * 3y2 for 0 ^ x 1. 
If y = f{x) = x m , we have 


so 




in 


Vl+(fU»-= Vi+Sjc. 

The length of our curve is therefore 

4 u h- : ; *) 3 '- y 4 2 /my^ 

9 ' 3/2 J 0 9 ' 3 U 4 / 

8 (13)^ 8 (13f /2 -8 

27 8 27 “ 27 

The radical that appears in (3) frequently makes evaluation of the 
integral difficult; examples have to he chosen with care to enable you to 
compute the integral by taking an antiderivative of v 1 + f ix) - But you 
know there are numerical methods (such as Simpson's rule) which you can 
easily use if integration causes difficulty. 



7A2 Arc length of Consider a smooth curve with parametric equations 

a parametric curve ... . , , 

x = hill y = MO 

where h r (t) and fc'(f) are continuous functions of f. A formal manipulation of 
Leibniz notation from (5) leads to 

ds = 'Jidxy + [dy) = \j (j”)" + ffl 

t hus you expect the tola! distance traveled on the curve from time t = ti to 
time f — ft to be 



f 10) 


This is the way you remember (9) and (10), but it cannot he regarded as a 
proof. 

To prove (10), partition the interval [a, ft] on the f-axis into to submter- 
vals of equal Lengths, so that a — t u < h < ■ ■ * < 4 = ft. We approximate 
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Example 2 

SOLUTION 
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the arc Length by adding the lengths of chords of the curve, as in Approach 2 
above. The ith chord joins the points 

(hOf-i), feOf^t)) and (fift), fcft)). 

The length of this chord is therefore 


v'jTidi) - feu t)]“ + [k(0 - kU-i)P 


-VP 


MU - ilUi-dY , fk(t /) - k(t t L }\ ? h - a 


- k 


! M 


fi - fp- 


By the Mean-Value Theorem there exist points c f and c/ between ^ _ x and t, 
such that this last expression becomes 


+ kW ) 2 --—- 


The total length of the curve from t =* a to t = b is therefore approximately 

— • t v'fe'te) J + fc'fef. 

n i_ t 

This sum is almost a Riemann sum for the function vV(f) 2 + k'(/) 2 over 
fa, b]. The only problem is the mo points t\ and c/ in the ith interval used 
to evaluate the two summands under the radical. But there is a theorem of 
Bliss, mentioned in the last section, which also says thai such a type of sum 
approaches the integral of the function as u -* This establishes (It))* 

Let’s verify the formula C = lira for the circumference of a circle having 
radius a. 

We lake as parametric equations for the circle 

x = a cos t , y = a sin t for 0 ^ f ^ 2-ir* 

Since dx/dt = -a sin t and dy/dt a cos r, we see from (10) that the length 
of the circle is 

1 2tt_ 

vi a sin 0" + (a cos (p dt 

i 

J *2tt ^_ 

va dt 

0 

J 1 2 tt 

(1 )dt 

Q 


= 2tT£L 
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Appl rcatiorts pi the integral 


SUMMARY I. If f r {x} is continuous., rh^n rke (t'Ogfk of arc of the graph V - fix) from 
x = a to x - b i'j 

s = [ VI + fU)' d*- 

2. If k'US and fc'(f) ate txtolinutwx. (ken the length of the curve x = h(D, 
y - k{f) traveled from time i,> to time i t is 

s “ J 'jidxfdt) 7 +■ [dytdtf tII 

3, The differential ds of are fengifi takes the following forms: 


ds 



EXERCISES 


Jfji Exenvxa I through K, find the h-ngdi (t f the came tvriJi the giitfp x.y-Cfjuaiitm or pamnurtnc i-^uunonr. 


1. y 3 « x' from (0.0] to (4.R) 

3u 9*' = lfiy J from y 3 f» v h, x > 0 
5. y x 1 + U/fij l front x 1 to * 2 

7, x = r . y = i.(2i + if 1 " from ( 1) to I = 4 


2. y ftuT - from ji =* % to x = 4 
4+ y = x 11 ' from x 1 to x = 8 
6+ x 2 " + y*' = a 23 ' 

8. x = a eos’i. y a tin 1 ! from i = 0 to t = nil 


tn Exercises 0 through I I, txirres\ the an. Jcrtgrii a.t an integral. f'Jo rial tiUempi ro perform iftr m(t j eration. 


9, The length i if y - Jt ’ from n I lo r S, 
f0. The length of ore of ibe ellipse 



for |*| s 1, y > 0. 

It. I he loial Length of are of the curve 
x ■ sin 1, y = cos 2 1 , 


12+ Find the approximate length of I he curve v 
sin it from x = H to t = f'i. 03 . 

13. E imd the approximate lenpih of ihc are of the 
curve x = 4(. v - sinf from f 0 to r = Ll.ilfi. 

14. Find a lie approximate value of N > 0 such thai 
the length of ihc curve * = sin r, y = lan t from 
t = 0 to l = f t is 0. L 


calculator exerdMS 

Use Simpson't rule with n I Cl To wppruJrimn-Se the an tengifi described hr 

15, Exercbc 9 16. Exercise If] 17. Exercise ll 
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7.5 AREA OF A 
SURFACE OF 
REVOLUTION 


If the.' it re of it smooth curve y f(x) for a jl h as shown in Fig. 7.25 is 
revolved about the x-axis, it generates a surface of rcemTudnu, as indicated in 
the figure, ff you take a small tangent line segment of length ds at (jc. yl and 
revolve this segment about the x-ajik as shown in Rg. 7.2ft, lhe surface area 
generated bv this segment would seem to he approximately that of a 
cylinder of radius |y| and the heig ht ite. that is, approximately 2rr yj ds. Since 
y = /(jc) and ds = v l + (/"'(*))" dx. we arrive at Lite formula 




The preceding paragraph indicates how you can easily remember the 
formula 11). A justification of the formula can he made along the following 
lines. Partition the interval \a. fr] into q subintervals of equal lengths. 
Consider the inscribed chords to the curve over the subintervals, as in 
Approach 2 of (lie previous section. Equation (7) in the last section showed 
that the length of the ilh inscribed chord of the curve can be written 


6 - a 

IE 


vl + 


for some Xj in the ith suhiidcrvaJ. Let c, and c/ be chosen in the ith 
subinterval so that 

I f(Ci\\ is The maximum value of \f(x)\ over the subinterval 
and 

is the minimum value of |f'l.v)| over l he subin larval. 

Then surely ihc surface area element generated by revolving this jth 
inscribed chord satisfies 

2 ir|f(c, < )l—— r v / l + rUiT 1 area element s 2v ^ v'M 

n ii 





























Applications of the integral 



By the theorem of Bliss referred to in Section 7.3. both 

b - a 

n 


+ fW 2 } 


* —- X (2tt |f(q)l VT + fU?] 

II 

approach (he integral in [1) as n —* This justifies (!}. 

If ihe curve is given in the parametric form x = li(f). y = k{t'i for 
i 0 a i i-, t t . anti if the curve set is traversed just onee for ( in [t ()1 r,|. then (1 > 
takes the form 


S - j'lir |fc(OI V(h'(r)) 2 + (/!'«)¥ dr. 


( 2 ) 


If an arc is revolved about an axis other than the x-axis, the formulas it) 
and (2) arc modified in the obvious way. You “add hy integrating" the 
contributions 2irf-(ds) where ds is Lhe length of a tangent line segment to the 
curve and r is the radius of the circle through which this tangent segment is 
revolved. 

The general formula for surface area of revolution is thus 


Surface area * 


- s - £w 


i radius Of revolution) th , 


O) 


where f\ and are appropriate limits and ds is the differential of are length. 

Exsimpk- i Let s find the Eirea of ihe surface generated by revolving the arc of y - x 2 
from {0,0} to U. 1) about Ihe y-axis. 

soumoK You have dyfdx - 2x„ so 

ds — Vl + 4x 7 dx. 

The radius of revolution is x. as indicated in Fig. 7.27, Then {3} becomes 

S = | 2vxih - | 2tt1v' 1 + is 2 ill = ^ j Sufi + 4i I ) , ' 3 dx 

IT il + 4.VV' 2 ! 1 = | (1 + 4jt T ) »l l _ J (5< /5 _ 

,6 Ji> o 



3/2 


H. 


> * 7 27 
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l x 4 m pi? Z 


Lei’s derive the formula A for the surface urea of n sphere having 

radius ti. 


soilition 


Wc view the sphere as the surface generated by revolving die semicircle 
x - d cos r* y = a sin r for U < t ^ w about the *-axi&, Here formula (2) is 
appropriate, and we obtain 


A = 2tt(x sin fV(—c2 sin i}"' + fu cos () 2 dt 


'[* 


= Inti | (sin fWu' th = 2mr | sinfxJiT 

— Zmi 2 (-cos 1)1 = 2ira J [ l - (—1)) = 4mr\ 

In 


SUMMARV L. If an (ire of a xmnnrfi curve is revolved about urr axis. then the area of the 

surface generated is 

S - 2-irfrndius of TevolwtSan I da 
-v, 

for appropriate limits f, and { 2 . 


EXERCISES 


In Ejccn':i.xcjs I (fTripci^ft 9, fimi cite- area of the surface of 

indicated mis, 

1, y = Jf from tR. Ml lei (I. I) about (hie x-axis 

2. y U-X 2)'" from x vZ to x 4 about the 

y -a xis 

2. y x*/4 i 1/t.Kx'l From x = 1 to x = 2 about 
die y-axis 

4. y Ja x from x - -a to x = a about the 
x-axw. (Note that (hix wifi derive again lhe for¬ 
mula fur tile surface area of a sphere nf radium a 1 

5. y ]x v from x d to x 2 about the v-axis 
(Use a tabled 

hi Exercises HI rhmnj^i Id. eXprevA i'Fil' surface cm-tl t>f i 

HI, y - x J from x H' Sti k =2 about the line y = 
-4 

11. v x' from x d to x 2 about the line x 
-3 


cnofution obtained by r«Mjfi?iNg ihe giuen curw about the 

6, = a cos 'I, y xisixil from t II (n I ir/4 

about the X-axis 

? H x = r. y = f ! - 2 from j = d to t = 3 about the 
y-axte 

8+ x = r a /2 + 2f T y = t + I from 1=0 to i = 2 
about the line y - — 1 

9, x = 2i + 1, y = r di from t = 3 to i = 4 
alniul the line x = 4 


Lifdixuiwr a: an integral. 

12, x v’ + 2y from y l to y 5 about the line 
y = H) 

IL x = sin y from y = t) hi v it about the line 
x = 2 
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Applicatiorif of the integral 


calculator exercises 


Use Simpson's mJr with n = 10 to esirmaie dir area of the surface of Jvre/nri<wi gfoen hyt 

14. v *' from Jt 0 to x 2 about the r-ixis ifi. i = y 1 + 3y’ from v = 11 to v 4 about the 

15. v ~ sin x from j; = 6) to X — it ahoui Ihe y-axis f Tajt15 


7.6 DISTANCE 


Fxampli.' L 


SOLUTION 


If a body travels on a line with constant velocity y, then the distance s 
traveled after time t is given hv the product \v\ i. The absolute-value sign is 
used since v is negative if ihe body is moving in the negative direction on 
the tine. Thus \v\ is the speed of the body. 

Ef ihe velocity at time f see of a body traveling on ti line is 2i + l L'l/ssce. let’s 
find how far the body travels from l ~ 2 see to time ( - 4 see, usirig integral 
cate ulus. 

Since distance equals the product of speed and time, assuming that speed is 
constant, we see that at lime i, ihe distance traveled over the next small time 
interval dt see is about (2i } r) di ft. We wish to add up these, distances as t 
ranges from 2 to 4, and take ihe limit of the resulting sum as dt —*■ th The 
appropriate integral is 



T2 

3 


Thus the body travels M i'ft, |[ 

fhe velocity or a body moving on the x-axis is considered positive if it 
is moving to the right and negative if the body is moving lo Ihe left, Thus the 
integral of Ihe velocity v from t, to i ? will give ihe total distance traveled 
toward the right, minus the distance traveled toward the left between these 
limes. This "resultant distance'’ may not give a true picture of how far the 
body has traveled; it does tell you the distance of the body at lime t 2 from its 
position at time f,. To find ihe actual distance traveled, you must integrate 
the speed \o\. Thus, if a body starts at time I,, stops ai time l lT and has 
velocity u(f) For t, £ t e t,, then 


7.6 DISTANCE 


Fxampli.' t 


solution 
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Sample Z Suppose the velocity at time l of a hotly traveling on a tine is 
cos (nt}2) ft/sec 111 us at time i ~ () s the body is moving at the speed of 
I ft/sec in the positive direction, while at time l 2, the body is moving in 
the negative direction at the speed of I Fl/scc. Let's find the total distance 
the body travels from time t = 0 to time t — 2 „ and also the distance from 
start to stop. 


solution We need to compute 



r dr. 


Now cos i irt{2) is positive for ti t < t and negative for 1 < r ^ 2. Thus 
we have 



Therefore the body travels 4 /it It from time t = tl to lime i 
The distance from Rian ui stop lor this body is 

12 I 

= - to - m = o, 


sec, 


f ■ / it 

\ , {2 . IT \ 

cos - E 

1 dr - ( — sin - r 

\ 2 

/ W 2 f 


Thus this body returns at t 2 to the point where it started at i ~ 0. 


SUMMARY 

1. If a body on a line has tdociiy ui t) at time t and starts at time i t arid stops 
at time dwtl 

p 

Dirtaitce from start to stop - id it dt. 

vi 


Total distance traveled ' 

J |t>(i)|dt 

EXERCISES 




In r.vcrroo" I ifcmEifjh ft. rhr utlority r of a hotly on o line u gteen as a function of lime t. Find: 
i'l thf tliMantd from begin*! i tig point to ending point, ami 
iil 1 ihf Mli'd distance iraivicti in Jhc indiratoti rim; rn (errsai. 
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Applications of the integral 


I* if = l — 3 

2, if = 2r — r 

3. v = r - 3( + 2 

4* v - sir i 



fi. u - If ^5 


a) 0 t * 2 
a) 0 ^ r < 2 
a) n 5 r < i 

a) 0 ^ t ^ -rr 
a) 0 s f ^ t 
a) 0 sis5 


h) Isis 6 
h) 0 ^ f < 4 
h) 0 < f ^ 2 
h) 4) =s ( sS 3 tt 

h) (i sts2 

h) D < f < 10 


c) 0 < r - 3 

e) (1 s J s 4 


In Exercises 7 rfimitflh 10, acceleration a as a function of time t and the initial vela city v„ when f — 0 arc given. 
Find; 

a) the velocity of the body as a function of U and 

h) fhe total distance the body travels in the indicated time interval 


7* a - 3, v 0 -0 ( 0sis2 
9. a = sin f t e>„ = 0, 0 ^ f ^ 3 tt/2 


H. a - 2r - 4, Vo - 3, f) ^ t ^ 3 
10 . a = — 1/v‘T n, u n = 2. 0 == f < 4 


7.7 WORK AND 
HYDROSTATIC 
PRESSURE 

7.7.1 Work 


If a body is moved a distance s by means of a constant force F in the 
direction of the motion, then the work W done in moving the body is the 
product F$, For example, if a body is being pushed along a Erne by a constant 
force of 20 lb directed along ihe tine, then the work done by (he force on the 
body in pushing from position s = 0 to position s = 10 is VV r - 
20- 10 = 200 ft-lb. 

If the force acting on the body does not remain constant, but is a 
continuous function F(s) of the position $ of the body, then the work done 
over a short interval of length ds is approximately F(s) ds T for some 
position s in this interval, Adding all these contributions to the work from 
starting position s = a to stopping position s = b, you obtain 


W = 



(1) 


Example 1 The force F required to stretch (or compress) a coil spring is proportional to 
the distance * il is stretched (or compressed) from its natural length. That is, 
F = kx for some constant ic, the spring constant. Suppose that a spring is 
such that the force required to stretch it one foot from its natural length is 
4 lbs. For this spring, k — 4, Let’s find the work done in stretching the 
spring a distance of 4 ft from its natural length, 
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solution Work is defined as the product of force and distance, if the force remains 
constant and is in the direction of the motion. Thus, as our spring is 
stretched an additional small distance dx at a distance x from its natural 
length, the work done is approximately F - dx = 4x ■ dx. We wish to add all 
these little pieces of work from x = 0 to x = 4, and take the limit of the 
resulting sum as dx approaches 0. The appropriate integral is 


f 4 x 2 Y 

4xdx = 4—- 

2 J o 


64 

— - 0 = 32, 
2 


Thus 32ft~lb of work arc done. 


7.7.2 Hydrostatic If the pressure per square unit on a plane region of area A h a constant p 
pressure throughout the region, then the total force F on the region due to the 
pressure is the product pA. If the pressure does not remain constant 
throughout the region, one attempts to find the total force bv integrating 
p * dA where dA is the area of a small piece of the region throughout which 
the pressure remains roughly constant. 


Example 2 The fluid pressure per square foot at a depth of s ft in water is about 
62.4s lb. Suppose a dam 16 ft high has the shape of the region bounded by 
the curves with equations y = x 2 and y = 16. Let's find the total force due 
to water pressure on the dam when the water is at the top of the dam. 

solution The region bounded by the curves y = x* and y = 16 is shaded in Fig. 7.28. 

For small dy, the pressure at a depth s on the strip heavily shaded in Fig. 
7.28 is nearly constant at 62.4s lb/ft ? \ The area of this strip is 2xdy, so the 
force on it is approximately 62.4s(2* dy) lb. We want to add up these 
quantities 62.4s(2xdy) over the region as y ranges from 0 to 16, and take 
the limit of the resulting sum as dy approaches 0, We must express this 
quantity entirely in terms of y. For the point (x t y) in Fig. 7.28, we have 
s = 16 — y, and y = x : , so x = V y. Thus 

62.4s(2.x dy) = 62.4(16 - y)2Vytiy = 124.8(16y 1 ' 2 - y 3/2 ) dy. 

The appropriate integral is 


( 




124.8(16y 


1/2 


y 3/2 )dy = 124.8(16(|)y 3/2 - fy 5 ' 2 ) 

- o 

= 124 + 8{16(|)64 - (1)1024) - 0 
= 124.8(1Q24)(§ - |) 

= 124.8(1024)^ = 34,078,72. 


Thus the force is 34,078.721b. 
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Application* of the rrtlH.'flrftl 


>' 



SUMMARY 1. tf the fort e acting an a body in the direction of its motion afortfl ct /fit* 1 is the 
function F(s) of the position s of the htydy, fJttfpt (he work t/uftt' by the force 
(ft mtftMflg flit 1 body from position u _ a to position s - h is 


W 


r 


F(s) ds. 


2. The pressure exerted by water (if depth s is about [h2.4n Ib/Fr'. Let a 
submerged vertical plate have its rop ai a depth a and its bottom at depth b. 
tf the area of a thin horizontal Strip of fhe plate at depth S (S f/ieri 


Total force on the 


p/a(e = [ (62.4}s * dA. 


EXERCISES 


1 f Find the wnrk done in stretching tlie spring f>F 
Example I from 2fl longer than its. natural length 
to Mi linger than it* natural length. 

2. tf o spring has a natural length of 2 ft imd m force 
of I It lbs is required to compress the spring 2 hi. (to 
a length nf 22 in, I, Hnd the work -done in stretching 


the spring from a length of 26 in. to a length of 
in. 

3. A cylindrical tank of radius 2 ft and height it) ft in 
full of water anti is emptied by dropping in n hoisc. 
pumping all the water up to the top of the tank, and 
lulling it spill over, Find the work done. 
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4♦ Two electrons el distance s spurt repel each oilier 
with a force kfs' where Jt is some constant. 

ei!i If an electron is m the point 2 tin the s-anis, 
find (lie work doin' by the force in moving 
anotlier electron from ihe point 4 to the jKiint 

8, 

h) If an electron is al the pciim (I of ihe .\-a\is ond 
another b at (be point 3, find tfie work done by 
the forces m moving a third electron From the 
point 2 to the point h. 

5, According to Newton’s Law of Gravitation, the 
force of attraction of two bodies of masses or, and 
rn : is Glif^rrij/r), where s is the distance between 
ihe bodies and G is Hie gravitational constant, Ef 
the distance between two bodies of masses ui, and 
m, K a, find the work done in moving the bodies 
twice as far apart 

6. I.el a body of mass m move in the positive direc¬ 
tion on the s>iixEs subject only to a force F acting 
in the positive direction along the axis. (The mag¬ 
nitude of the force may vary with the time (.3 3i ihe 
bt,H|y has vlEekciI v v. Ihe kmefii energy of ihe body 
is (3 S2h nte, Show that ihe work done by ihe force 


from lime t, to time for r, < (•., is equal lo ilte 
change tu the kinetic energy "f ihe body between 
these times. | Hint, by Newton’s Second Law of 
Motion. 


F = mn 



rti 


da it\ 
rfi iH 


dv 

m — n. 
dx 


Consider both F .mtL v as functions of the position 
x, of the bcM.lv at time t, and express ihe work 


VV = j F(jc)dx 

as an integral involving e, using Newton’s law. I 

7, A vertical dam is in the shape of a semicircle of 
radius 36 ft. with the diameter of ihe circle at tli-e 
top of the dam. Find the force on the dam when 
ihe water level is al the top of the dam, 

tt, A cylindrical drum of diameter 2 Tl and length 4 fl 
es filled wiih water. Find the force on one end of 
Ihe drum if the drum is lying on its side. 

9. For the drum in Lxerrise 8, find ihe force on the 
cylindrical wait of the drum if the drum is standing 
on end. 


7.9 MASS AND 
MOMENTS 

7.8.1 Mess 


The mass of a body is a numerical measure of ihe 1 ‘amount of material" il 
contains, In this section we arc interested in bodies that lie in the plane, such 
as a thin plate or a piece of wire. 

The masx density p of a Hat plate at a point (x y ) is the mass that a 
piece of area I would have if the plate had everywhere Ihe same composition 
and thickness as at the point (jc. y). A piece of wire has mass density 
per unit length, rather than per unit area. In general, mass density is a 
function pu, y I of both x and y, hm in this section, we will be concerned 
only with the ease where il is either a function pt.vi of * alone or p(y) of 
y alone. Three-dimensional bodies and more general mass-deiisiiv functions 
are treated in Chapter 18. 

To find the total mass of a plate with mass density pU’L you multiply pU) 
tty the area dA of a thin perries/ strip °f the plate of widih dx r and then 
integrate ihe resulting expression’ 



Mass = m 


( 1 ) 


















Applications- of the integral 


EiHmpI*! 3 


soLirnoN 


Ktainple 2 


formula (1) also holds for the Truss density p(yh hut then you take a chin 
horizontal strip of height dy. 

Consider a Chin sheet of material exactly covering the plane region hounded 
by She curves y = x\ .r - 2, and v = th as shown in 1%. 7.29, Let’s find 
1 he mass of the sheet if the mass density at a point i..t. y) on the sheet is s/I 



The mass density is approximately constant with value y'x throughout Che 
strip with the heavy shading in Fig. 7.29. The strip has approximate area 
x- d.e, and hence approximate mass (Vx)(.t dx). We wish to add these 
masses as x goes from 0 to 2 and as dx approaches 0. The total mass is 
therefore 

f (v'Th* 2 (ii) = [V'= its =t* ,S T = fa 7 ' 3 0 - TV^ units. II 

At At Lt 

For a wire of mass density p> you integrate p ■ da to find the total mass; 

Let a wire lie on the curve x = y 7 from y = 0 to y ^2 and have mass 
density Icy for a constant k, Then 

ds = of(dxjdy) 7 + "t tfy = V4y 3 + 1 dy. 
so 

r2 _ i ri 

m - fcy>/4y + 1 dy = - Hy(4y' + l) ,;3 dy 
Ak ° A> 

k 2 l 2 

= ^[17^17-11 |l 
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7. (1.2 Moments 

First 


^nampli- J 

SOLUTION 


Mnnumr (jjf incrTw 


I cl tin axis iei the plane have one side designated as I he positive side and the 
other as the negative side. Loi example, points rn llie light of it vertical axis 
are on the positive side, while points above n horizontal axis are on I he 
positive side. The first nttwitfflf for simply the moment about such an axis of 
a point of mass jm is nir. where r is ihe positive or negative: distance from the 
axis. If the body is a plate, take a thin strip of mass dm = p ■ dA para he I 
to the- axis and a signed distance t from the axis. Then 

f 1 * 

First moment = M = r ■ dm (2) 

for appropriate timils a and A. If ilie body is a wire, then dm * p - ds. We 
s1ih.II often l>e interested in the moments iVf, about ihe x-axis and M„ about 
the y-axis, 

Let's find the moment \f v about ihe y-axis of the sheet of material 
described in Hxample I, 

All points of the heavily shaded strip in Fig- 7.29 are approximately the 
same distance x from the y-axis if d.x is small. Since ihe mass of this sirip is 
approximately {Vx'KV dx) = r v ’ dx. you see that ihc moment of ihis strip 
about the V-Hxis is approximately S.v)(x dx). We wish to add the moments 
of these strips as x goes from t) to 2 and as dx approaches 0. The moment 
iVf v is therefore given by 

* = |2^ 2 - 0 = *H2. l| 

■o 

The .second moment tor rmmiem ttf fn-terfiu 1 / of one of these plane 
bodies about an axis is given bv 

Second moment - J ~ | r 3 dm, (3) 

and in general, 

rilh moment = jf r" dm. {4} 

The second monienl / appears in the formula 

K.E, = {5) 

for the kinetic energy of rotation about an axis of a body with moment of 
inertia J and angular speed of rotation w. Thus if ynu wish to double ihe 
kinetic energy of flywheel rotating with a lixcd angular speed w. you inighl 
modify your flywheel so that the mass is moved v'2 times as far from ihe 
axis. 


M, 


= = j 

Jn m I I 




■ 2 'ii 

dx 7) x 
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.Applicatkins of the- integral 


Example 4 


Example 5 


SUlillllN 


SUMMARY 


Consider again (he sheet of material of Example I To find the moment of 
inertia J v of (his sheet about the v-asis. you should multiply the mass 
dx} - xdx of the strip in Fig, 7.29 hv the square of its distance 
from the y-axis, and acid these contributions as dx approaches zero. You 
arrive at 


K = 




^ r ii n 
t |X 


= ffv5. II 

Sometimes it is not convenient to take horizontal strips when finding 
A*. or vertical strips when finding Af v . If ihe density P is constant, then you 
can consider the mass to be concentrated at ihe center of ihe strip when 
computing moments, as illustrated in ihe no*l example. 

Let’s find the moment iVf. about the x-axis of a plate of constant mass 
density .7 covering the region bounded by y - (] and y = sin x for 11 ^ x ^ 
■it, as shown in Fig. 7,30, 


V 



We consider the mass 


dm p ■ (LA - 3 sin x tlx 


to be concentrated al line midpoint of the strip, where the distance from the 
x-axis is y/2 - (sin x 1/2- Thus, using a table of integrals, 

”■ ■ [ 5 r'=‘“*>'<" -![*** -1(| Hn , 2l )]_ 


For muss density p and rtreai d,4 a signed {ptmUce or nevuUve ) distance r from 
art axis , 
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1. 

2 . 

x 

4 . 


' " “ 1 ' 


Total ttiasx = m = \ p * dA 
I r mt moment = M = r< p • dA 

■VI 

Second moment iof iniLTiia ) I = if rp ■ dA 

nth moment - r"p ’ dA 

■*dJ 

white a and b are appropnidl? limits. 


EXERCISES 


1. The triangular rcgifin with vertices (thill, (a, 1)1, 
and (fl, frl fur a > 0 and b > (I is covered by a 
sheet of material whose mass density at » point 
f;r, y) is ky 1 . 

;0 Find the mass of the sheet. 
b) Kind the first moment of the sheet about [he¬ 
x-axis. 

2. l et the mass density at a point U. yi «f « r 1jlEt ' 
covering Lhe sem icircula r disk bounded by lhe 
x-axis and y e'j - i 1 k' 2iv •+ !l. Kind the 
mass ui the plate. 

3. A metal plate k cut from :l thin sheet of metal of 
constant nuts* density 3. If the plate just covers 
the first quadrant region hounded by the curves 
y = ih y 1, and x = (h find the tirsl moment 
of the plate about the y-axis (Assume ihe units 
a re compatible, and don't worry about the uniis 
fur the answer ) 

4. For the plate in Exercise 1. Find its first moment 
about the axis with equation x 2. 

5. For ihe place iu Exercise l. hud its moment of 
inertia about lhe ,r~axix. 

Con adder a chin rod of length a with constant 
masv density k {mass per unit length L 

rO Find the first moment of the rod about an axis 
through an endpoint and perpendicular to ihe 
rod. 


hi Find the moment of inertia of the rod about 
the axis described in fa), 

I. Repeal Exercise U in case the mass density is kx\ 
where x is the distance talons the rod from the 
axis of rotation, 

B„ Let a wire lie on v x ' from x = 0 to x. 2 ttnd 
have constant mass density p 5. Kind the mo¬ 
ment M, of the wire about the x-uxis. 

U. Lei a wire lie on x = v’ from y = 1 to v 4 
and have mn.s> density pi.y ^ ~ 3vv, Express ax an 
integral the first moment Af of the wire about the 
y-axis, 

SO, Find the moment of inertia of a flat disk of radius 
u and constant mass density fc ahoul an axis 
perpendicular to ihc disk through its center. 
| Hint. Add ihe moments’of inertia of concentric 
circular -hvashers^ bv integration,] 

It, Express as an integral the moment of inertia of a 
ball of radius « and constant mass dcusilv k I muss 
per unit volume) about n diameter of the hall. 
[Mfui, Add the moments of inertia of cylindrical 
shells with the diameter as axis.] 

II, Show that the first moment of a body in Ihc plane 
about ihc line x = — u is .Vf, + ma where M, in 
lhe miinenl about the y-axis. (This is known as 
the ‘"•PurcJfd Arts Theorem ”) 
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Applications of the integral 


T 9 CENTER OF 
MASS, CENTROIDS, 
PAPPUS' THEOREM 


I' XJimple | 


soli mciN 


It can lx proved that for a given body of mas* m r there exists ll unique point 
Inoi necessarily in the hotly) itt which you may consider ihe entire mass of 
the body to lx* concentrated for the computation of brsi moments about 
euery axis This point is the center of mass (nr center of gravity) of the body. 
11 the (signed) distance from the center of mass of the body to an axis is s, 
I hen the first moment of the body about the axis is m.s. f We worn you ihat 
there is no "center of media " for a body where ad the mms can he considered 
(n be concentrated for the amtpittation of moments of inertia about every oris,] 

I tie centroid of a plane region is defined to he [he point that would he 
the location of the center of mass of a thin sheet of material of constant 
density covering the region For a thin sliced of material covering a plane 
region, let the center of mass be hr, v) as shown in Fig. 7,3 L If you let the 
mass of the sheet be m ami its moments about the * and v axes he M, and 
M, /r respectively, then 

M x — my, 

since the (signed) distance from 1 1, vJ to the X-axis is y. Similarly, M.. mx. 

Thus 


m ui 

Since you know how in compute in, and iVf., you can now Compute 

ttyl 



l.,et L s compute the centroid of ihe half-disk bounded by v = v'u- x~ and 
the x-axis, as shown in Fig. 7.32. 

We assume dial the half-disk is covered by a than sheet of constant mass 
density p. By symmetry, x = (I, Fo find y = MJm r we need only compute 
Af s , for we know that the mass fie will he ihe product of the constant density 

















t 
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p and the area, so that 

7TO ’ 

m = p ~T- 

By symmetry, to compute M*, we need only compute the moment of the 
quarter-disk in the first quadrant about the x-axis, and then double it. The 
moment about ihe x-a xis o f the Mrip shown in Fig. 132 h approximately 
(yHeady). Since x = v'7ry% we arrive at 

M t - zj (y KpJa y = Zpj y{a ? ~ y 2 V' 2 4y 

= ^ ft® 1 y’V c (-2ydy) = -p(*){«* - y') 5 ' 1 ]] 

= p*|*o i-p vr ff 1 ) = 

Thus 

_ Mjt _jpn 11 4d 

V m trpa 2 /2 3ir 

The centroid of the half-disk is therefore {(J,4fl/37rL II 


y 



The following is known as Pappus' theorem. 

ThiWJwin 7, t (Pappual 1. If a plane arc of length L is revolved afwui an axis in the plane but not 

intersecting ihe arc, then the area of the surface generated h the product of 
the length L of the arc and the circumference of the circle described by ihe 
Centroid of she arc, 

2. If a plane region of area A is revoked about an axis in (fee plane fmt not 
intersecting the region, then the volume of the solid generated is the product 
of the area A and the circumference of (he circle described by the centroid 
of the region, 

Obviously these theorems make similar assertions for different dimen¬ 
sional objects. Let's sec why ihe second version is true. Consider the region 

















-+■ - 


230 


Applications of the integral 


Example 2 


Example 3 


Hhuwn in J ig, 7 .. 33 . and suppose it is revoked about the y*axis. Using ihe 
shell method* the volume generated is 



where dA is the urea of the dark-shaded strip. Bui 



m 


and from (1}, M v — V/2ir. so x = Vf(2irA) and 

V = 2irJC ‘ A t 


(3) 


which is the assertion of Pappus’ theorem. 


V 


Si lip Of :Urn iiA 





x 7,33 


h 


If ihe tine segment joining (r,Q) and (Uji) is revolved about the y-axis, it 
generates the surface of a cone (see Fig. 7.34), Let 


be Ihe slant height of the cone. The centroid of the line segment is at the 
point (,r/2„ htf2) r so* by Pappus’ Theorem, the surface area $ of the cone is 



Lei’s use Pappus" Theorem in find the centroid of the half-disk in Fig. 7,32, 
using the formula V - 'mi' for the volume of the generated bail. 

You know the area of the half-disk is *rfl*/2. If its centroid is (0* y)* then 

V - \im 1 = 2 try ■ lira 7 = ir 2 a z y* 

Therefore y - (4aV(3Tr>, as we found in Example I, || 


Example 2 


Example 3 


SOLI Tin* 
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SUMMARY 


1, The venter of mass (centroid) of a plane body (region ) is (T y) where 


X — U'tll V — 

t Fi m 

2. ( Pappus' Theorem ) If a plane body is retwlved about an uxis in the plane 
of the body frut not intersecting the body, then the volume (ota) K£rierflted 
h equal to the product rtf the area (length) of rlie body and ffie circumfer¬ 
ence ttf the circle described bv lht h renfrotf of the hotly. 


EXERCISES 


L Give an example of a body whose eentef of mass 
is not a point ir the body. 

2, Find by integration the centroid of the triangular 
region whose vertices are (lM>h id, (if, (b. fo), 
where u > Is and ft > 0. 

3* Find the cen troid of the region bounded by the 
curves y Vfl" - x 1 . it = u, and y a. where 
o > 0. j Hint, Use symmetry,! 

4. Find the center of muss of a sheet of mass densily 
2y i 3 ihat covers the plane region hounded by 
the curves y x anti y = 4. 

5. Find the centroid of the region bounded by ihe 
ureh of v = sut .v. for 0 =e x rr. and the Jt-axis, 

6. Let ihe half-diskl> ■ y VI s' be covered by a 

sheet of material oE constant mass density p. Find 
the lirst moment of ihe sheet about the line 
x 1 y 4. | Hint You know the center of mass 

oE Ihe si iluI from Example L] 

7. Let the portion oT the face of a verticill dam that 
is covered by water be a plane region of area 
A ft' whose centroid is at a depth % ft below the 
surface of Ihe wilier. Show that the force on the 
diLiu is 162.4 Ex A lb, 

8. Let a ftat body uf constant mass density k cover 
the unit square with vertices Hi. lb, (1.0), n> r 11, 
and (LI), 

ii) Find Lhe moment of inertia of the body utioui 
the y-axis. 

hi hind the moment of inertia of the body about 
the line -t = -a. 

et Find a point Ui. yj in the hody such that ihe 


mnmeni of inertia of the body about either die 
.i ■axis nr v-nxis is ihe product oF the. mass and 
ihe square of Ihe distance from (*, v,) to the 
axis. 

d) Find a point (JCj r yd in Ihe foody such I hat the 
moment of inertia of the body about cither the 
line x -a or ihe line y = -u is the product 
of the mass and die square of she distance 
from Ijs, y 7 ) to the line, 

e) Compare the answers lo (ei and tdh and com¬ 
ment on the result. 

*>. The radius of gyrafLn f? of m body about an axis 
is defined by 

fi = y/5m, 
so thyi f 1 mR 2 , 

a) From die answer k/3 to Exercise K(ag what is 
the nidi us of gyration about ihe y-uxix of a 
homogeneous flat body covering Ihe unit 
square? 

bl From lhe answer 

{{ci ■+ 11 * 2 * 4 5 6 7 8 * * 11 - n \ 

3 

to Exercise K(hK what is the radius of gyrslinn 
about the line i n of a homogeneous lint 
body covering the unit square? 

I IK Use Pappus Theorem to lind [he volume gener¬ 
ated when the half-disk bounded by v = v'l s' 
a ml y = II is revolved ahoiil die given line. (The 
centroid of lEie disk was found m Example Id 
a) v I hi y = t ci y = 2 

d) x = 2 e) x f y = 4 
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Applications of the integral 


It. A square olf side u is revolved about an .nxts 
through a vertex ;tnd perpendicular to the 
diagonal of the square at that vertex. Use Pappus’ 
I her lie i n to find the volume generated. 

12, Given that the volume of □ right circular cone of 

exercise sets tor chapter 7 


review exercise set 7.1 

I, Find the ares of (he region bounded hy the curves 
V = v'2x and y = {x\ 

2h Find the volume of the solid generated hy revolv¬ 
ing the region bounded by y 4 x' and y 0 
about the line v - - f. 

J. The work dont in sinctchEng a spring one fool from 
its natural length is IS ft-lbs. Find the work done 
in stretching it 4 feet from its natural length. 

4- Find the arc length of the curve y = 2(x +- x1' lrt 
from at = fl to x y. 

5. I ind the area of the surface of revolution gcrcr- 

ravlpw exercise set 7.2 

1. Find the atea of the region hounded by x = 
4 — y J and x 3y. 

2. Find a he volume of ihe ho lid generated by revnlv- 
ingthe region bounded by y x' and y = x + 2 
about the line x = - I, 

J, The face of n dam is in the form of an isosceles 
triangle with 40 fl base at the top of the dam and 
equal 30 fl sides at the sides of the dam. Find the 
total force of the water on the dam when the water 
is at ihc top of the dam. 

4, Find the value of x such that the length of are oF 
the circle x - 5 eras r, y ~ 5 sin i, measured coun¬ 
terclockwise from (5.0] to (x. y), two units. 

moro challenging exercises 7 


altitude it and base nf radius r is use 

Pappus' Theorem to find the centroid of the 
triangular region with vertices d'hO), 0), 

(fl, ft), for r > fl and h > 0, 


aied by rotating the arc y = x Vv‘3 from x = 0 to 
x = l about the x-axis. 

A. Find the total distance traveled on a line from 
1 = 1 to f 4 by a body with velocity tt = sin nt 

7- A thin plate trovers the re gin n bounded hy y 
I - x m and y - 0 and has mass density y 4 3 
at the point lx, y). Express as an j integral the 
moment of inertia of the plate about the x-jixk. 

». Find the centroid of the region bounded by the 
curves y = jx" and y = VZ*. 


5. Find the urea of the surface of revolution gener¬ 

ated by rotating the are of the circle x = 3 cos l t 
y ^ 3 sin r from ( 0 to t = ir/4 about Ihe y-axis 

6 . The velocity of a body traveling on a line is given 
by u = 4 - r J . If the body starts at time r = tt. at 
what time has the hody traveled a total distance of 
lb unite? 

7- Find the first moment of a homogeneous semicir¬ 
cular disk of mass m bounded by y = ^25 a 
and y = 0 about the x-axis. 

S. Rod ihe center of mass of a thin triangular plate 
with vertices at (0,0). (3, 4), and (0 r 8) if (he mass 
density of the plate at (x r y) in x + 1. 


t. Using Pappus' Theorem, express cj.t a djigfp in- 
tegruf the volume generated by revolving the le¬ 
gion bounded Isy y = x 1 2 * 4 and y J about the line 
¥ = x - 2. Evaluate the integral. 


i. Find the area of the region in Ihe first quadrant 
bounded by y = x\ y x f + *K x = 0, and y = 
25. 

3, Express as a sum of integrals the volume generated 
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when ilit. 1 region in IXxereise 2 is revolved about tlu- 
line 3 jc I 4y — 12, 

A, W.iior Mows from .l pipe at In ik i miruilcs ul a niie 


nf-liVf I + U gaj/miii for f - 0. hind the amount of 
water that Hows from the nipt.' during Hie first hmir 
of Clow, 


The Temainin^ exercises iUn-unue fmw an inferred may fmr used to estimate a mm 


PrtH'i 

Z fe Jrl 

IMWOO 1 

s -a 

400U 

1 (KM) 

UOtiO + Jtf 

1 1 

7+ A carpenter has a compel iu hang lOtl doors in u 
housing project. 11 takes him one I lout to hang the 
lirsl door. Using the enperliw he continually Ju¬ 


ki ms. he finds thstl the lime required to bang the 
i\ ih duor «Tier ilie lirst is 3v'fi minutes less than 
one hour. Estimate ihe lime required for him to 
hung nil 1 OH duorsi, 

K, A manufacturer tinds shat -i newly hired employee 
is able to seal 4(1 +■ 2$rt cartons during the nth 
hour of work, except that* once a level of 00 
cartons per hour rs reached, ibeTe is no further 
increase Estimate ihe nuittter of cartons Ihe em¬ 
ployee cun seal during the first Ifitm hours of 
work. 


ft. EstimiiK’ 


X 
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Othar dkmfintarv Functions 


8,1 THE FUNCTION 11 « is an integer, you know [hat 

In jt 


8,11 An integration 
problem 


JC n efjt ■= ——- + C for n / — t. 


Jt 4 I 


As yet, we haven’t encountered a function that is an antiderivative of the 
function 1/x. We would like to find j{1/x)fk. 

Of course. (llx)dx exists, since 1/jc is continuous in [1*2 ]. Moreover, 
the fundamental theorem of calculus (Theorem 6-4, Section 6.2) tells us that 
\} x docs have an antiderivative for x > 0, namely K w lie re 



<n 


The value F(.v] is equal to the area of the shaded region in Tig. 8.1. {If 
a positive number other than ! is chosen as lower limit for the integral in (1), 
the resulting function just differs from T by a constant.) Thus the funda¬ 


mental theorem of calctrius enables us to "firtd' J up antiderivative l of I /x. 


at least For x > l). This function f‘ ri extremely important. You will Sec 
later that jF has the formal algebraic properties of the logarithm function you 
studied in high school, so the notation ’in" For F in the following definition 
is appropriate, 



y 


Definition B.1 The function In defined by 



( 2 ) 


is the fnatiivuiy logarithm function and In ff(l/r)df is tlU' (natural) 
logarithm of v for any a > tk 
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From lhe properties of the integral discussed in Chapter 6, you see at 
once that 


and 


In l 


- di = 0 

i 


(3) 


r >u if x > i* 
i <0 if 0 < x < 1. 


(4) 


The graph of In* is shown in Fig, 8.2. More justification for this j»rapK 
appears shortly. A table of some values, of In x is given in Appendix 3 at 
the end of the text 


y 



6.1.2 The calculus 
of In x 


From the definition of In x in (2) and the fundamental theorem of calculus, 
you see that 


ddn Jp 
dx 


1 

- for x > 0. 
x 


(5) 


By the chain rule, if u = gfr l where g is a differentiable function, then 


d<ln u) t du 

---for u > 0- 

dr u dx 


( 6 ) 


You may wish to memorize formula (6), which we shall use often, 
Ficnioplc t Using (6), you have 

d(ln (2ge + 1)) ! d(2* + 1} 2 


dx 2x T 1 dx 

Example 2 Using (6) again, you obtain 

dflnisinx)) I d(sin *) cosjt 


2js + I 


, x > — 


= cot je, sin x > U, 


dx 


sin jf dr 


sm x 
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From (6), vou obtain the integration formula 

f — = In w + C for u > fl, 
J u 


(7) 


Let'is now consider J (l/i) dx for x < <L If wc lei n = —x, then n > 0 and 
du = — 1 dx. Then 

j - Jjc = | = I ^ - tot M + C = In {-x) + C for x < 0, 


Thus = ln(-x) + C for x < fl T so, by the chain rule. 


f 


— : = In (— u) + C for u < 0. 

U 


m 


Formulas (7) and IK) can be col looted as one formula, namely 

[ — = In |u| + C. (9) 

J n 

Formula bM is extremely important, and you may wish la memorize i< also. 
Example } We have 

J — dx = In |x|J = In j — I j ln|-2| 


= Jn l - In 2 = -In 2, 


Example 4 Let's find J xf(x ? + U dx. 

sniamoN [f we think of x~ +■ 1 as w, then du = 2xdx. Fixing up the integral, wc 
obtain 


Example 3 

SOLUH otv 


f 


x 

x 7 4 1 


dx 


\ f lx 

2 J x 2 + l 


dx = - In \x 2 4 


11 + r 


Since x’ + i is always positive, the absolute-value sign is really nm needed 
here. || 


You can now find J tan x dx. 

You have tan x sinx/cos .t, and If you let u cos x, then dir = 
-sinxdx. Thus, fixing up the integral. 


| tan x dx 


f —— dx 

J cos x 


-J 


COS X 

-sin x 


QOS X 


dx 


= -In |cos x| f C || 
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Eianipk 6 


0.1.3 Some 
properties of In rr 

Tftnjrrm fi,l 


Finally, you would like to he able to integrate In x. We easily find that 


d(xiltix) - x) S , , , 

-- Z - = x - + In x - 1 = in x. 

dx x 


Thus 


|In x dx - xfln x) X + C, 
Therefore. by the chain rule, 

|(Id u)du = u£ln u) — + C, 


( 10 ) 


nn 


for a differentia hie function il You may well ask how- we knew we should 
try xllnx) x as a candidate lor an antiderivative of In x, You would 
probably arrive at x(ln x) - x after a bit of experimentation. There is also a 
technique of integration called -, i integral ion by parts.” which can be used to 
obtain xfln X) - X without guessing, Until you learn how to integrate by 
parts, you should consul! a table for formula (11) if you need it. 

fly formula (1 l) i 

| x In (x 2 + l)dx - J j (2x)ln(x a + I)dx 

= h[(x 3 4- 1) ln(x‘ + I) {* 2 + J)] + C. || 

Many integration formulas found, in a tabic involve the logarithm 
function, and you can now handle these formulas. 


Wc shall now see that the function In x satisfies properties that relate 
multiplication: with addition. These relationships make in x a very important 
function indeed. 

For tiny a > 13 am/ ft > 0 and for any rational number ( fraction) r, we haue 


In (ah) - In a + In b; 

(12) 

In (alb) - In a - In b; 

(13) 

In ( a ') = Kin a). 

(14) 


Theorem K.l makes our use of the name ^logarithm” for ibis function 
seem more reasonable, You arc familiar (from high school) with a logarithm 
function that satisfies t 12), (13), and (14). You may wonder how we could 
ever show these properties from I he definition of In t in {23 as an Integra I. 
The way ii is done is fascinating. To show (12). we show that the functions 

fix) — ln {ux) and g(x) = Inn, 4- In x 
arc identical. We can then obtain (12) by setting x - b. 
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fwo /rMifirnrPi Here is an outline lor a method of showing that two differentiable 
are equal functions fix) and fj(js) are the sianie, 

A. Show that f — g\ 

B, Show that f{c) - g(c) at one point c in the domain of the functions, 
From (A), you can conclude that 

if - gV = r -% 1 = a 

so you must have 

fix) p( x) k 


for sonic constant k and all x in the domain of the functions. Since 
f(c) - gCc) by (B), you obtain 

0 = fic) ~ g(c) = k , 

<io k = 0 and fix) - g(t) for all x in the domain of the fund inns. 

Let’s apply this technique to demonstrate (12), (13), and (14). Lei 
f(x) — In ax and lei g(xl - In a + 3n x for X > 0. Then 

11 11 

fix) - — a =- and g'(x) = (> + ---, 
ax x xx 


so f{x) = g%s), and condition (A) is satisfied. For condition (B). we find 
that 


/CD — In a and g( 1) - In a + In l = In n, 

since (3) tells us that In 1 - 0. Therefore f{x) = fi(x) for all x > 0; in 
particular, fib) - g(f>); that is. 

In |«M = In a + In £►, 

which establishes (12). 

It is convenient to establish (14} next. Lei h(x) In(t') and k(x) = 
r(ln x) For x > (L Then 

h'(*) - — (rx' l ) = - and k*(x) = r— = - , 
x r x xx 


so condition (A) is satisfied. For condition (ILL we have 

Ml ) = In ( V) ~ In I - 0 and Ml) = Kin I) = r - 0 = 0, 
Therefore Mx) “ fcU) (or all x > 0; in particular, caking x - a, we have 


In(n') Kina}, 


which is (14). 
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Evwmple 7 

AOI.UTION 


From ^ 3 4), we set: that 

In = In </> ') = — 11 In fr) = -En fr. 

Using (12), we then obtain 

In (|J = ln(a^) = In a + bi(j) = In « - In h. 
which establishes (13). 

The properties of In in Theorem 8 J can sometimes be used to simplify 
the differentia I ion of a function defined in terms nf In, 

Let’s differentiate In (Tfjr +■ I)(2 jc I 3)}. 

Usin(12) and (14) we obtain 


l/[EMvV “ W(2x t- 3 ))] d[i(In(jt 2 + I) + In+ 3))] 


dx 




dx 


2x + 


2.x + 


2 Vi" + 1 
-i- I 

x- + 1 + 2i + 3* 




X > ~ ~ . 


Since d(ln x Vd.i \fx anLl {\Jx) > (I for x > 0, we see that In x is an 
increasing function. How ever, since lim, _(1/.v| - 0. we it ho see thal the 
graph iif In .x becomes closer amt closet to horizontal as ^ becomes large. 
We would like to discover whether In x becomes large as Jt becomes large* 
or whether In t remains less shun some constant r for all x -I. Similarly, 
we would like Id know (he behavior of Inx near 0. These limits give the 
answer: 

lim In x = « and lim In X = 


We obtain ihese limits easily from i 14) us follows. Surely hi 2 > 0, since 
In 2 - T, (llx) dx. In fact, estimating ,jTf (l / jc) r/jc by the lower sum s Ll you 
find that 


therefore by < 141 


In 2 > 1, 


In(2") ■ n(in2) > «(t) - r. 


(IS) 


As n approaches “, so does u/2. Thus for large values 2" of .t„ you see that 
In .x is also large, so lim,-*... In x — *, 
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From (13) and (15), 


In (±) - In 1 Jn 2 * 0 In 2 < -\- 
Ustnt 114), vou. have 

'“GM4M-3-4 


(16) 


As it jjcis large. ('1" approaches II ami — u/2 approaches —®, Thus 
lim, _,|i, In r - These limits justify our skcidi of the graph of In* in 

Rg. 8.2, 


SUMMARY 


1, 

2 . 
3 


P 1 

hi * ■= - dr for * > 0. 

Jj f 

Tfte Krnph of lit * is shown in Fig- K2. 

d(ln uf I du 

dx it dx 


= In |u| 

) U 


+ C 


5. 

6. 
7. 


hi iab) - In ti -+ In b 
In (d/fr) = In u - In It 
In Ifl' ) - r{ In a) for 


for a, ft > 0. 
for a, ft > t). 
a > 0 . 


EXERCISES 


l, I- ihe function In continuums 1 ?' How du you know? l, Estimate In 2 by finding rhit.- upper aum S* for ]/* 

on [1,2). 

3. bind ttic equation of Hie line tangent to the liritph 
Of In Jr a| the point (], (1), 


Itt Exert'iso, 4 through I I, u.sr jjropmrtw 1121, (13). and 114) te estimate the quantify, wreri thtu In 2 =* 0.7 arid 
In 3 == LL 

4. U\\ S. In 6 6. In 8 7- In 12 8, Ini 9. In 27 1ft, In V3 II, la ^4 

In Exercise* 12 t/iroufth 23?. find the diriwifiue of the pawn fmjciinn. (hr properties Of In *, where applicable, to 
simplify the differentiation. 


n. 

ln(3t 4 21 

-m) 

13. In (v'x) 

(4. 

In (*’) 

15, In darnel 


Ifi. In (cos 1 *) 

11. !# 

X 

17. 

18. Un x) : 

19. 

(In t )(sdn jc i 

2ft. IrlAi 1 

4x) 

22* 

In Luce x tan x) 

23, In |<j 

+ 4x1 2 P* 

- 2f] 24. 

In (cOS^Jt si El "Sjc i 

25. 

Ian CLn x) 

26, 

In (In x \ 

27. In (#v2x + 31 

28. 

cot tin x ) 

29, 

MS 
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In F-'im'j wa ill 1 43 find die Rii^rt fmegrtlf Klf hotel jtsjrig nddea. 

I 


17^ 

ss - fa 
4# - I fa 


+ If 

X 

4? 


dx 

tlx 


“■ I 

- Iv 
41 - Is 


2x 4 3 
dx 

I 


dx 


31 


•fa 


37. 


1.1 : i 2 JC ri Jl 

iix 


cot 3 jl cii 


- L 

J Alin 


(3x + 1 f 


dx 42. 


*} 

sin i 


t + WJS .c 


lit 43. 


•I 

. [_i 

J x In 

I 


tx‘) 

hit] A 


dx 


CiW x 


dx 


{» Exercises 44 through 5 1. find (be jjiiwn Utegfal, using tables if necessary, 


44 


■r 


X + ] 


<fx 


«■1 


4H. 


r_i— 

Jfv'9 + X 


tlx 


4*?. 


(2t + If 
3 ^9 


dx 


dx 


52. a) Shim that for t > I. we have Itt i < 2 (Vf - 11. 
| Hi Hi, Com pare f\{l tx) dx with J(J /V x) dx 
for i > I.J 


4(k 


X f 1 


dx 


SO. f 

■life 


sec 2 a dx 


34, 

f 31 


J x* + 

l d 

3*. 

fsec 'a 

dx 

J tan x 


47. 


51. 


» ^ x 

[>§ 


dx 


fix 


In Using part lal. find Mm. . filnx>/x|. 

c) Ukijip pfflrt thl. limL Lim, 1|tt |x(ln X )]. [Hint 
Lei x Ifu and iind the limit as u — *-. ] 


calculator exercises 

53* RsiimatL Ira 5 = f. -(J/jc> dx, usinr Sampson's rule 55, Solve (hurl" 4 In x K - U. 
with n 20. What is. the error' 1 ' 

54. Solve In Jt x 2, 


8.2 THE 
FUNCTION e- 

S.l.t Inverse 
functions 


A curve in Che plane is Che graph 01 a function >' = f( j l if each vertical line 
meets the curve in at most one point. (Recall that \ = f(x) rtiiisil not assign 
two v-values to one x-value .) If each horizontal lint 3 : meets (he curve in a I 
most one point, then the curve defines, t as a function of y. 

If y - f[x), lhe graph of f may define x as a function of y also; it will if 
no horizontal line y - c meets the graph in more than one point. For 
example, ihe function y f(x) - x 1 in Fig. 8.3(a) does rjof define x as u 
function of y, there are actually two natural functions, .t v'y and x ~ 
-/y. given by this graph. On the other hand, y ~ x shown in Fig. 8.3(b) 
does define x as a function of y, namely, x ~ v'y. 

If y - f(x} dt^s define x as a function of v also, this Function is called 
I he inverse of f and is denoted by x f 'CvL Of course, the domain of f 1 is 
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the range of /, and the range of / is the domain of f. Furthermore, since 
y = fix) and x f '(y)* you have upon substituting each relation into the 
other 

y = fit '(y)) and x = f'(/(*))■ 

Example I The graph of fix) = (x - l.)/(x + 2) is shown in Fig. 8.4(a), and you see that 
/ has an inverse. Let us find / '(x\ and sketch its graph, 

solution If y « fix) = (x - ])I(x + 2), then x = f l (y]. To find x = we 

simply solve y = <x — 1 )I(x + 2) for x. We have 

x - 1 

V = T~^ * 

(x + 2)y = x - L, 

(y - l)x = -2y - 1, 

2y + 1 

x =---- . 

y - 1 

Therefore f ’(y) = -(2y + I )/{y - 1). We wanted / B (x), and of course 

/ 1 (x) = —(2x + l)/(jc - 1). The graph of y = / '(x) is shown in Fig. 

8.4(h), Note that it can be obtained from the graph in Fig. 8.4(a) by 
reflecting in the 45° line y = x, t his reflection interchanges the x-axis and 
y-axis, which is what happens when you form an inverse function j| 

Suppose y = fix) is such that the inverse function x = f -1 (y) exists, 
and suppose that f(x n ) = You know that / is differentiable at x r> if and 
only if the graph has a nonvertical tangent line at (x f1 , y a ). By analogy. 
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x “ / L (y) is differentiable at y J( if and only if this same graph has a 
nonhorizmtal tangent line at (x th y»). This will be true if f(x,>) exists (the 
graph has a tangent line) and is nonzero {the tangent line is not horizontal). 
This makes the following theorem seem at least plausible. 

Theorem H.Z Let y„ = f(x u ) and let f(x (k ) exist and be nonzero . // rhe inverse function 
x f ] { y) exists, then it is differentiable at y ts . 

If y = f(x) is dilferenliabie and defines x as a function / 1 of y, then 
you can find dxldy by implicit differentiation. From 

y - fix) 


you obtain, differentiating with respect to y. 


so if fix) ^ 0, 


I = fix. 


dx 

dy 


dx _ 1 dx _ 1 

dy f(x) ° r dy dyfdx 


Once again t the Leibniz notation for derivatives is very suggestive. 
Let f(x) = x\ Then / 1 exists, and / 1 (y) - yNow f{2) - 8, so 


if X YW - 



1 _ l 

3x 2 | 2 ” 12 ■ 


Example 2 
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For art alternate computation. wt have x = y 1 ' 1 , so 



I 1 


3 4 12 


S.2.2 The 
exponential 
function 


v 

Jk 


.T 



li is easy to see that if y - f(jc) is increasing (or decreasing) for all x in its 
domain, then the graph does define jc as a function of y, for a horizontal line 
cannot cross an increasing graph twice. The function In % is increasing for 
x > 0, since d(ln x)(dx * l/x > b. (See Fig, 8*5.) Therefore y = In jc 
defines x as a fund ion of y, the inverse function of In x. We shall denote this 
function by exp(y) rattier than In 1 (y) for the moment, El is the exponential 
function. 


Definition ft.2 The (mil unci) exponential function is ihe inverse of the natural 

logarithm function, y — \n x. 

In the last section, we showed chat Lim k _., In x = f - and linn, In x = 
x . Since In x is continuous, it follows, by the Intermediate-Value I heorem, 
that its range includes every real number y. Consequently (here is a 
unique number e such that In e - 1, 1 Ties number e is one id the most impor¬ 
tant numbers In mathematics; it has been computed ihat 


[ lie number t\ like the number -it. is One of those numbers one encounters 
naturally in mathematics. Both tt and e are irraiional ntrnifrm; that is, 
neither can be expressed as a quotient of integers. 

Using one of Ihe properties of In jc, you see that 



In te r ) = r(ln e) = r(l) = r 


( 1 ) 


for any rational number r, Since exp is Ihe inverse of the function In. you sec 
at once from (I) that 


( 2 ) 


exp r = e 


for any rational number r. Equation (2) explains the use of the name 
"exponential, 1 ' for e r is the number e to the exponent r; i.e., it is e raised to 
the rtli power. We have not defined a' except for x a rational number. 
F.quation (2) suggests that we define e A to be exp x for tiny real number jc: 
note the labeling of ihe graph in Fig. 8,fi. From now on, we shall use the 
more intuitive notation e c to denote the exponential function. 


S.2.2 The 
exponential 
function 


v 

• k 


.T 



















K.2 The? lunction e" 


247 


8.2.3 Properties 
of 0 * 


As indicated in Fiji. 8,6 the exponential function tT is an increasing function 
and 

e l > 0 for all x (3) 


This is a useful fact to remember. Since the equations y - in j and x = e y 
arc inverse relations you see that x = - e ln \ so 

e' nx = x, (4) 


Similarly. 


in k A t — x 


15) 


follows from the inverse relationships y — e l and x - In y, You see at 
once from Rq r t4) that 

in jc is I he power to which e must he raised to yield x. 

This is sometimes a useful way to think of hi x. 

Equation {4} enables us to give a definition of a 1 ' for anv u > 0 and 
any real number b. Since 


we define / by 


hiiMi for a > 0. 


r Hie usual laws of exponents hold for the function e\ namely, 


if>) 


e 4 ♦ ** = e « + \ (7) 

^ - e" t (8) 

€ 

{e*)* = e 1 *. (9) 

To verify 17) and (.8). simply take the natural logarithm of each side of the 
equation; In x is an increasing function, &o In x t - In x- 2 must imply x, x 2 . 
Thus 


llttf" '€*) - Ink 4 ) + lnk p 't - a + K 

white 

In k u * h ) = a T b 

also. Therefore e“ ■ e lh , = e 1 " ’ 1 ’. Similarly. 


and 


ln(^]i = ln(e*) ~ ink 1 ') = b - fr, 
hi k 4 “ D ) = Q - h„ 
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which establishes (8). Finally, by Our definition in (6), 
(e»f ^ - e** = e"*. 


U.2.4 Thc» calculus Since in x is, differentiable and its derivative i/x is never zero, Theorem 

of e" 8.2 shows. lhat the exponential function ts differentiable. If y = e \ then 

x ~ In y. Implicit differentiation of x = 3n y with respecL to jc yields 


i =1 .& 

y dfjc 1 



We have shown lhat 


Thus the exponential function e* is etnc fra ngerf fry JrjIJWenltizffflh. fills is one 
of the reasons the exponential function is so extremely important, If u is a 
differentiable function of je, then, by the chain rule. 


You may wish to memorize formula (10). We wuroi you not fu COh/tise (10), 
which giuei (fie "‘derivative of a constant io d function power, ’ with ffre 
formula d{u n }fdx = rtw" 1 ■ {dujdx) for the '‘‘derivative of a function to a 
conrtam power . f1 


Example 3 We have 


.> „ d(sinx) 


‘ COS X. II 


= e* 1 " 


dx dx 

From d{e*)fdx = e\ you obtain 



( 11 ) 


and from (10), 



( 12 ) 


for n differentiable function u. You should learn formula (12) also. 


Emm pie 4 Let’s find j xe' dx. 

sOLLtflON Taking u ~ x ? so that du = 2x dx and fixing up the integral, you find that 
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HriaHy, we mention that our old formula 


dun 

tlx 


r ■ u 


du 

dx 


holds for cuery real number r We have 

,rCln wl 


«PO = »)> = e v, . f , I. du 

dx dx dx ir dx 


r 1 dll j du 

= r m * — • — = ™ ■ — 

u fix ax 


SUMMARY 1, if y = fix) also defines x us a function of y, tfieri x is the inverse function 

/“' o/ y* jo rlaaf x = r'(y). 

2. ff y - /(x)i (hen 

r = 77 "~, * . 1 v if fix) i* o. 
dy f(x} dyidx 

3 e is the unique number such that In e = 1. 

4 P y = e x is the inverse refaftiem to x - In y, 

5, e 1 "" = x fr. In e A = x 

7, eV = e*"* 8* e*fa u = e fl ~ h 9. (e“) h = e* h 

du 


10 . ^ - e - . 

dx dx 


II. Je"«bl - e" + C 


EXERCISES 


In Exm-Kt's 1 [/iroui'Jr 12, ««■ properties of InKariitimir gnd exf viiien tuii functions fn simplify the jgiivn expression, 
I. In (e ? ) I. c' 1 ' 1 3. 4. 


a 


5. In 

9 £ 4 ' 11,31 


ft. e' 


Id. In (^) 


7. tf "•**«■ 

II. ’ 


fn Exercises 13 through 22. find the derivative of the gran function. 

II e 3 ' 14. xe' 15. r^sinx 

17. L-'(ln2x> IB. Iafi(# a ) 19. e"“ x 

21. e' tK 22. xV lJ 

In Exercises 23 through 2M. find the rtwh Integra t without die rise of tables. 


H ill 3 -In 1 
« ^ 

12, Inline! 


16, !■'+£■ 
20, 


**■ r**' 


dx 


J4. jxV' 


dr 


25. j(si 


single. Jt 


2* f" 


U-'“ 


e ')dx 
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29* Sketch the graph of f \ 

30. Find: all values of r?i such thus y t' 


is a 


solution of i he differential equation 



- 5 — + 6v 0. 

CIJC 


8.3. OTHER BASES 
AND LOGARITHMIC 
DIFFERENTIATION 

8*3.1 Other bases 


= II. rwini- Suhsitimtc w eTj 

j 0* 

= 0. 


The function e 1 is sometimes called I he expaticntiai function whft haw i\ 
Using (he functions e T and 3n .v, wc can easily define an exponential function 
a ' with any base ti > 0. Since a ~ e lnH ' and (f ,n41 )* - .e' 1,11:1 |,T , it 353 natural £0 
define 


for any real number x. Now y = t j ' is an increasing function with range all 
y > E), It follows l hat if a ^ 1, I hen y = is an increasing function for 

a > I and a decreasing function if 0 < a < L again with range all y > t). 
Consequently the inverse id the function a' ~ e l|n<IJ * exists. Wc summarize 
these observations. 


Definition 3.3 The exponential function with base- a > (I is debited by 

(T = e tlr,ajK . (1> 

Tor a ^ 1, the inverse of a 1 is Ihc logarithmic Function with base a and is 

denoted by log,,. 


'I hus In - log,, is the logarithmic function wiih base e. For the functions 
a* and we have the relations 


8.3. OTHER BASES 
AND LOGARITHMIC 
DIFFERENTIATION 

8.3.1 Other bases 


a 


= x 


(21 


and 


log, (V) - x. 


(3) 
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Example L 


Lit high school, you worked with the function log l0 x With a - 1th Eq. (2) 
becomes 

10 k, *' » K - jc, 

so that Jog ltN x is the power to which UJ must be raised to yield x. 

For any a t , and ,, the three properties 



(4) 

a* 1 ' 

(5) 


(6) 


of the function a' follow at once from the definition of a* in (U and the 
properties of r T shown in. the last section. From these properties of a \ one 
easily obtains, for ti, > 0 and h, > 0, 

iaM * logo a, + (7) 

lofe, (^j - log* a t - tog,, i> I, (s) 

log,, = M |o g, Oi). (9) 

IF /(*) and r(jc) are functions, it is natural to define the function f{xY , ’ L ' 
for all * such thai fix) > 0 by 

ftOI'wUI 

The derivatives of the functions introduced in this article are easily 
found since, they arc defined lit terms of the exponential function. Indeed, 
unless you have a good memory, we surest that you simply express all such 
functions in terms of the base e when differentiating or integrating, rather 
than memorize the formulas found below. Thai is. repeal the derivation of 
the formula each time. To illustrate, 


d\.d l \ 

ilx 

This gives the formula 


■W"’*) = rftllnaHt) 

dx * dx 

= (a’Kin a) — On a Ha'}. 


dU iM 
ttx 


(InaHa'h 


( 111 ) 


We have 


<i{T) 

dx 


die""-") 

dx 


= On 2)e rto 1Mt 


i\n2)2\ || 
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Example 1 We have 


iHx') J{e (ln " 1, 

dx dx 



= (**)Qax + 1). || 

Example 3 Changing to base c and! fixing up the integral, 




=- 

In a 


tlmai * + C = - a' + C. 


= T“ e 4- f. = — 

In u In a 

Using the chain rule, you obtain the formula 



nn 


The derivative of the function log,, can be found by implicit differentia¬ 
tion, since (10) gives the derivative of the inverse function a x , We leave as 
an exercise the demonstration that 


(see Exercise 27), 

Probably you will have little occasion to use calculus with exponential 
or logarithmic functions to bases other [hait c . With base a = e, she 
annoying constant In a becomes Inc - 1, and Ihe calculus is easy to handle, 


8,3,2 Logarithmic Rather than use the technique of the Iasi article to differentiate ci\ x\ etc., 
differentiation you might like logarithmic differentiation To differentiate v = s' by I his 


method, one lakes the logarithm of both sides of Ihe equation and ihen 
differentiates implicitly: 


y - *\ 

In y - In( jc j ). 
In y = x{ln x) H 



— = y(l + In x) - i*(1 + In x), 


We have solved our problem very easily, logarithmic differentiation is 
handy for such exponentials and also for products and quotients. Here is 
another illustration. 
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Example 4 Wc find dyfdx if y = 2* + tsir x)***. 
solution T he technique of logarithmic differentiation yields 

In y = In (1 st ) + In ((sin *)““], 

In y = xf In 2) + (COS x) J In (sin x), 

— ■ = (In 2) + fens xT - -(cus x) + (In tsin jt))(-ain je), 

y dx sin x 

dv I cos'x 

— = y!Clxi 2) +■ - - (sin xHlnfsin x))l 

dx I sm x J 

dv 

-- = 2* (sin xr*“[Un 2> + cos x cot x - (sin x)(ln (sin xl)}. 

dx 

The answer isn’t very pretty, but it was not hard to find, j! 

The summary fcives some formulas we proved, and some we didn’t. 


SUMMARY 1. 

a* = 

2. 

fl l<NS,,)t — £ 

3, lop., (d T ) = x 


i 


d{a u ) M . 

du 

4. 

IO&.X = -— (In x) 

lit a 

5, 

, - (.In a kt " 
dx 

dx 

6. 

(a"du = — d“ + C 

7. 

dtktfe u) 1 

1 du 


J In a 


dx lit a 

u dx 

EXERCISES 






tn Exercises I through 6, use properties of Eagoriffintic and exponential functions to simplify ihtr gitvfi expression 
I. 2***>* i 1. lozui.2 1 "*’' 0 } 3. Sogj(2- (l ^ J ") 4. 5. 4***' *> 2^ a 

In Exercises 7 through 16, find (he dcriuutiur of (he gift'll function. 

1. 2 8. UY'^ 9. x{3+") lfl, x 2 ' 11. (sin x) h 

12. x™* 13. kbU 1 ) 14. (* + ir T 15. 16. lop z (x- + iy 

In Exercises 17 through 21, u-se to gun chink- differentiation to find fhe derluatitie of the giiwn function, 

17- 2*-^ 18, (* J + Ihftjt + 3(X ? - 2x1 19. 5^P m 

20. x mnK HcosxY 21. 7 l '8 l1 101V 

[n Exercises 22 through 25. find iPier giiun integral willhoul the KS+: of tables. 


r„v- 


r 

r 


23. 3 ~ m dx 

24. jx^-Jdx 

25. 

J & 

1 

J 


26. Discuss ihe effect of the semi of « on the j^raph Of 27. Shi.™ that d(log a xj/d* = I/fOn n)*]. 
a 1 . Distinguiiih the tasts 0 < a < 1. d = 1, and 
Q > l- 
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calculator exercises 

28. Solve jr* — 5x 1 — 6 = 0. 30, Estimate /? x x dx using Simpson’s Rule with n = 

29. Solve x % — cosx. ^ 


8.4 APPLICATIONS 
TO GROWTH AND 
DECAY 


8.4.1 Growth and the 
equation dy7df — ky 


There are many physical situations in which it is desired to find a function 
y = /(f) such that 

^ = fcy or f = k • f. 0) 

Here are descriptions of three situations where differential equations like 
(t) occur. 


Example 1 


It is known that the rate of decay of any particular radioactive element is 
proportional to the amount of the element present. This means that if 
Q = /(f) gives the amount of the element present at time f, then 


dO 

dt 



( 2 ) 


where c is a positive constant of proportionality. (The minus sign occurs 
since the quantity Q present is decreasing as time increases.) Since (2) can 
be written in the form f —c * /, wc see that (2) is an equation of the form 
(i) where k = — c is a negative constant, || 

Example 2 Suppose a body traveling through a medium {like air or water) is subject 
only to a force of retardation proportional to the velocity of the body 
through the medium. Let u = /(f) be the velocity at time f. By Newton's 
second law of motion, the force F is /net where m is the mass of the body 
and a = dvfdt is the acceleration. Thus m(dujdt) — —ct\ where c is some 
positive constant of proportionality, so 


dv _ c 
dt m 


(3) 


Since v = f(t), we may write (3) in the form f = {-elm) ■ /„ which is again 
an equation of the form (1) with k — —c/m. || 

Example 3 Under "'ideal” conditions with no overcrowding, predators, or disease, the 
rate of growth of a population (whether it be people or bacteria) is 
proportional to the size of the population. This means that if Q — f(t) is the 
size of the population at time f, then 



(4) 
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for some constant c. Equation (4) can he written as /' “ c * / which is again 
of the form (l). || 



(5) 



^ = A(e k, )-k = fc(Ae k ‘) = ky. 


di 


We now show that the functions Ae kt are the only solutions of the 
differential equation (1). Starling with dyjdt ky , we separate the variables 
and solve the equation thus: 



Now ± e l may be any constant except 0. A check shows that y — 0 is a 
solution of dyjdt : ky. We lost this solution when we divided by y to form 
the second line of the solution* Therefore if we let A be any constant, our 
solution can be written as 


y = Ae k \ 


which ts w'hat we wished to show. 

You know now that each of the functions /(f) for the physical situations 
described in Examples 1 through 3 must be one of the functions Ae Lr for 
some constants A and k. Note that for /(f) = Ae k \ we have f(0) = A. Thus 
A has the physical interpretation of the inirtai quantity at time t ~ 0, The 
two constants A and k can be determined if the value of f(l) is known at 
two different limes t, and f 2 . The sign of k determines whether f(r> is 
increasing (if k > 0) or decreasing (if k < 0) as the time t increases' this is 
indicated by Figs. 8.7 and 8.8* 
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a r 4.3 Applications Wc illustrate the preceding discussion with smite specific applications. 

Example 4 Lefs show that the time t h required for half of an initial amount of a 
radioactive clement to decay is independent of ihe initial a mourn of the 
element present, (This time i h is the half-life of the. efemeul.) 

solution If an amount O of the element is present at time t and if Q u is the initial 
amount present at lime t — 0 L then you know by Example 1 that dQfdt - 
- cQ for some positive constant c. Section H,-l,2 then shows ihai 

O = 

Since Q = (J)Q n when r = f,„ we have 

ko» = One 
so 

t< = 2. 

Taking the (natural} logarithm of each side of this equation, we obtain 

cf h - In2, 
so 

i, = - (In 2), 
c 


Thus f H depends only upon the constant c. and is independent of the initial 
amount Qq of the element present. | 

Bsample 5 Suppose a body traveling through a medium is subject only to a force ol 
retardation proportional to the velocity. If the body is traveling at lilllft/sec 
at time t - 0 and at lOfi/sec fit time f = 3 sec, let's find the velocity of the 
body at lime 9 sec, and let's also find the total distance the body travels 
through the medium. 

solution From Example % we know that dvldt — — k r e for some positive instant fe, 
so hy Section 8,4,2, 


t; - Ae kl 


for some constant A, From the data, the initial velocity A is 100 ftfsec, so 

0 = 100* fct . 

Also, when t = ,3, we have t? — 20, so 

20 = lOO*" 3 *. <6) 

We can use (6) to find k. We find that r’* =5, so taking logarithms, 

3k = In ? and fc — |(ln 5), 
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£sample 6 


Silt I TOPI 


Thus 

V = me "**"* - 100* 5 
When 1 - 4, we obtain 

u|,_« = 100 * 5 ii;i = ^ = i ft/see. 

Now if s k the distance traveled by the body from lime I CI T then 
ds 


— - & = 

di 


Integrating, we hud that 


30(1 

s = - rr e 

in 5 


■ In 1 ir/i 


+ c 


For some constant C. Now s ~ 0 when i = 0, so we have 


ft — - 


id ii 

In 5 


] + C 


Lind 


( 


300 
In"? ' 


Ik nee. i he distance s as a function of t is given by 


s = 


In 5 ’ tn 5 h 


Now as 1 approaches 5 M approaches 0 and s approaches 300/(ln $} + 
Thus* the body travels a lota] distance of 300/(In S) ft through the 
medium. || 

Savings with interest com pounded continuously increase at a rate propor¬ 
tional to the amount in the savings account. If Q(l) is the amount in the 
account after f years, and if interest is compounded continuously at c 

percent, then 


dV 

dr 



Let's see how long il takes savings to triple a I 5 percent, compounded 
continuously. 

The differential equation becomes 


dQ 

di 




Therefore 

Q - Gn*^ 
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When O -TO. *o ihe original a mo uni has been tripled, ihen 



= ^ 



( = 20(1 n 3) ** 21.97 


Thus money triples in just under 22 years if compounded continuously al 5 
percent 


SUMMARY 1, '/lit* general solution of die differential equation dyldt = fry is y - Ae kl . 


The arbitrary constant A is rftr initial value of y, when t - I), 

2, 77t£re arc se ueraI important situations in which die rate of growth (or 

decay) of some quantity is proportional to the amount Q(t) present at time 
t. ftxfltnpfe.s rtne decay of a radioactive substance, growth of u population„ 
and with interest compounded coFifiriuow,riy, In all these cases, the 

differential equation dQldt = kO govern* the growth (or decay). 

3. /(' a savings account fains O (f I dollars after 1 years and interest is 
compounded continuously at c percent, then 



EXERCISES 


l. if the half-life of Ft radioactive element is IftOOyr, 
how lonp does it take for ' of the original amount 
to decay? 


S. A tank initially contains a solution of UK) (gallons 
of brine with a salt concentration of 2 Ib/gal. 
fresh water is added at a rate of 4 gnl/min, and 
llie brine is drawn off at the bottom of she imnk at 
ihe same rate. Assume that the concentration of 
salt in thL' solution is kepi homogeneous by Stir¬ 
ling, 


i, A body traveling in a medium is retarded by a 
force proportion at to its velocity. If the velocity of 
the body after 4 sec is Htift/ser and she velocity 
after ft see is fiSHt/sec, lirld the initial vohK'lly of 
she body. 


af ff Rr) She number of pounds oT wall in 
solution in the tank nt time f. show that f 
satisfies a differential equation oF the form i I ' 


,1. in Exercise 2, find the total distance the body 
travels through the medium 


b) hind the amount of suit in solution in the tank 
lifter 25 mi it 


4. A certain culture of bacteria grows m a rate 
proportional to the size of the culture. If the 
culture triples in sb.e in the lirst iwo day*. find llie 
factor by which the culture increases in sirs in she 
firsl 10 daw. 


6. Newton * law of cooling states that a body placed 
in a colder medium will con] at a rale propor 
ttonal to the difference between its lentperainre 
and She temperature of the surrounding medium. 
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nh Assume the temperature of the.* surrounding 
medium remains constant a]id let /{(.) be ihe 
difference between ihe temperature nl (he 
body ami ihe temperature of the surrounding 
medium at lime f. Show that f satisfies a 
differential equation the ftirm 11). 

fit A body vinp, a temperature of i* placed 
in a medium whose temperaiufc is kept con¬ 
stant at 4(f, If the temperaiare of ibc body 
ufiur IS min is 7(Y\ find its temperature after 
40 min. 

7. Describe ail solutions of the differential equation 
d-yfdv ^ MdyftiO, where A: is & constant [jHhtf. 
Let u dyfdQ 

B. Pint! how Ions i [ takes savings to double at S' 
percent interest, compounded continuously 

9 . Mr. ami Mrs, Brice put JM.IKKI into a savings 
account in 1970. Tlvcy plan to leave it there until 
IWII, when they will withdraw it and all the 
accrued interest to make a down payment on a 


new house, During that twenty-year period, their 
saving* will earn f< percent interest, compounded 
continuously, How much will the hank pay I lie 
Brices in 19907 

III. When you worked Exercise you discovered 
that the Brices will receive 527,1H2.S2 in L99B. 
During lhe time the bank has ihe Brices' money, 
the bank loans it continually for home morl- 
gages,, and receives whal a mourns to 9 percent 
mtcresi. compounded enrnmuousily. If it costs the 
bunk an average of $21 Kl pea vear to handle its 
investments arising from the Brices' $ HUM HI de¬ 
posit, how much profit will the hank have made 
after paying the Brices in 19907 

II, Answer Exercise Hi if the hunk instead continu¬ 
ally uses the money generated hv the Brices' 
$ 10,000 for car loans at 12% interest, com¬ 
pounded continuously. Assume the saute ex¬ 
penses as in. Exercise Id, 


calculator exercises 


L2. According to the 1971 Wurld Book tneye(rtptEdru, 
the. world population in 1971 was about 
3,692,tWfi,(JOU and was increasing at an Annual 
rate of about 1,9 percent. Suppose ihe rare of 
increase of population is proportional to ihe 
population, and corttinuert to increase at the rate 
of 1.9 percent mutually If ihe surface of the earth 
is a Sphere of radius 4(M)H mi. estimate the vear 
when there will he one person for every square 


yard of surface area of the carih, including oceans 
as well as continents, 

O. Referring to Exercise 12. suppose it were possible 
to have people live in space near the carih. say as 
far cun as ihe moon. Estimate the year in which 
there would lie one person Tor every three euhic 
yards of such spiice, assuming ihe moon is 
25fk-ntiO miles from the earth. 


8.5 THE INVERSE The graphs of the six trigonometric functions are shown in Fig,, None of 
TRIG QNOMETfUC these functions has an inverse since, for each graph, a horizontal line y c. 

FUNCTIONS may cross it at more than one point. For example, if —1 -- c — 1, ibere is 
not a unique jc such that sin x = c. 

Consider the six functions f . U, which have as graphs Ihe heavily 

marked portions of the graphs of the six trigonometric functions in 
p,£ K_g_ of these new functions has the- same range as the correspond¬ 
ing trigonometric function, and each new function has an inverse. By abuse 
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ot terminology, the inverses oF/ |t . r , ,/ ti are calift'd the inverse Irigonometrk 
functions, so that f, 1 is the inverst 1 sine, f : 1 is the rjiueree cosine, etc. The 
inverse sine is usually denoted hv sin 'y, or by aresin y. Similar notations 
are used for the other five inverse trigonometric functions. We shall use the 
first notation given, and yon must remember that the "-I” in sin ] y jj not 
an exponent. 


Example 1 


We have 


sin 


-i 


1 

2 


IT 

b ' 


cos 


-1 

v'2 


3 IF 

T 1 


and 


see * 2 


TT 

3 J 


II 
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Principal t'aiui'.s 




Values assumed by an inverse trigonometric function are known as the 
pNFTCJfjfli unities for that inverse function. 

The derivative of f, in Fig. K.t) is the same as (he derivative of sin x at 
iill points in the domain Hence we can find I he derivative ttxjdy of x = sin 'y 
by differentiating y - sin x implicitly with respect to y : 

y = sin i* 

, , dx 

! = (cos x \ — . 

dy 

dx = I 

cfy cos x 

i i cos x * fl. Since -tt/2 s x tt/2, wc have cos x ^ 0, so 
cos jc = s/I - sin 3 ! - sT y ? . 


Thus we obtain 


dfsin ] y) _j_ 

dv 


for -I < y < 1. 


U) 


s/l - f 

It is customary to use x for the independent variable in studying 
functions, and 1 1) then yields 


d(siti 1 x) 
dx 


\ 

VI — XT 


for -1 < x < 1, 


m 


From now on. we shall not explicitly give the domain of (he derivative of an 
inverse trigonometric Function, like the designation " 5 < x < 1 in F.q. 

(2b By Theorem 8.2, the derivative will exist at all points of the domain 
w r hcre the denominator that appears does not become zero. 

From Kq, (2), you obtain, by the chain rule, 

tf(sin~ t u) I ^ 

dx V1 u dx 


for a differentiable f one Lion u. 

tf y = sin _l 2.c, (hen 

dy = 1 , 1 = 2 ti 

dx V1 — (Sjc) 2 vl - 4x - 

The graphs of the inverse trigonometric functions as functions of the 
Independent variable \ are shown in Fig. 8, It). It is impossible to choose 
“branches” of the graphs of secant and cosecant so that the inverse 
functions become continuous, The branches For sec 'x and esc 'x arc 
chosen la make the formulas feu the derivatives of these functions come out 
nicely, without ambiguity as to sign {sec Exorcise 42), Derivatives of all the 
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inverse trigonometric functions can easily be found just as wo found rhe 
derivative of sin L x above (see Exercises 37 through 41). The table in Fig. 
H 11 summarizes the data you should remember regarding the inverse 
trigonometric functions. 



8.10 


<e|i y - scc - i x 


10 y - esc -1 x 
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I'unctiwn 

rh»tfi*in 

Hun^c 

Dvrivutivr 

sin 1 x 

r-i* i] 

f ir rr" 

i~2'2. 

1 

cos 'jt 

hiAl 

[0, w] 

7H~7 

tan 'x 

Ah c 

IT It 

” < y < — 

2 r 2 

t 

! + ** 

eoi 1 JC 

All x 

P < y < IT 

-1 

1 + 

sec l x 

t i-1 

it 

-it ^ v < — 

2 

1 


or 

x a 1 

or 

IT 

- 1 

cm 1 * 

( £ -1 

IT 

-it < y ^ - 

-1 


or 

x & 1 

1 

or 

„ IT 

fi < V £ " 

2 

jtv'jc i" 


We now list formulas obtained from those in Fig. 1 using (he chain 
rule. These formulas are primarily important for evaluation of certain 
definite integrals. In fact, this is the main reason for studying (he calculus of 
in verse trigonometric functions. 


differentiation formulas 


dfsin 1 Ji 1 

1 

do 

(4) 

d(C0S '[fl 

- 1 dn 

(5) 

dftan Hi 

i 

tin 


fix 

vT 

n dx 

dx 

s/l — u~ tlx 

dx 

i + n 2 

dx 


dfcorhi) 

! fin 

171 

d(sec Vi 

1 dt\ 

m 

dfese 'u) 

c 


tilt 

dx 

1 + 

ii 2 dx 

dx 

llVit 2 - 1 fix 

dx 

.(V« 3 - 

- 1 

dx 





Integration formulas 






r . du .. 

= sin 

'« + C 

(10) 

f dw 

= tan 'u + C 

111) 

f du 

- sec 1 

'u + 

C 

J >/1 — rr 

J 1 + u 2 

■! uVif- -1 


(h) 
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Example 3 Wc have 

■* I 


1 


Vi - X 


dx = sin 


] U2 | _ 

= sin -1 -sin '0 = - - 0 = 

o 2 6 6 


Example 4 lining formula I 1 with u - 2x, you find (hat 

( 3 l , 1 f 1 2 , I - 1 5 

l + 4 jT 2 J n I + (2 jc)‘ 2 J l} 

= i tan ' 1 ft Wan' 1 0 - 3 tan ! 6, 

ff you desire a decimal approximation for (an ' ft. use a table, and you wit! 
find that tan’ 1 6 =*= 1.4L || 

Example 5 Using a table, you find that 

1 = (I 4 r in " f)L=(H + 2 5in '‘ 1) - 0 

^3 IT ^3 IT . 

=» -— v 2- - — + —. 

2 6 2 3 11 


SUMMARY 1. A summary of the ’fix inverse trigonometric functions is giueu in Fig r 8.1 I 

2. A summary of differentiation and i n.te gra hurt fnrrnuiax rs given in Eqs, (4) 
through 02). 


EXERCISES 


In Exercises 1 through 

1. sin 1 1 

12, find tlje gitien quantity. 

*■ ™ ’(5f) 

3. tan _, { - v'3) 

4. 

cstT'2 

’• -"Gl) 

6. .in '(^) 


7. cot ‘1 

». 

sec' 1 ! 

9, esc _1 {—t) 

Ifl. 


11. lec 'i’l) 

12. 

-■m 

In Exercises 13 through 23, find the derivative of the 
13, sin'’{lx) 14. cqs'^je 1 ) 

giuen function. 

15. liiti _3 (Vx) 

11.- 

X 5CC 'x 

17. «= '{;) 

Ifl. {sin 'rlftos 'rj 

19. (Ian 1 2xl 3 

2fl. 

see '(x 1 + t) 

I 

21. -- T 

tar x 

22. s/ese x 


23. [x + sin 'lx> J 
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In Hrerrii^ 24 ifuttugfr 2K, find the mteg/ui widKMif the use of tixbico 

I ft 

■ "" its 2& 


24 


dx 25 


1 


-f 


Vi U-74J 


•• it\ 27 


■ L 


m-i I + X~' i V - ' I - OX* 

Iff Exercises J9 iJtnrJWK-h 3b. bat 1 taftJex, if mcc-nsury. tv find f/m Jejinife utlt'pjvjf. 

. f ' d* 

JlK v 4 1 

^ vT 7- ! 


v.c- - f 


dx 28 


I 


l 


3 x v 4 c" - 1 


J.t 


29 


30. 


J> 


r-“ r 


33 


■L 


JjE 


34 


f 


37. Derive the formula for tHcm x)ldx 
,39, Thrive the formula for d(cnl 1 s )/dx 
4], Derive the formula for d(isc 'x)fdx. 


X tlx 

31. 

| xVlG x\ix 

f' 

32. j i x „ rf* 

r 3 


35. 

v'2* xdx 

3b. x\ f 4x — x'dx 

■ X' 


L 



3tL 

Derive the formula for dltan ' t}fdx 

ft 

40. 

Derive the Formula For disec 'O/rhc, 


42. In defining 'tec 'i, -iottie mathematicians prefti 
to choose branches oF the graph of vecam so that 
ihc range iscl of principal valucs'i trt sec 1 .x is 
0 < v < Tfi2 or itf2 < v ^ it. With this defini¬ 
tion, we see that the relation set ' v cos {\}x) 
holds. 

a l Show by an example lhat the relation 
see '* = cos '(l.'jci does not lioId for the 


definition of see <■ in text I'Fiji, K. I lk 

h> Show that if sec 'a is defined to have range 
described in Ibis exercise. Ihen Hit formula for 
the derivative of the inverse secant changes 
from that in the (able of Fig. X.ll lo 

d(scc '*1 _ I 

£lx jjrjVjr F 


e.S THE HYPERBOLIC The hyperbolic functions an; defined in terms of exponential functions, and 
FUNCTIONS their inverses can be expressed in terms of logarithmic functions (The 
inverse of the exponential Function is the logarithm function, so Ibis is nol 
B.6.3 The functions surprising!) This section gives just a brief summary of hyperbolic functions. 

The hyperbolic functions have many points of similarity with the 
trigonometric Functions. There are six basic hyperbolic functions, just as 
lhere are six basic trigonometric functions; the hyperbolic functions are the 
hyperbolic sine, denoted by sinh x, the hyperbolic cosine or cosh s. the 
hyperbolic tangent or tanh r. etc, One usually pronounces "sinli a" as though 
it were spjllcd "cinch XT 

We shall define the hyperbolic functions in terms of exponential func¬ 
tions; this is very different from the way we defined the trigonometric 
functions. However, if you study complex analysis taler, you will discover 
that the trigonometric functions can also be defined in terms of exponential 
functions of a "complex variable." The table in Fig, 8.12 gives the defini¬ 
tions of Ihe hyperbolic functions. You have to remember the definitions for 
sinli x and cosh x, and then you proceed exactly as For the trigonometric 
functions. 































Other elementary lunctionR. 


3 12 


f— cUm 

hdinilkm 

1 LUlt'lkni 


si n hi x 

e m — t' 1 

cosh JC 

e 1 + e 1 

2 

2 

tanh x 

s inh £ 

cosh x 

Citth x 

cosh x 

si nh x 

seeli k 

1 

esch x 

1 

cosh x 

sinh x 


sinhTc - l (1) 

2 + ** _ 2 h- f 11 

4 4 


Equation U) is ihe basic relation for hyperbolic function* and plays a role 
similar to the relation sin J ;* ■+ cost* = 1 lor the trigonometric ftiactions. 
For the trigonometric functions, the point (cost, sin t) lies on the circle with 
equation x ? + y 2 = l for nil I, while for the hyperbolic functions, the point 
(.cosh I, sinh f) lies on the curve with equation x 3 y 3 - l, which is called a 
hyperbola. This explains the name “hyperbolic functions,” 

The graphs of the six hyperbolic functions are easily sketched. To 
sketch the graph of sinh X. we HiTTiply take half of ihc difference in height 
between the graphs of e* and c" \ while for cosh jc, we average the heights of 
these two graphs, Since = 0, we sec I hat the graphs of huih 

sinh x and cosh x are close to the graph of e72 for large x. We have 
sketched the graphs of the six hyperbolic functions in f ig. s.13. 

You see from the graphs that the hyperbolic functions are not periodic 
functions of a real variable. If you study complex analysis later, you will 
discover that they have imaginary periods; the period of sinh x is 2-fri, A full 
appreciation of the relationship between the trigonometric functions and the 
hyperbolic functions comes only with a study of these functions in complex 
analysis. 

Note from the graphs that sinh Jf, tanh x, coihx, and csehx all yield a 
unique x For each y, so the inverse hyperbolic functions sinh y, tanh l y< 
eolh l y, and csch 'y exist. While cosh x and sech x do not satisfy this 
condition, we abuse terminology just as we did for trigonometric functions, 


It is easy to sec that 

for all x r namely. 

*\ 2 


coslrx 


m - m* - 
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and pick the branches of (heir graphs indicated 1>V Ihc darker Curves in Fi^ 
13(b) and (a) to define the functions cosh 1 y and seeb 1 y. 



v 

a 


- I 



(e) y - liinti X 



iH i- - cosh v 



y 
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Other etenujrttary functions 


# 6 2 The calculus 
of the hyperbolic 
functions 


= j(e' + e l ) 

= pash x. 

■Similarly, wc lind thal 

d fcosh x) 

-:-= smrut, 

dx 

The derivatives of the remaining four hyperbolic functions can then l>e 
found using relation (I i hist as for the corresponding trigonometric func¬ 
tions. For example, 

d(l£nh Jt) d /sirthx\ 

dx dx Veonh xl 

Cush x COSh x isinh x sinh x 
eo*lrx 
I 

C04h'\v 
- sech 2 x. 

The leflhand portion of the table in Fig. K. 14 gives the derivatives of the 
hyperbolic functions. These differentiation formulas parallel those for the 
derivatives of the trigonometric functions* except for occasional differences 
in sign. 

The derivatives of the inverse hyperbolic functions can be found from 
the derivatives of the hyperbolic functions, using relation < 1 |. For example, 
if y " f(x) = sirihx, then x ~ sinh 'y and dxidy can be obtained by 
differentiating y - sinh x implicitly with respect to y: 


In ihss text, tine hyperbolic functions and their inverse functions wit] be used 
chiefly to supply a few more integration formulas. However, the hyperbolic 
functions do occur naturally in the physical sciences, For example, a flexible 
cable suspended between two supports hangs in a "catenary curve*' which is 
the graph of ibe hyperbolic cosine if appropriate axes and scale are chosen. 

Turning to the calculus of these functions; we find that 

dfsinh xf 

Tx 


-A(E—±Z) 

dx\ 2 } 


= vf fl *> 
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Euunplc 1 


Kunrliun 

Dcfhilhf 

K unction 

Dei 1 iltlui 

sinh x 

cosh x 

sinh 1 X 

1 

Vi +1 3 

cosh X 

sinh x 

cosh L x 

V^T- * >1 

IUjlIi X 

sech 1 * 

tunh 'x 

i-J’ W<1 

coth x 

-esclrx 

coth' 1 * 

1*1 >i 

seeh x 

scch x tan h x 

sedf 'x 

-1 

—=—[>< X < 1 

iVl - r J 

esch x 

eseb s cnlh x 

csch 'x 

|x|Vl + X 2 


y = sjnh jc, 

i , ^ * dx 

1 = [cash*)— T 

ay 

dx = 1 = l = _]_ 

tiy cosh i Vt + smh 2 x V1 + y 3 ‘ 

Changing notation so that x is the dependent variable, we obtain 

d(sinti~ l x) 3 

dx Vm x 2 

The derivatives of the other inverse hyperbolic (unctions are found similarly, 
and are given in the right hand portion of (he table in Fig, HJ4, These 
differentiation formulas can, of course, be combined with the chain rule in 
the usual way. 


We have 


J(sinh '(tan *)) 
dx 


1 


Vl + tan' 2 x 


sec 1 ’: 


sec 2 x 


sec x i 


= see x|. 








































Other elementary lundkird 


lvimpJt 2 


Prom the formulas for the derivatives of the inverse hyperbolic func¬ 
tions ill the table in Tip. 8.1.4, we obtain the integration formulas; 


f du - - | 

-= smh a + C; 

J Vl + I* 7 


(2) 

f du j 

cosh n + C 

J Vb 2 - ! 

u > it 

(3) 

j" du STanh 'u +■ C 

for ]u| < l t 

(4) 

J l u 1 l coth -1 u + C 

for |u| > 1; 

1 -----— - -sech _l |u 4 C: 

J uVl - ir 


m 

[ —*=■ - each Tal 4 C. 

J (ivl 4- U ' 


m 


The reason for the split in formula (41 is that tariff 's and coth '* have 
algebraically identical derivatives, but the domain of tanh '* is |jc' < I 
while the domain of coth ' x is \x > 1 r Since 

I 1/2 + 1/2 

1 - t!' 1 — V J + U 

wc have, as an alternative to (4) t 

j “ «l + ^In|f + «j + C 



l 4 u 

1 - II 


4 G 


<7) 


Using formula (5) and “fixing up the integral/' we have 


I 7 — -; dx - ~ j - . dx 

J.W4 it- 2 J xVl - {xi2? 

__ 1 r m { 

2 ‘ {x/2U\ (xf2) 2 


-vcch 1 


+ C. 


Since the hyperbolic functions can be expressed in terms of exponential 
functions* it seems reasonable to expect that the inverse hyperbolic functions 
can be expressed in terms of logarithmic functions, as indicated by the 
alternative form of (41 computed above in (71. We leave the demonstration of 
this to the exercises (see Rxerdses bit through 65h lltc integration formulas 
to which ihc Cither alternative forms lead are given in the summary. 
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SUMMARY 


1. The hyperbolic fit fictions are defined in jP7^ 8.12. 

2. JllC Rrfiphs of the hyperbolic functions lire shown in Tig. 8.13. 

3. Differentianon formulas ore in Fig. 8.14. 

4. /megrafidrt formulas given by the inverse hyperbolic functions (anti aim by 
iugarif/irji /ttncfiorcs) are 


du 

JYT~u ~ 1 

du 

Jii z - I 


sin.h 1 U + C = In (iii + \/l + u J ) + C 


cosh 'u + C = tn {u f 'fu* - l) + C 


f, d ". 

Jtunh l u + C, 

\u\ < 1 

Ui. 

l + u 

J 1 - u z 

tcolh 'u + C 

\u\ > 1 

) 2 

1 - u 


1 

1 


_ do 

u vt - ti 1 


du 

uJ\ + M ; 


-sech ] |m| + C — -In 
—csch “ 1 1 ^ 1 + C = -In 


l + Vl - u 1 


I + vl + H' I 


+ C 


+ c 


EXERCISES 


In Exercises l (hrmich ft. proof dte gtuen relation for hyperbolic functions. 

1» 1 - tairh'Jt ■ seeh'x. 2. cath^x — 1 = csclrx. 

3, sitih (-x) = -jiinhx. 4. eosli(-x) = emh jl 

5, sinh(x + y) smhxcoshy + cosh x sinli y. ft. cttsbix + yl r cosh x cosh y ■+ sinh x sinh y. 

7, Use Exercises 5 and ft lo find h ’douhle-an^Le' T H. If sinhn - find cosh a. lanhd. .iml csch a. 

formulas for sinh 2x and cosh 2.x. 

In Exercises y through 17. derive the formula for the derivative of Efic ^iuerr function, in each nxercisf, von may use 


the unxwff fn any previous exercise. 




9. cosh x 

Ift. colh x 

11. Kcch X 

12. 

esch x 

IS. ensh 'x 

14. innh '.t 

15. coth‘ l x 

1ft. 

sech '* 

17, each 'x 





Jo Exercises IN through 35. find the defied ii Lie of the gioeri funcfii»t. 



18, sinM2x-3) 

|9, cwh(x 2 } 

20. tanh'3x 

21. 

sech(s/x) 

22. cotft(* Ti ) 

23. cscMfiue) 

24. smIv’Sx 

25. 

sinh'.i cosh t 

2ft, [e " + tsunh x) 2 

27. sinh '{2x} 

28. oosh '(sec xj 

29, 

lanh '{sin2xi 

3ft, COth'Ne 2 ’* 1 ) 

31. sech (x 2 ) 

31. och '(Ibo s) 

33, 

r' sinh''{c’ t 

34, cosh '(x J + 1) 

35, tnnh '{cot 3x) 
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Other elementary functions 


In Exercise* 36 through 44, compute r/ar peuen integral HJlhotit insing tables 


36- J tJmh i du 

39. Jsinh(3.T 4 2) dx 


37. Jeothxdx 
4ft. 1 jc cosh dx 


38- j siuh 2 x cosh Adi 

41. _( soch^x rix 


41 - \l7T7 


dx 


43. 


i-' + e‘ 


e - e 


dx 


44. | i Licwb 2x)t>' i,,h '") Jjc 


hi firt'n.T.vfs 45 through 59. «Sf ftiMex. if necessary, to compute the gfuen integral 


45, 


4«, 


Crh* 

f 1 - 

46. 1 

49. ] 

r 1 t 

L i 4,.~ a * 

[ 1 rf. 

47. j 
50, | 

r 

J * + 

r l 

Vi - .=■ 

-4 

1 s/4 + 

Jlh 

52. j 

1 *V9 + x 3 dx 

ss - J 

(^2 t K" 

1 * 1,1 

*1 

f sin 2 s cos x 

dx 

* V9 h stn’x 

-I 

[ ——- dx 

J x/e ri 16 

58. 

J" x sirlti 2x dx 

59. } 


- d* 


4k 


f urn 24 

50, - = fix 

J (cos 3xlvl +• eos'2* 

V 16 +• t . 


r - £ J dx 

MxJi 


6ll„ Lcl x = sinh y = (e ¥ — *"*)(2. Then 2x -=• 
e' e \ and multiplying by e\ we ohwin 

2xe f = e a > - 1 or £*> 2x*' I - t). 

Fhis taM equation is a Quadratic equation 

(e'f - 2jt{e p ) - I = CJ 

in i\ Solve the equation for e in terms of * by 
ihe quadratic formula, and then take logarithms 
to express y ainh '* as a function of k involv. 
inji logarithms. 


61. Follow the outline of Exercise GO lo find a 

logarithmic fftrmula f e» r cosh X- 

61. Follow the oulline of Exercise 6(1 to find a 

logarithmic formula for innh 1 x. 

63. Follow the outline of Exercise 61) to find a 

logarithmic formula for coth 'x. 

64. Follow (he outline of Exercise 60 lo find a 

logarithmic formula for sceh c. 

65. Follow ihe outline of Exercise 6(3 to End ;t 

logarithmic formula for esch 'x. 


exercise sets for chapter 8 


review exercise set 8.1 

]. a) Give the definition of In x as an integral. 

b) Sketch the graph of In {s/ 2 ) 

J. al Fiml dy/dx if y — Infs' + II. 
bl Find J |sin xft I + cox. x )] dx. 


3, oj Find dy/dx if y £ 1 ""‘, 

hi Fviikiaie fir, simplifying vour answer as 

much as possible. 

4. a) DilTereniiaiu 2 ’" ‘ \ hi Differentiate x , x > (J. 
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5. a) Solve fur jc if (2')CT + I S 4 \ 
hi Simplify 

6. If savings nix compounded continuously .i 1 ^ per 
cent interest, how longtime ii take for the savings 

Eti double? 

7. a) Evaluate sin 

Hi Evaluate tan '(-V3k 

review exercise set 3.2 


8. a) Find dy/dx if y = sin 

b) Evaluate + o] <ix. 

9, ni Give ihe dcfinilior of sinh jc in terms of the 

exponential function, 
h) Differentiate sech 'lj 


i* 

a> 

Mow is llie number c defined? 


b> 

Sketch the graph or e 1 . 

2. 

a) 

Find dyfdx if v In flan Jt). 


bl 

Firtd | [x 2 * * * * * 8 9 /(4 + x ' tlx. 

3. 


Find dyfdx it y _ e \ 


b\ 

Find J face 1 .!* Jc 1 '"■ H dx. 

4, 

») 

Differentiate ID L ' 1 


bi 

Differentiate Jcus r)““, 

5. 

a) 

Sh i lvc for x if In * 2(ln .t '1 


b> 

Simplify 25 l,p ’ 


more challenginq exercises & 

1. Solve t lM -30' + 1 = !>. 

2. Outline Iww it could he proved from our deli nil ion 
or In x and of e that 

2.7 < t < 2M r 

J. Show from the deft nil km of In x ns nn integral that, 
for each integer n I. 

1 1 I 

. + r + ■■■ + —< In ji 

2 3 m 

< I +- + - + — + -, 

2 3 w - I 


h, The only force on a hodv traveling on a line is a 

farce of resistance proportional In its velocity. If 

the velocity is I Hi) Ft/see at linn L t ll and 5U fl/sec 

at time i = III, find 

a) the velocity of the body its a function of r, 

h] Ube distance traveled as a Function of t 

7* Evaluate: a) cos ' i.J/2} b) sec (—2) 

8. a) Find dyfdx if y = tan 4 jc. 

h) Evaluate j!'7. 4 <l/v'l - 4 jT l tix. 

9. Ll) Sketch the graph oT v = cosh (x + 1) 
hi Differentiate eotV(2* +■ Ij. 


4. Show that 

a* 1 - I 

lirti —--= In a for u > 0. 

At -■ IP uX 

fffircl. You know d(tt‘ \fdx, Use the definition of 
the derivative for fix) a T .] 

5. Using Exercise 4. find lim*. |Uj ' h - 1 

6. Show that, for any particular integer n it , c r is 
larger than x" if r is sufficiently large. 

7. How does the sia? of c" compare with the size of 
f(x) fiir nrv particular polynomial function f iT sr in. 
large? [ffrnt. Use Exercise Fi.] 
































technique 

of 
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Technique pf integration 


You had Mime practice inIcgrating in Sections A.JV and fV.4 Perhaps you 
need It) review the integration forme las given in (’hapters h and 8 . lit save 
you turning pages, they are collected here for you. We omit those involving 
lhe hyper ho tie functions and their inverses. 



2. t * u dx = < ■ u dx f C 





= tan 'ii + C 


6. -= tan h 



8. sin n da ~ —cos a +■ (’ 


= sec u + C 


uv'n" - 1 










a* 4 du - - a u + C 

In u 


17* 


The single most important method of integration is surely the use of a 
table of integrals. Proper use of a table of integrals is so important that we 
included a section on this topic when the integral was introduced in Chapter 
6. Very large computer programs yre now being developed to lind formal 
derivatives, and indefinite as well as definite integrals, and to perform many 
other tasks of calculus, It may well be that such programs will be easily 
accessible in the near future, and will largely replace the use of tables as the 
most efficient and reliable way to find an indefinite integral, 

You should learn how to transform certain integrals that do not appear 
in a table into integrals thuE the table contains. The first three sections of (his 
chapter give three such methods; integration by parts, partial-fraction de¬ 
composition and substitution techniques. Sections 9.4, 9,5, and 9.b describe 
how to integrate, without the use of tables, many of the most frequently 
encountered functions. The functions treated in Section 9,5 and 9.6 espe- 
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dally cun he integrated faster and with less chance of error using tables. IT 
time is a factor, vuu inay wish to omit these sections. However, the sections 
do continue to develop your facility in the general techniques presented in 
Sections 9.1, 9.2, and 9.3, especially the technique of substitution. 

Re member that, it' you are unable to integrate a function to find a 
definite integral, it is easy to use Simpsons rule in these days of calculators 
and computers. The importance of such a nice numerical method of solution 
cannot he overemphasized, 


9.1 INTEGRATION You know that if fix) is continuous in an interval containing ct, then f has an 
BY PARTS antiderivative, namely, /■'(*) - {* Every differentiable function is 

continuous, so every differentiable function has an indefinite integral. Of 
course, you know that not every continuous function is differentiable. 

Although every differentiable function has an indefinite integral, die 
problem of computing the indefinite integral of even an elementary function 
is, in general, much more difficult than differentiating such a function. l et s 
examine Ihc reason for this. For differentiation, there are certain rules and 
Formulas that enable you to compute derivatives of constant multiples, sums, 
products* and quotients of functions whose derivatives are known. While it 
is easy to compute antiderivatives of constant multiples anti sums of func¬ 
tions with known antiderivatives, there are no simple rules or formulas far 
imcgrdtfng produce of quotient of functions with /inow finirdtmii/kwMr, In 
this section, we present our only formula for integrating a product of 
functions. The technique is known as migration by pans. The formula is 
used not only as a tool for integration, hut also in some theoretical consid¬ 
erations, 


$.1.1 Th« formula The formula for integration by parts is easily obtained from the formula for 
the derivative of a product. Recall that, if u - fix) and v - g(x) are 
differentiable functions, then 


dtiii 1 ) dv du 
dx U dx ’ V dx' 


or, in differential notation, 


tfluu) - u - du + v ■ dit, 


m 


( 2 ) 


From (2), you obtain 


u J dv - d(uv) V • du. 


( 3 ) 
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Technique of integration 


| it ■ dv = J [dfuu) - u ■ du] = | d(ut>) j V ■ du. 
Since Jdtunj = tic, you oh E urn 


J ll 1 du. = wu — J y ■ du, 

which is the formula for integration by parts. 


(41 


9,1.2 The technique The formula f u ■ dt> = uu j u ■ du for integration by parts is used as 


follows, Suppose you arc faced with the problem of integrating a product of 
two functions where (he antiderivative of at least one of the Functions is 
known. If Integra hom of die product of the derivative of one of the functions 
times the antiderivative of the other is easier than ydtir original problem, tlten 
integration hy parts can he used to advantage 

To illustrate, suppose you wish to compute J (je sin jc) 4*. You are 
faced with the problem of integrating the product of the functions x and 
sin x. By use of formula (4), you can reduce the problem to that of 
computing the integral of the derivative of Otic of these functions limes an 
antiderivative of the other; that is, to computing either 




or 


The second rtf these two integrals in (f) is more complicated than your 
original problem, but the first one is Ampler, Thus you use Eq. (4) with 
u = x and dv — sinjtdjt, (The alternative substitution it -= sinrf and 
do = x dx would lead to the second integral in (5),} When using Eq. f4.j, it is 
customary to write out the substitution in ihe array shown in lug. 9.1. 


u - x . dtr - sin jcd.t 
da = d.t i! = -cos* 3.1 


Formula (41 tells you that: 

flic integral of ihe product of the. functions in the tup row of the array 
equals the product of tfie functions at the ends of the dashed diagonal 
minus flu- integral of the product of dtp functions 1 in flic frorfom row. 

Thus you obtain 


x sin * dx = ,t(-cos %) ■ I M cos % 1 dx 



= -x cos x + sin x + C. 
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^KHtnpit' 1 

snurnoN 


K.vuiitiiFe 2 
SOLUTION 


Let’s compute Ji x e‘ dx. 

Integration hy parts of the product of x and v‘ leads to Lhe computation of 
either J 2x.f' dx or J {a 'f3) c 1 dx. The former integral J 2.re 1 dx is simpler 
lhan our original integral and this new integral can obviously he further 
reduced to J 2e‘ dx hy an additional application of the formula for integra¬ 
tion by parts. Thus we form the array 


du — 2 a civ 


tiv - c* dx 
u = e 1 


arid obtain 


Jjtru 1 dx = x 7 tt* 


2xe' dx. 


CfeJ 


Lo compute [he remaining integral j 2-xe 1 dx. we integrate bv parts again, 
fI>o not be confused by the use of rr again for the function 2 a rather than 
a 2 ; it is customary.) Our array this lime is 


[j = 2x 
du ~ 2 dx 


du — t> % dx 
i = e % 


and F.q. ib) yields 


dx 


— „ 3 . 


2 xe 1 dx = 


2xe ' - 


2e k dx 


- x'a' ■ 2xi ,h + 2c’ + C. || 

Let’s compute I e" sin a dx. 

this time* bolh substitutions for integration by parts lead to ±jf' cm a dx. 
which seems to he just as hard as our original problem. The following is an 
effective trick. We form the array 


u ■= tr 
du = c dx 


du * siti x dx 
;i - cos a 


amt obtain 


(,-si 


sin x dx - ^( ,3C COS X * 


| t J " COS xdx, 


(7) 


We then integrate hy parls again, using [he array 




rr = (•' 
du e' dx 


du - cos x dx 
t h sin x 


and obtain From (71 


j" e‘ sin x dx = -v x cos x + sin x - j" t‘ K sin x dx 

k) — | 


_ i>' sin x f* cos a! 


i ,a sin x Jx. 


m 
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TKhfliiquft of integration 


Example 3 


SOLUTION 


FA^mpIc 4 

sttLi_mtJrN 


Wc may now solve Uq [&) for Jsin jc £Jje„ and We littd that 

JV sin x dx = sin x - e 1 cos *}, 

111 is solves our problem. | ! 

Integration by parts is a basic technique for finding reduction formulas. For 
example, id lls derive the reduction formula 


1 “ 


I . ii - I 

siu h xJs ~ —sin" x cos x + 
n 


jrj 8in ’ 


2 xdx for n ^ 2 


We form the array 

h - sill" 1 


eft 1 = sin x dx 
du - (It I) sin" 7 x COS X dx V - cos x 

which yields 

siii'jcdx - -sm" ! xlosx - J (it - lHsirT^xM' cos^xf d* 
From (9) and the identity eos ? x = siri^x - 1, we have 

- | (rt - l)(sin n -'jt'Ksin^x - l) dx 


m 


sin 11 1 dx + (n 1) 


sin h x dx - sirT x cos x 

sin' 1 'x cos x - in - I) 

From (((i) > we obtain 

n j sin^x dx = -sin rl 'xeosx + (n 1 


sin" ? *d*. (10) 


sin™ 2 xdx, 


from which wc obtain the reduction formula for J sin" xdx upon division by 
it. || 

Any function can be regarded as the product of itself with 1. Thus, for 
JjF(x) dx we can always try the substitution 

it = f{x) dv — 1 dx 

du - / r {x) dx tf - x. 

We shall find | In X dx using integration by parts. 

The array 

ei - [n x dll — 1 dx 

dn = - dx v = x 
x 
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L multiple 5 

SOM. THIN 


SUMMARY 


vie Ids 


r i 

In x dx = x In x - x - — dx 
J x 

= jc In x - J 1 dx 
= i In jf - x I C || 


I Tie inverse trigonometric functions can be integrated by parts, Lei us find 
[sin 1 1 tlx. 


Wo set 


it = sm x 


dv = 1 di 


du = 


/1 j. : 

VI — x 


dx 


and 


1 x dx = x sin 1 x - 


1 <r 2 

v \ — x 


dx 


— x sin 

= x sin 


■ \ sin 


'* + 5 


-L 


* f 2 


- 2 jc (1 - x') 
I (I-**) 1 ® 


L/2 


+ r 


+ vl - X 3 + C 


dx 


1. taregrtidon fcy pwrfji is «xed far finding [ fix) ■ g(x) dx when die product cif 
die dcri'codne of one of die /uritdons times the foiridenootiue of the other 
gives tin eti.viff integration problem , 

2. //’ von /ohm I he- arret v 


u - /U) v, du - g{x) dx 


du = fixjdx 




g(X) dx 


then J f(xl ■ g(x) dx eqiteds the produet of the functions til die ends of the 
dashed diagonal minus the ttitegrnl of die product of die terms in the 
bottom row. In symhtik, 

u ■ du - uv - I v * du 
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EXERCISES 


Ira rixerci-M ". !■ ifutfM.i'/i 3 7, jfirrJ tin- iiidkmetl mdefinite or definite integral wi^irjur rhr ror af tubii-.'t. 


1. 

Jt COS X dx 

2. 

4* 

X ' SI It X rf.l 

5. 

7* 

if In ,() Jjr 

K, 

10. 

sin 1 In jcl J.t 

IT 

13. 

i si tl x ' tix 

14. 

16, 

fin x i' dx 

17. 


i ix 


J. fxV *'dx 
6. I tart dx 


I tart 


* &cc"2ji Jr 


jt V dx 


9. e MI cos hx dx 


U. \x^ 2 dx 


t-OaxMi 

17. | x see 'xdx 
In P.xern\ex IH 22 , Jcrjcr f/ir piufn n-dutditm formula. 

X ’ 1 CO® Jj 1 9. 


IS. f In (| + j* 1 }*!* 


IK, 

2<l. 


X 11 

i h in ir.v Jr =-c£»i oa + — 

a ti , 


,i>“ ji = -iV“ - - 
a a 


x M f"’ dx 


cos ax sin m 

COS UJt III =-+ 

na 


n \ f 

- cos 

re J 


7 ax tlx 


sin." ' ax cos'” ' ux n - 1 
21. Mn uJt coa uJt Jjt -----:-1- 


I. | sin" 

1 


tf(rrt + n} m + n 


sin" 'ax cos lh UJE dx lor n / m 


22. sec H dx dje 


set" or ran UA 

■ ■'II l! 


ii-2f 

n~ \ J ftCC 


rrx dx for n ^ l 


9.2 INTEGRATION You will mol find a for inula for 

OF RATIONAL , * 

FUNCTIONS 8Y j dx 

PARTIAL FRACTIONS ^ % + A 

in most tables This sol [ion shows how the integral of {x h 2V(x 4 + A : 'l 
and any Other rational function earn be transformed into a sum of inte¬ 
grals that are found in many tables 


9 . 2.1 The basic 
integral® 


Here are six basic integration formulas which we show can be used to 
compute the integral of any rational function. 
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f 

i 

j 

f 

j 


Basic Formulas for Integration of Rational Functions 

—-—dx = - In [ax + b\ 4 C 

fix + 6 u 


t 


dx = 


-I 


l 


(ojc 4 h) n a(n - I) I ax 4 &) 

1 2 t 2ax + h 


dx - 


MJl - —-~tan .-- - 

ax- + bx + c v4(ic - h : V4ac - b : 

2 ax 4 h 


— 4 C n/ 1 

4 C, b" < Am' 


ax 1 + hx + c 

I 


dx — In | ax 2 4 bx 4 c\ 4 C 
2 ax 4 h 


(ax 1 4 bx 4 cY 


dx — 


n|4ox — /i r )(m' ; 4 hx + rt" 


1 


2dx 4 t> 


dx - 


2(2 b - Ha 

eH4(ic b 2 ) j [itx J 4 bx + c)"- 

-1 


dx, Aac / b~ 


{h 3 X 2 4 hi 4 cY {Pi - l)(ajc a 4 bx 4 c) 


n 1 


+ C n/I 


m 

12 ) 

(3) 

(4) 


(5) 

(ft I 


Formulae (I) and (4) are easily obtained I mm the familiar formula 


| — = in |ni + C 


( 7 ) 


and you should not need to look up formulas U) or (4|, For example, tisin^ 
(75, 


f 2 2 r 3 2 

---dx - - -:dx = - In |3x 4 5 4 C. 

J 3 x + 5 3 J 3 x 4 5 3 


The Formulas (2) and £6) are instances of the familiar formula 


Jw" du 


n 4 I 


4 C 


for ft t- - l r 


m 


and you should not need to refer to tables for (2) or (ft> either. This leaves 
just formula (3) and the reduction Formula (hi, which you may wish to look 
up when you need them. 


9.2.2 Partial 
fraction decomposition 
of a rational function 


We now indicate how any rational Function can be written as ihe sum of a 
polynomial function and terms appearing in the integrands in formulas (L) 
through (ft). \.£t ibe Riven rational function be of ihe form 
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EtBMinlt I 


FU) 

fiU) 

for polynomial functions f and g. 

sii-.s' !. If che polynomial fix) in the numerator lias degree grealer than or 
equal Ur the degree of the denominator polynomial k( v >, perform polyno¬ 
mial long division and write 


fU) 

R(x) 


cjU) + 


rU) 
K \x i 


m 


foT polynomials £f(x) and r(jc), where the degree of r(x) is less than ihe 
degree of gfjc). Since the polynomial function rj(x) is easy to integrate, you 
have essentially reduced the problem of integrating f(jc)/g0t) to integrating 
r(xVgU). 

We illustrate with the rational Function 

F(x) x* - 2 

|W ~ JT 4 + X 1 

mentioned at the start of the section. Polynomial lung division yields 


Thus 


x 11 - 1 


x 4 + x 


x 

X* + x 4 

- x 4 

- x 4 - X 


-T 


X- - 2. 


fix) = x ( ’-2 
gU) X 4 + 


+ 


r 2 - 2 
4 + x 3 


step 2, Factor Ihe denominator polynomial g(x) into a product of (possibly 
repeated) linear and irreducible quadratic factors, so that ihe quadratic 
factors cannot be factored further into a product of real linear factors, is is u 
theorem of algebra that such a factorization exists. Briefly. It can be shown 
that if it is a root of gfjcj - (3, then x — a is a factor of g(*)Jtcau be shown 
that if g(.x) is a polynomial of degree n. then ^1x1 - f) has n (possibly 
repeated) roots in the complex numbers, which provide a factorization of 
g{x) into linear factors with complex coci Helen Is. Now the polynomial g(x) 
has real coefficients, and it can be shown that if « + bl is a roof of £{x) — t) 
with h ?- I). then ihe conjugate complex number a - bi is also a root, Rm 
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Example 3 
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then g(x) has a factor 

(x - (a + frO) - (Jt - {a — M)) = x 2 - 2ax + [a 1 + h') t 
which is a quadratic polynomial with real coefficients. 

For the rational function we obtained by long division in Example l, 

r(x) _ x 2 - 2 x 2 - 2 
g(i) x* + x* x~{x 7 + IV 

The linear factor x of g(x) has multiplicity 2, and ihc irreducible quadratic 
factor X 1 + I has multiplicity 1. \) 


smT 3, h is a theorem of algebra (whose proof wc shall not attempt to 
indicate) that rUVgU) can be written as a sum of “partial fractions/ which 
arise From the factors of pCx> as follows. 

A linear factor ax + h of g(x) of multiplicity 1 gives rise to ii single 


term 


A 

ax + b 


(101 


(or some constant A, while a linear factor with multiplicity n, say fax + by', 
gives rise to a sum of terms 


A„. 


n - li 


(ax + fr)" (ax + fj)™ 1 


ax + b 


01} 


for constants A„. A n 

An irreducible quadratic factor ax 2 4- bx t c of gfx) of multiplicity l 
gives rise to a single term a H 

( 12 ) 


ax 2 + hx + c 


for constants A and R, while an irreducible quadratic factor of multiplicity 
n, say (ax' 2 + bx + r)", gives rise to a sum of terms 

A„x 1 R n A„ ,x + R TI i * Pi j ix 

{ax 7 + bx + cT {ax 2 + bx 4- c) n_l ax* + hx + c" 

As wc describe in the following article, the rational function r(x.)/gU> is the 

sum of these partial 1 fractions arising from the various irreducible factors of 

e(*X 

For the rational function we obtained in Example 2, we must have 

r(x> x 2 - 2 x ? - 2 _ A t At Bx + C 

g(x) x 4 + x 3 = xHx 1 + 1} x 2 " X ' X 2 + 1 

for some constants A t . A u R. and C We show how to compute these 
constants in the next article. || 
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9.2,3 Computation of 
the partial-fraction 
decomposition 


Example 4 


The numerator constants of a partial-fraction decomposition like (14) can 
always be found by computing the sum of the partial fractions, and equating 
the coefficients of powers of x in the resulting numerator with the coeffi¬ 
cients of like powers of x in the numerator r(x), This procedure leads to a 
system of simultaneous linear equations in the tb unknown constants/' ) lie 
technique is best illustrated by an example. 


We continue with the decomposition in Example 3. Adding, we require that 


At A x Bx 4- C 
-f + — + - v; 

X X X + 1 


A 2 (x 2 + 1) + A,x(x 2 + 1) + (Bx + C)x 2 
x 2 (x 2 + l) 

x 2 - 2 

x 2 (x z + ly 


(15) 


Thus we must determine the constants A 2 > A s , B, and C so that the 
numerator equation 

A 2 (x~ + 1} + Aix(jr + 1) + (Bx + C)x ? = x ? — 2 (16) 


holds. The lefthand side of (16) is of (formal) degree 3 t Equating coefficients 
of x 1 in (16), we find we must have 


A, 4- B = 0. (17) 

Equating coefficients of x 2 yields 

A 2 + C = 1, (18) 

equating coefficients of x yields 

A, = 0, (19) 

and, finally, equating constant terms yields 

A 2 - “2. (20) 

From the system of four equations (17) through (20), we easily obtain 
A, = 0, A 2 = —2, B = 0, C = 3, 


so we have arrived at the partial-fraction decomposition 


x 2 - 2 _ x 3 - 2 _ -2 0 Ox + 3 
x 4 + x~ x 2 (x 2 +1) X" + x + x 2 + 1 

2 3 

~ x 2 + x 3 + %: 


In this case, we ‘ 4 did not need"' tlie constants A, and B, but in general, such 
constants need not be zero. 

Let us now finish the integration problem posed at the start of this 
section. We have, using Example 1 and formula (3), 
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P ^<1 


x (1 - 2 

j t i 

x + x 


dx = 


14 


2 

1-- 4 


4 1 


dx 


1 2 

- - x* — x + — + 3 tan "x + C 
3 jc 


The method of equating coefficients illustrated in Example 4 is a 
reliable way of finding the numerator constants in a partial-traction decom¬ 
position, although it is not always the easiest method. Some aids have been 
developed. We mention only one. If the denominator gix) has a linear 
factor x — a. then setting x — a in the numerator equation, like Eq. (16), 
gives one of the desired constants at once. For example, in Example 4, we 
have a linear factor x = x - 0 in the denominator. Setting x ~ 0 in (16). we 
obtain A z = —2. If g(x) factors into linear factors all of multiplicity 1, then 
this device gives ail the numerator constants quickly. 

Example 5 Let us find the constants in the partial-fraction decomposition 


x % 4 x - 3 A B C 

(x - 2)(x 4 l)(x - l)~ x - 2 *+lx-f 


solution The numerator equation is 

A(x 4 \)(x - I) 4 B(x - 2)(x -1)4 C(x - 2}(x 4 1) = x 2 4 x - 3. 

( 21 ) 


Setting x = 2 yields 
setting x = -1 yields 
and setting x = 1 yields 

so A — B = —and C 


3A = 3, 


6B - —3, 


“2C - -L 

I- 


9.2.4 Outline 
and examples 


To integrate a rational function, we carry out the following steps. 

step 1. Perform polynomial long division, if necessary, to reduce the 
problem to integrating a rational function whose numerator has degree less 
lhan the degree of the denominator, 

stfp 2. Factor lhe denominator into linear and irreducible quadratic fac¬ 
tors. 

step 3. Obtain the partial-fraction decomposition of the rational function. 
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sTEr 4. Integrate the summands in the resulting decomposition of the 
original rational function, using formulas (1) through (6) or other helpful 
formulas. 

We should mention that the actual execution of this procedure may 
break down at Slep 2. While our algebraic theory assures us that a 
polynomial g(x) does have a factorization into linear and irreducible quad¬ 
ratic factors, finding such a factorization may he a very tough job. But this is 
the only flaw: all the other steps are mechanical chores. 

Concerning Step 4, we should remark that in case g{x) has a quadratic 
factor ax 1 + hx + you cannot expect the numerator of a partial fraction 
having a power of this factor in the denominator to be precisely 2 ax + b so 
that you can apply formulas (4) or (6) directly; it may be necessary to fix up 
the integral, and use formulas (3) and (5) also. To illustrate, 


4x - 5 _ 4 hx + 4 - (4h/4) 


3x ? + 4x + 2 6 3x 7 + 4x + 2 


2 6x + 4 23 l 

3'3x 2 + 4* + 2 ~~ T ‘ 3x 2 + 4x + 2 


and formulas (4) and (3) can be used to integrate the two rational functions 
obtained. 

We conclude with two illustrations of the whole technique. 


Example Let's find 



solution Since (he degree of the numerator is less than that of the denominator, long 


division as in Step 1 is unnecessary, and the denominator is already factored 
for Step 2. For the partial-fraction decomposition (Step 3), let 


13 - 7x ^ A B 3 



- =-h--— + 

(x + 2}(x -l) 3 X + 2 (x - l) 3 (x - 


The numerator equation is 


A(x - If + B 3 (x + 2) + B 2 (x + 2)(r - 1} + B,(x + 2){x - L} 2 

= 13 — lx. (22) 


We find as many of the “unknown" constants as possible using the zeros -2 
and I of the linear factors in the denominator. Setting x = -2 in (22) yields 
— 27 A = 27, so 
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Example 7 


SOLUTION 


Setting x = 1 yields 3B a = ft, so 

A* = 2, 

To find B 2 and B L , we need two equations containing them found by 
equating coefficients. The easiest equations to find are often those corres¬ 
ponding to the terms of highest degree and to the constant terms. Comput¬ 
ing the coefficient of x 1 (which contains B|L we obtain 

A 4 B, = 0 

so 

Bj = —A = l. 

Computing the constant terms, we have 

—A + 2 B, - 2By 4 2Bj = 13, 
so 


2B Z = -A 4 2B 3 4 2B] - 13 — 1+442- 13 = -6, 


and 


Hence 


I (x 


13 — lx 


+ 2)(jc - 1) 


dx = 


it 


Bj — 3, 


2 -3 

4 -— + --4 


* 4 2 ' (x - l) 3 ' (x ~ 1)* JC 
= -ln|x + 2| ' 3 


u 


dx 


Let's find 


I 


(jc - l) 2 r - 

3jc j + 2,C + Sx 2 + * + 2 


4 In he — l 4 C. 


jc 5 4 2x 3 4- x 


dx. 


Again, long division is unnecessary, and factoring the denominator yields 

jc ■ + 2x* 4 .sc = x{x 2 4 I) 2 , 


For the partial-fraction decomposition, we let 

3x 4 4 2x 3 4 8x 2 4 x 4 2 _ A B z x 4- C 2 B,x 4* C x 

jc s 4 2x 3 4 x x (x ;i 4 1 ) ? 1 x : 4 1 

The numerator equation is 


A(jr 4 \) 2 4- (B 2 x 4 C\)x 4 (B l x 4 C,)(x J + x) 

= 3x 1 4 2x 3 4 Hx 2 4 x 4 2. (23) 
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Setting x = 0, we obtain 

A = 2. 

Equating coefficients of x 1 yields A + B, =3, so 

B l = 3 - a = 3 — 2 - 1. 
Equating coefficients of x ! yields 

C, - 2. 

Equating coefficients of x 2 yields 2A + B 2 +■ fli : K, so 
B 2 - 8 - 2A - E, = H - 4 — l - 3. 
Finally, equating coefficients of x yields C 2 + C\ = 1, so 

C, a 1 - CtL® 1 - 2 =* —1* 


Thus we have 

3.V 4 + 2jc 3 + 8.r + x + 2 


j 


i(*=H-+ 


-f€ 


x(x 2 + 1)" J \x (x + I) 

Using formulas (6), (5) s and (3), we obtain 

2x.fi 


X + 2\ 

(24) 

X" + 1 / 


i 


3x - l , 3 

ax = 


(x" + IV 


2 J fx- + l) 2 

^ -» _/ 


tlx - 


l 


(*■ + i y 


cix 


lx 


3 + 


2(t) r 


2 K- + 1 \l(4)(x a + l) 2 ' 1(4) j x J + I 


dx 


-3 


2(x 2 + 1) 2(x 2 +ir 2 


— ~ tan 'x + C 


(25) 


We also find that 


f 


x + 2 
x 2 + 1 


dx = 


w 


2x 


x 2 + 1 


dx T 2 


f 


x 3 + 1 


dx 


1 


= - In lx- + 11 + 2 tan ' x + C. 


( 26 ) 


Then (24), (25), and (26) yield 
3x 4 + 2X 1 + fix’ + x + 2 


I 


x(x 2 + l) 2 
- 2 In |x| — 


dx 

3 x 1 . 

-:--——-~— tan x 

2(x 2 + 1) 2(x z + M 3 2 
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SUMMARY To integrate a quotient of polynomials, you may follow these steps. 


s 7 tep 1. Perform polynomial division, if necessary, to reduce the problem 
to integrating a rational function whose numerator has degree less 
than the degree of f/ie denormrialor. 

STTiP 2. Factor the denominator into linear and irreducible quadratic factors. 
step 3. Obtain the partial-fraction decomposition of the rational function. 

sr kp 4. integrate the summands in the resulting decomposition of the original 
rational function, using formulas (1) fhrougfi (6) in this section* or 
other helpful formulas. 


EXERCISES 


Transform the given iriregrcif into a sum of integrals of partial fractions ami find the integral. 










S3 SUBSTITUTION Chapter 6 introduced the type of substitution technique illustrated hi the 

following example. 


Example t To find J x(x 2 + 3>Y dx> note that x dx is the differential of x 2 + 3> except for 


a constant factor. We let u — x r + 3* so riw — 2.x dx and xdx (.») dn. 

Then 
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Example 2 
soi l mis 


Success in this technique depends upon spotting a factor of the inle- 
grand to serve as u for sonic expression u that already appears in the 
integral; then u r * dx = tin. If jfu) can he expressed as g(lc)*u f and if 
J gfd)du - G(m 1 + C. then 

j{Gtu)) _ dtrrt.H l) _ du 
dx du dx 

= g(n>* U' - f{x\ 

so G(u) is indeed an antiderivative of f(x). 

Here is another substitution example. 

Let's find f rv'i + 1 dx by substitution - 

The radical is causing us trouble, so we let » - vx -I- 1 fo eliminate it. Then 
tr — x + I so 

X = — 1 and dx = ludii. 

(This Mibsittution for dx must be computed. A common error c.s |iur( fo reptare 
dx by du.) Therefore 


Jxdx + i d* = |(U‘ 1 ) U ’ 2 udu = 2 Jtw J u’pdti 

= 2 ^x + »“ _ W7TjV\ + c 

-»vrnff±i-l)tc 

= - A) . c. | 

In the type of substitution illustrated in Example 2. you lei x 
so dx = h'(ir)d.u- You then write 

JVoctd* = |f(ll(U» ■ = fi(ll) + C. 0) 

If X - fi(tt) has an inverse, so that u - Ji Uxl then (1) becomes 

G(/i '(x)t + C Again, 

d\CHu\) d{G[u)\ du riii tl „ du ,, p , dx du 

--- --r ■— /(lifu)) * h (uj — = - -- 

dx du dx dx dir dx 


= fih(u)) = fix). 
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A gunning 


Knumplf 3 


SOI L THIN 


Example 4 


SOLUTION 


so G{u) - 0{h 'ix)) is indeed an antiderivative of f(#), You set that ihe 
validity of this substitution process is a consequence of the chain rule for 
differentiation. 

As mentioned in Example 2. a common error when substituting x - 
h(u) is to replace d\ by du, instead of replacing dx by h'lu J du Don't forget 
to compute dx. Naturally you must choose only substitutions x - ft(u) shat 
have continuous derivatives and inverses. 


Let s try to find 


J r Mr ’’ dx. 

This integral looks pretty hopeless, hut let’s try to simplify ii by the 
substitution 

u = sin 'jc„ 


1 hen x sin re and dx — cos u dw. The integral becomes 


dx 



cos it die 


A table (or integration by parts) yields 
f £ " 

e" cos u dti ^ — (Cfl* [J I sin u) + C. 

Since u = sin 1 K, we find that 

sin it - jc arid cos ii - s/L sin n - V i .v . 


Thus we have 


i/i 


U + v'l x) + C 


An suftsfitnhon jc = iiiif) is one where h(tt) is a function in¬ 

volving only arithmetic operations and roots (no trigonometric functions, 
for example!. 

We use an algebraic substitution to find Mie integral 



jr dx. 


To eliminate the radical, we let ir 4 — jc Implicit differentiation yields 
2it{du) = — 2*(rfjc : ) t so 

x dx = —u du. 
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Example 5 


SOLUTION 


Example 6 


We thus have 


J*V4 - x 2 dx = jV\'4 - x 2 (xdx) = f(4 ~ « a )(«)(-udu) 


I 1 


= | (-4 u 2 + u 4 ) du = - + “ -f C 


Since u — v'4 — x\ we obtain 


J x VI 


4(4 - x 2 ) M2 (4 - x 2 ) 


- x r dx = - 


.S\WZ 


Let s find 


f -i 

J 1 + 


3 

1/2 


+ 


5 


+ G 


Li3 


dx. 


To eliminate the fractional powers jc 1 '* and x lf2m at the same time, we let 
x = u h , so that fix = 6w’ du and 


I 


1/2 


dx = 


f .jL.. 

J I + u 


6u" du. 


1 + x 1 ' 3 

Application of the method of partial fractions yields 


u 4 4- u 2 - l + 


nVr) 


du 


Since u = x 1 we have 

l/Z 

dx 


-Gly-y + y-. + turt.l + C 


I 


1 + X 


W3 


v 5/6 1/2 x 

+ ~ - x 1 ^ + tan -, jr ,;t I + C. 




You should not think that ah integrals with radicals will yield to 
algebraic substitution. Look at the following example. 

For the integral J x 4 J9 - x 2 dx, it is natural to try the substitution u 2 = 
9 - x* so 2udu = —2 x dx or x dx — — udu , Then 

jxVy - x 2 dx = JxV9 - x 1 xdx = JV«(“Udw). 

But since u ? = 9 — x\ we have x 2 = 9 — i* 2 j so 

x* - x 2 ■ x = (9 - w 2 )V'9 - u z 

and our integral becomes 


j*x J u(“wdu) - J(9 — u 2 )s/9 — uTi(—u du) = - J(9u 2 - h 4 V9 


u 2 du , 
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We have not, eliminated the radical, and clearly have just as tough an 
integral* We will see how to find this integral in Section 6, || 


SUMMARY L Iff = bin), then J f(x) dx becomes j /(ft ( u)) - ft'(«) du. If the latter integral 
can he computed as G(u) + C then solve the original substitution for n in 
terms of x, and substitute in G (u) + C to obtain J fix) dx in terms oj x, 

2. Integration of expressions inuntamg fractional powers may yield to alge¬ 
braic substitution designed to eliminate all the fractional powers - 


EXERCISES 


1. Integrals that yield casalv to one tech niqu e often 
yield easily to another. Show that f xdx + \ dx of 

fu Exercises 2 through IS. fcpic/ the given integral- 

x - 3 
dx 


vJ + x 


>i 

f COS X 

5, I - r^dx 

J v4 — sin x 

8. J*S/4 

1 * 

•1 
■I 


11 - 

14 

17 


-I- x dx 

dx — ! 

ux 


Example 2 and j x V4 — x' dx of Example 4 hoih 
can he found using integration hy parts. 




I + x 



f 


- dx 


V I + x 
7. | xV3 - 2x dx 

,0 - l77 

Jx. + 2—1 




+ 1 


dx 


15* 

16 


■ 


dx + 2+1 
dx 

x 1/? + x ,/s ' 


dx 


9.4 INTEGRATION 
OF RATIONAL 
FUNCTIONS OF 
sin x AND cos x 


We described in Section 9,2 how the integration of any rational function can 
(theoretically) he accomplished. We show in this article how the integration 
of any rational expression (quotient of polynomials) in sin x and cos a can 
he reduced to the integration of a rational function by substitution. Since 
tan a, cot x. sec X-, and esc a can all in turn be written as rational expressions in 
sin x and cos x. the technique will actually provide us with a method of 
integrating any rational expression in the trigonometric functions. 

We make the substitution 


x = 2 tan ] t, 


( 1 ) 














































296 


Technique of integration 


so that 


t — tan - , 

2 


( 2 ) 


which was discovered by some ingenious person. Using identities for 
trigonometric functions, we then obtain 



_ , x x x 2 x 

sin x -=-2 sm - cos - = 2 tan - cos' - - 2 

2 2 2 2 


tan t j/2'J 2f 



Similarly 



sec 7 (x/2) I + tan 2 ixfl) 



l - 1~ 

I + f 2 ' 


Finally 


dx = 2 



Collecting these formulas in one place, we have 


2 i 



COS X 


J 2 ^ 

dx = y —-5 dr. 


I + f 


Clearly the formulas C3J may be used to convert the integration of a rational 
expression in sin x and cos x to the integration of a rational function of (, 
You should not blindly make the substitution (3) with every integral of 
a rational expression in sin x and cos x. First, look for a shorter method, or 
try to find the integral in a table, We illustrate with examples. 


Example- t The indefinite integral 


I 


I + cos X 


1 cos x 


dx 
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F sample 2 




siw.irnorv 


can be found using {*). hut il is easier to use ihe "irk* 1 ' 

. f —* = ( <‘-”5' * 

J 1 + cos I J (1 + CPS JcK ! - cos x) 1 I - COST X 


-\ 


1 - 2 cos x + cos - x 


dx 


= J (c$c ; x - 1 CSC x cot x + cof’ x 1 dx 

- J (CSC 7 X - 7 esc jc cot X -1 CSC 7 x - l} ilx 

- | (2 chc 2 x 2 esc jc. coi x — t) dx 

- -2 cot x + % esc x - x + C. |L 

Using a table like the one in this text, the integral 


Jr 


+ eos j; 


dx 


is easily found to be 


fjToosI^* = ^ ,a " fe Un f) + C 


l .cl us find I he integral 


fix. 


3 sin x + 4 cos x 

This integral is noi found in the ladle in this toil. Using the variable 
transform a l ion in (-V), we have 

2 


f —-“ J -dx - f : 

J 3 sin i + 4 ens x J - 


1 


3[2</(i + 1 ? )\ + 4[o - r~m + »*>] i + 

f 2 f d't 

‘ Jfir 4 4 47** = J It' - 3i - 2 

_ r_ lit r/ -2/5 | us\ 

) (2r + l)(t - 2) J\2r + 3 1-2/ 

- L|n|2f +■ l| - sin It 2\ + C 
Si nee t - tan {x}2) by Fq. (2), we obtain finally 




dt 
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SUMMARY 1 + A rational function of sin x and cos x can he integrated using the substitu¬ 
tion 


21 


stn x = 


1 + f 2 ' 


COS X = 


1 - 1 2 
t + f- 


dx = 


1 + t 


dt. 


Use the method of nnrtial fractions to integrate the resulting rational 
function of t , and after integration , sufafifufr t = tan M2). 

2, A/ways look for an easier method before making the substitution just given. 


EXERCISES 


1. Hind fsecxdx - ](I fcos x) dx, using the melhod 2. Find f esc x dx = J < 1 /sin *) dx, using the method 

described in thb section. described in this section. 

in the remaining exercises, find the indicated indefinite, integral by any method* including the use of the tables in die 
text 


3, 


f sin x 
J I + cos x 


dx 



1 - sin x 
! + cos x 

dx 

1 + tan x 


dx 




dx 


1 + sin x 


i. JV 


12 . 


Iasi 


L - cos 2 .dx 
dx 


sin x + 3 cos x 


5. 

9. 


f 

I 


dx 

2 - sin x 
sin x 

si n x + cos x 


tlx 


6 


10 . 


I 

I 


dx 

sin Jr + cos x 

cos x - sin x 
sin x 


dx 


95 INTEGRATION 
OF POWERS OF 
TRIGONOMETRIC 
FUNCTIONS 


All I he integrals treated in this section can be found most easily, and with 
the least chance for error, by using integral tables. This section may he 
omitted, especially if lime is short. Our feeling toward this section is 
indicated by Exercises 26 and 27 in Section 6.3. D Ol 


9.5.1 Integration of An integral of the form 
odd powers of sin x 
and cos x 


| sin JM x cos' 1 x dx 


where either m or n is an odd positive integer can he computed by the 
following device. If m is odd, il save" one factor sin x and change all other 
factors of sin x to \ - cos : x. One then obtains an integral of the form 

J/(cos x) sin x dx , 

where /(cos x) is a polynomial in cos x. This integral can easily be found. If it 
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Example 1 


Example 2 


9.5.2 Integration of 
even powers of 
sin x and cos x 


Example 3 
SOLUTION 


is odd. a similar procedure can be followed, 'Saving 1 " one factor cos a: and 
changing all other factors cos x to 1 — sin'r 


You have 


You have 


f sin\ cosfxdx = | sin x( I - cos'x) coirxdx 
= I (cos 3 x — cos J jc) sin x dx 


— ~4 cos^ x. + ^ cos 5 x + C. 


| eos\x dx = j 


= |(1 sirrx) - cos x dx 

= J (1 - 2 sin“ JC + sin'jcJ cos xdx 
= sin x y sin\x + { surx + C, 


An integral of the form 

J sin m x cos"x dx 

where both m and n are nonnegative even integers is more difficult to 
evaluate without tables than the case where either m or n is odd. This time, 
wc use the relation sin 2 x I cos 1 x Lor other trigonometric relations, to 
express the integrand as a sum of even powers of sin x only or cos x only, 
and then make use of the relations 

, I — cos 2 ax j 1 + cos 2 bx 

sm - nx = - - and cos Dx = - — — t I) 

2 2 

repeatedly, until we obtain just first powers of cosine functions. The tech¬ 
nique is best illustrated by examples. 

Let’s find J sin 4 x dx. 

Using (I \ repeatedly, we have 


sin’xdx - 


(siirx) 3 dx 


f^ l - cos2x ^ 2 


dx 


i r 

4 


* . , If/ 1 + cos4x\ 

(1—2 cos 2x + cos' 2x) dx = ( 1 - 2 cos 2x + ---J 

- u° 


dx 


3 1 I 

— |(3 — 4 cos 2x + cos 4x) dx — - x — —sin 2x + sin 4x + C. 
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Example 4 

fMILLTliOh 


9 5 3 Integration 
of expressions such 
as sin nix cos fix 


Example 5 


9,5.4 Integration 
of powers of tan x 
and cot x, and even 
powers of sec x 
and esc x 


F^iimplo fr 


Lei's Ei rid 

J*in‘ x cos \v dx. 

We use the relation sin x cos x i sin lx followed by (1), and obtain 

1 f 1 - cos 4x 


i ■ 2 ’ , I f . 2n , I f I — co 

| sin x oeis'xax = - J sin lx dx ~ ~ ] y 


tlx 




I lte relations 

sin flue Sin it* '[cos < fit nf.t cos ( in -+ n>x| {21 

sin mx cos fix - '[sin Ori u)x f sin(m 4 fi)x] 13) 

cos mx cos fix = l|eosim — n fx + cos (rn + nix] (4) 

enable us to integrate sin mx sin fix, sill mx cos itx, and cos nix cos fix 

without tables. The formulas (2), <31, and 14) are easily derived from the 
more familiar formulas 

sin (mx +- fix I sin mx cos nx + cosmt sin tu (5) 

Ctfs (rtuc + fix) _ cos mx UQS fix - sin mx sin fix lb) 

(see Lxerdse I), 

We have, using (3), 

f sin 2x cos 3x dx -■ ~ J [sin i x) + sin 5x] dx = - j | -sin x 4 sin 3x] dx 

= ^ COS t - 7n cos ^x + C II 


We mute use of the identJlies 


4 tan 3 x 

= sec?* 

or 

linr'x 

= sec'x - 1 

(7) 

4 col x 

- esc^x 

or 

not'x ; 

= ese x - L 

m 


'hi integrate a power of lan x or an even power of sec x, wc use (7l and the 
fact that d<tan x) - see’xdx. 

To integrate an even power of sec x, we “saye" one factor scc'x to serve in 
du and change all fhe oilier powers of sedx to powers of it ~ tan x. To 
illustrate, 









9.5 Integration of powers of trigomimetHc functions 


301 


I sec*x dx = I 


sec\x (Lx - (I + tairx) eec* dx 


=1 


U + 2tars 2 x + tan 4 x) sec^x dx 


= |"see'x fijt -i- 2 J tan 2 * sec 2 xifx 4 j\an J x see‘x tfx 

lan^ tan'x _ - 

= tan x + 2 • -— + —- 4 C || 

Kxwxiple 7 To illustrate the integration of a power of tan x, we have 

Jtan^xdx = j larr'x t>ec a x - 1} tlx = [tan*x sce s x dx Jum- 


x dx 


tan jc 


-i 

tan 4 x f 


tan x face" x 1 1 dx 


tan xsec^xdx + J tan xdx 
larf x tarrjc f sin x 


4 2 

tan 4 x tairx 


dx 

cos x 
- In Icos x| + C. 


Obviously powers of cot x and even powers of esc x car lie integrated 
in a similar fashion using (8) and dfcotxj = -csc'xdx. 


9,5.5 Reduction 
formulas for powers 
of tan* cot* 
sec x, end esc x 


Odd powers of sec x and esc x are tough to integrate without tables. They 
can he done using integration by parts. We ask you to experiment with 
jsec 3 x dx in ifcerdse 20. Of course the best way to integrate any power of 
tan x, cot x, see x, or esc x is to use a table and make repeated use of the 
appropriate reduction formula 


taiwix dx 


tali' 1 'ax 

<i (n Ij 


run 


pi i 


ax dx, n / l 


m 


f 

f 

i 


eot h a x dx 

sec"iixdx 

csc n cix dx 


cot" ‘ax 
a(n - 1) 


— | cot" tfxdx, ft f- 1 


see 11 "ax Umax n 2 
fl(n-l) n - 1 


esc" J tix cot ax 
afn - 1) 


sec* J iix dx, j-i f 1 

2 I csc" _2 ax tlx, n f 
n - l J 


( 10 ) 
( 11 ) 
1 . ( 12 ) 
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Example K 


This will reduce I he problem to the integration of the function to the first 
power (or to integration of a constant). Then use 


tan x dx -In |cos x\ + C 
cot xdx = In [sin x | 4- C 
secxdx — in |seex 4- tan x\ 4- C 
esc x dx = In [esc x + cot xj + C 


( 13 ) 

( 14 ) 

( 15 ) 

(16) 


which you have already seen, You are asked to derive the reduction 
formulas 19) through (12) in the exercises, using (7), (8), and integration by 
parts. 

We have, using (II), 


f 


* , see + 2x tan 2x 3 

sec 2xdx =- + 

2(4) 4 J 

sec '"lx ton 2.V 3 

= - H 

8 4 


sec'lx dx 
see 2x tan 2x I 


2 ( 2 ) 


f- 


-It - i sec 2x dx 


sec2x tan 2x 3 

- 4 — sec 2x tan 2x 

K 16 


4- , ? h In Iscc 2x + tan 2x| 4- C. 


Finally, remember always to see whether there is an easy way to find an 
integral before you blindly reach for a “rule." For example, 

f 2 f sin x I f sin x 

I i tan x sec^x dx =-— dx = -*— dx 

J J COS X COS- x J COS X 

could be done by the t tan (x/2) substitution. 

OUUUUUUUUUUUUUUUCH1 

2i j tan x sec'x dx = J tan xil f tunxjdx = |(tan x \ tan l x)dx 

could be done using (9) and (13). 

GRRRRRRRRRRRRRRRRR! 
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3. Since d(tan x) - sec 1 2 x dx* of course lan x sec'xdx = (tarrx)/2 + C 

■ 

V UUUUUMMMMMMMMMMMM! 


SUMMARY 1, Odd powers of sin x can be integrated by “saving' one factor sin x to 
serve in du and changing all other factors sin’x to powers of u — cos x 
using sin~x = I cosmic. Odd powers of cos x are integrated similarly. 

2, Even powers of sin x or cos x can be integrated using 

2 I — cos 2lix , i + cos 2hx 

sm ax =-—— atm cos'hx = ■ - 

2 2 

repeatedly . 

3, Formulas (2), (3), and (4) of this section can be used to integrate 
expressions involving sin mx sin «x, cos mx cos nx* and sin mx cos ?ix, 

4, Powers of tan x , cot x* and even powers of sec x, esc x can be integrated 
using 

1 + tan s — see 2 x and I + cot 2 x - esc 2 x* 


5, A// powers of tan x, cot x, sec x, and esc x are easily integrated using the 
reduction formulas (9) dirowg/t (12) and formulas (13) through (16) of 
this section. 


EXERCISES 


1, Derive Formulas (2), (3}, ami (4) from (5), (6), and other well-known trigonometric relations. 

In Exercises 2 through 24, compile the indicated Integra Is without the use of tables. 


8. sin'3xdx 


2* J sin 3 x cos'x dx 

> fi, 

4 ' 

r 

II* sin'x cos z x dx 
14* jcsc^xdx 

. f- 

J c 


. sin 3x 

17* -77 dx 


6. 


* J sin^ZxVcos 2x dx 

s\n A x cos x dx 


cos 3x 


12 . 

15. 

18 . 


sin 3x cos 2 3x dx 

f 1 


sin"x 


tfx 


sec 4 x tan x dx 
tan L x dx 


4* 


sin \t cos' 4 * dx 


r * 3 

sin x 
coi/x 


dx 


10 . cos 4 2xdx 


13 

16. 

19* 


r * 

* sec 

\~ 

J si 

[ dx - 
J cos". 


cosx 

sin^ 


x dx. 

dx 
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see'jtdjc [Him. Use integration hy parts,] 


21. Jtan 7 2xdjc 
24. csc 4 5x eot’.Sjc dx 


22. &ec 2 jcdjc 


22. j tan^x &e.c 2 * die 23. | esc 1 jf cot x dx 

7n Exercise a 25 through 30, derive (he indicated reduction formula. 


25. The formula in Eq. (9) of this section. 
27. The formula in Fq. (II) of this section. 


26. The formula in F.q. (10) of this section. 


28. The formula in Bq. (12) of this section, 

[Note- "This is, the best way to in legate powers 
of sin i.] 



sin" 1 a* cos ax rt 




[Note, this is (he best way to integrate powers 
of cos xj 


9.6 TRIGONOMETRIC 
S UBSTFTUTlON 

9.6.1 Integrals 
involving \ V ± x 3 
and vx — a 


Example 1 


SOLUTION 


a 2 + trian^f = a 2 sec 2 /, 

7 1 T i 7 

cr sec f - - a tan / 

a re some tim es usefu l in elim inating the radicals from integrals involving 
>! a 1 — x”, 'Jet 1 + jr\ or Vx 2 — a 1 , "The resulting integral involves 
trigonometric functions and is sometimes easy to integrate, or might be 
found in a table, nr (as a last resort) might be integrated by the r - tan (jc/ 2) 
substitution. Wc illustrate with examples. 

Let us find 



which is not found in the little table in this book. 

If we let x = 2 sin then dx = 2 cos t du and we obtain 

f xV4 - I* dx = 18 sin-’l(%/4 - 4sirrf)(2 cos I) dl 

= [ 8 sin^f(4 cosrf) dt = 321 sin f(1 - cos 7)(cos 2 /) dl 


9.6 TRIGONOMETRIC 
S UBSTFTUTlON 

9.6.1 Integrals 
involving \ V ± x 3 
and vx — a 


Example 1 


SOLUTION 


= 32 {cos~r - cos 1 r) sin / dr = 


32cos l f 32 cos" i 
— ■ + -—-—■ + C 
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From x = 2 sin r, we obtain 


cos / = VI siti 2 r 


= V'l - (x/2) 2 = yA - x 2 . 


so we obtain for our integral 

no r = 2 sin / subsinutton r ^ _ x 2^{2 ^ _ x ?-fn 



jxV4- 


x 1 dx - - —--— 4- ——— + C. 

3 3 


(hi x tan f siibsiilution 

9.2 


When you make a substitution such as x = 2 sin t in Example 1 and 
then integrate, the answer obtained is in terms of trigonometric functions of 
/ rather than a function of x. The triangle shown in Fig, 9.2(a) is helpful in 
figuring out the trigonometric functions of / in terms of x. If x = 2 sin r, then 
sin t = x/2 t so we label the side opposite the angle / with x and the 
hypotenuse with 2, The remaining side is then found using the Pythagorean 
theorem, The triangle for the substitution x — tan r, which is used in the 
folio wing example, is shown in Fig. 9.2(b). 


Example 2 We compute 


x~V l + x 2 dx. 


solution This lime, we let x = tan /, so that dx sec 2 tdL We obtain 

x“v l + x dx = jlairWl 


= j tan 2 !sec 3 / dt = 

= J(sec*f — sec 3 f) dt. 

We use a reduction formula from I he table for powers of secant, and obtain 

sec 3 ? tan ! 3 


+ lair/sec 2 /d/ 

(sec~f - 1) sec 3 1 dt 


sec 3 / d/ = 


Our integral thus lakes ihe form 


+ — sec 3 / df. 

4 4 J 


1 f 

4 


sec L / dt 


f , , , , sec 3 / tan t 

I (sec f sec l) dr =--- 

sec 1 / tan / I /sec / tan /If , \ 

= —T "" 4 \ ~2 + 2 J SCC * / 


sec 3 / tan f 1 I . , . . . , ^ 

- sec / lan / - In !sec / + ran r, + C , 

8 8 1 


4 
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tram x - tEin t, we oh [a in sec i - v' I +■ tan / - -fi + x 'I hus wc have 

IxVl + p dx - —— 7 -—^— ~xV1 + x~ - ^ln iVH + x 2 + x| + C. || 
J Ho O 

Emm pic J Let's find { \ a ' *' dx without the use of tables; 

soil 1 ion II we let x = it sin j so that dx a cos (df f then 


j" \ a 2 - x 1 tix I vo' 1 a' singl'd cos t) dr 
= a | cos"/ di ti' 


■+ cos 2; 


dr 


—(1 +- - sin 2r^ + C = — (t + sin t cos t) + C 
2 \ 2 i 2 

^(shr , - + ~Jl - C) + C 

2 \ o o 1 o'* 


= ' sill 1 - -r^U- - V + r. 

2 ti 2 


9.6.2: Integrals By completing the square, the integral of an expression involving 

involving v'« , 4 b* + c. •/air T bx + t may be able to be handled by the me 1 hod of the preceding 

where a ^ <3 nr tick'. We illustrate with two examples. 

1'Aumplc 4 Let uk hud [ Vx ' - 2x dx, 

scn.i noiN Wi have 

vr' - 2x dx - | U 2 T dx. 

If we let x l = sec i, then we obtain dx - sec j tar r dr, so 


| v'{x - I- I dx J /sec'' t I see J tan r dt 


tan 1 /sec r dr = 


! 

= |{sec 1 / - see 


(sec'f 1 1 see i dr 


n dt. 


We should know J see r dr. bill pretending we lutve no tables, we shall 
integrate J see 1 ! rfi hy parts We let 

dv - see 1 / dl 


a = sec f 
dn - sec r tan tdt 


v - tan r 
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F*ampk' 5 
son THIN 


SUMMARY 


so that 


ac i 1 lair / dt 


ioc H r (if = sec / tan t - J s 

= set / tan £ | (see’/ see f) dl 

- see / tan f 4 lujsec i 4 Ear rj f fetMtiJi 

Sislvij^ Ellis equation for jsec’/tj!/, we obtain 

j see'/dr = 5 see (ian f + Mr ;sec f + tan j| + C. 

We now obtain for ..rigina! integral 

jsV - 2m dx - | see 1 /di j see Ml 

= ^ sec r tan r - \ In sec t + (an r| +■ C 

'.\x I iv(j - If- l - jln|U - l) + “ I) 1 

— I W'.v ‘ 2x In \x - I + V.i ' - 2i[) + C\ 

Lei m find J {I /c'T 4 lx x) fix. 

Completing the square, we base 


I C 


filje 


tlx 


We let 
so Mid! 
Then 


V I i 4s jr 7 V5 {x - 2) 
x 2 = V'5 sin f* 
tlx = w5 cos I dt. 
ti.t f v ! 5 cost t 


v3 U 2? J V5 - 5 sin J f 


iJf 


f v S cos f 
J v\S COS / 


r/r 


f . JC - 2 

= I 1 ■ di ~ / t C - sin —j=— 4 C. 


V 


1, If x = a sin f, ifien a — x = a cos /. 

2, If x = a tan (, iherj v'tr' 4 jp 4 see f. 

3 r /f jc - 4 see I, rften v'r - a 3 4 * = tan r 

4. To eliminate she radical from \ax- + bx 4 c for a 0, complete /he 

square and then use she appropriate xubyiinainn ufrmje. 
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EXERCISES 


Find these integrals without using tables. 


■(tt 


dx 


+ X 

4. j <16 - * S ) M dx 

7, 


-•Jafc 

{ dK 

'• 1 


- dx 


■ l^ 7 ,JJ£ 

. | x 'SP T dx 

f c 

8, j v rp 


dx 


"J 


dx 


VI + x~ 

6* | V4 - ~x dx 


9. I , ^ ■ dx 

In 


v X 


18. 

J xV 

13. >/x" — 6x + 8 dx 


16 ~ JvF 


- 4x 4 _S 


dx 


11 

14 

17 


. Jv'm? dx 

* J v'2x - x 7 


12 

15 


■ J 

■j 


4 2x 4 2 dx 
dx 


4* 4 8x 4 12 


3x - 2 


4- 2x 4 2 


dx 


9.7 IMPROPER 
INTEGRALS 


9.73 Types of 
improper integrals 


Thus far, our discussion of a definite integral £;/(*) dx has been confined to 
integrals of continuous functions over a closed interval. We now turn to such 
inlegrals as 




where lim \f(x)\ ~ «>. 

x — 


Such integrals are improper integral. 11 fix) ^ 0, the first integral is an 
attempt to find the area under I he graph ‘ from a to op," as shown in Fig, 
9.3. The second integral is an attempt to find the area of the shaded region 
in Fig. 9.4, 


V 






















































Con vergent 
and 
divergent 
Integrals 

Example 1 


Example 2 


Example 3 
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[f f(x ) is continuous for all x > a, then £ f(x) dx for h > a makes 
perfectly good sense, and it is natural to let 


f fix) dx = lim f f(x) dx. 

'a (I— 


(1) 


if this limit exists, the integral is said to converge, while the integral diverges 
if the limit is not a finite number. 

The improper integral ft {lfx 7 )dx converges to I, for 

[ = lim f \dx = lim ” ”1 = lim f -i - (-l)'j = 0 + I = 1. II 

J| X h —* ^ J| X X J f h_+™? ' ft / 

The nonmat hematics major (and even an occasional mathematics 
major) may tend to compute J7 (1/x 2 ) dx as 


TA dI = _ir = _i 

J, x~ JcJt « 


rather than write out the limits as in Example 1. While this shorthand rarely 
causes any difficulty, we shall always write out Ihe limits in the text, for 
improper integrals are defined as limits. 

The improper integral ff{lfx)dx diverges, for 


f - dx = lim f- 

X ),^ J, x 


— dx = lim In 
x h 


|x|T = 1 in 

-I i Ft -* 1 


by 


lim in \h — In 1 = «, 


Now suppose lim, , h _|/(x)| = » as in Fig, 9.4. Then we define £ fix) dx 


[ f(x) dx = lim f f(x) dx. 

Jtl it — 


( 2 ) 


Again, the integral is said to converge or diverge according to whether a 
finite limit exists or does not exist. 

The integral f, ] , 1/(1 - x) dx, diverges, for 


r t 


Ft 


—— dx = lim 

1 -X Js—!— a 


I 


dx = lim -In 1 

- x h ^i 


1 Ja 


J 0 


= lim —In |l — ft| + In 1 = w. 

*—-l - 

The integral Jo (1/Vi - x) dx converges to 2 t for 

l 


f 


dx = lim 

0 V 1 - X h -.y- 


r 1 i _] h 

im ,, dx = lim -2VI - x 
-*i- Jis v l “ x Jn 


= lim -iJX^h + 2 = 2. 

X—-I- 


Example 4 
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Example 5 

SOLUTION 


Example 6 

A warning 


Of course, if fix) is continuous for a < x ^ b but lim x |/(x)| = 
we let 


;) dx. 


f fMdx = lim f fix] 

■ffl ft —► {! + -Jjq 

If /(*> is continuous for all x, then we let 

[ f(x) dx = f f(x) dx + f /(x) dx , 

J -=u j-t Jo 

requiring lhat both integrals on the rlghthand side converge. 
Let us find [IT dx/( 1 4- x 2 ). 


We have 


T dx - f dx f 

L 1 + X 3 J . I + X 2 J[ 


dx 


= hm 

h 


0 I + X 


■ dx . ( h dx 

itn —— 5 4 lim ——, 

—1 4 X K^>J(> 1 + x^ 


= lim tan ] x 

h » M 


+ lim tan 1 x 
J h ii-** 

= lim (0 - tan l h) + lim (tan -1 /i - 0) 

h—*—■=*=< h—**» 

—• 


(3) 


(4) 


Finally, if /(x) is continuous for ti ^ x ^ fi except at a point c where 
a < c < h and if lim*^ |/(x)| = <», then we let 



•L- fj) 

/(x) dx 4- /(a) dx 


- j>l 

lim \ fix) dx 4 

it “*r — J a 


lim f f(x ) dx. 

h—£4- *4) 


In other words, if we consider *, —so, and points where f(x ) becomes infinite 
as “bad points, n then we define an improper integral involving several bad 
points to be the sum of improper integrals obtained by breaking the interval 
of integration into pieces, each containing only one bad point at an end of 
the interval Each individual integral must converge in order for the entire 
integral to converge. 


Since fu(l/x) dx and f 1 , ft/xjdx do not converge, neither does J 1 j (1/x) dx. 
The following computation is sometimes found on students' papers, but it is 


WRONG: 



— dx ~ In 
x 



- In 1 - In 1 -0-0 = 0 . || 
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9.7^2 Convergence of 
£(l/x p )dx and, 
fj(l lx p )dxt and 
a comparison test 


The ideas in this subsection provide a preview of things to come in the next 
chapter on infinite series. We will find Theorem 9.1 very useful in Hie next 
chapter. The proof of the theorem is just a question of computation, which 
we leave to the exercises (see Exercises 24 and 25), 


Theorem 9A 1. For a > 0, the improper integral £ (l fx t> )dx converges if p > I and 
diverges if p < 1. 

2. The improper integral £ [ l/{h - x) r> ] etc and £[l/(x — a) p ] dx converge 
if p < I and diverge if p s 1. 

Examples 1 and 2 above illustrate the first statement, and Examples 3 
and 4 illustrate the second. 

Sometimes we are interested only in whether an integral converges or 
diverges, rather than its value if it converges. A comparison test is often 
useful. Suppose that 0 <■ g(x) ^ f(x) for x ^ a . Then surely 

f g(x)dx < 



for all h > a. Now lim^* £ g(x) dx is cither a finite number or approaches 
co, since g(x) £ 0. [This seems obvious, and is proved in more advanced 
courses.! The same is true for £ f(x) dx. Taking the limit, as h —in (5), we 
see that if £ f{x) dx converges, then £ g(x) dx must converge also, for if 
£/(x) dx remains finite, then the smaller integral £g(x)dx must also. 
Similarly, if £ g(x) dx diverges, so does £ fix) dx. Let us give a statement of 
this comparison test not only for integrals at but also for integrals that 
have finite 4t bad points." 


Theorem 9,2 ( Compa risen Test) Let f(x) and g[x) be continuous functions for x £ a and 

suppose that 0 ^ gtx) ^ f(x) for x > a. If £ f{x)dx converges, then £ g(x) 
converges also , while if £ g(x) cix diverges, then £f(x)dx diverges also. 
Similar results hold if 00 is replaced by b and x ^ a is replaced by n < x < /), 

Example 7 The integral 


converges, for 


and J7(l/x 2 )dx converges by Theorem 9.1 |[ 


1 


sin x 


sin x 


dx 

1 


Example H Since f j [l/(x — 1 )^iJx diverges by Theorem 9.1 and 


x + 17 


> 


for 1 < x ^ 3, 


(x - If (x - l ) 3 

Theorem 9.2 shows that JJ[(x + !,7)/{x - D ] dx diverges also, 
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SUMMARY f“ r . w 

1. 1 f(x) dx - luu f(x)dx 

4 j it —^ 

2. [ fix) c/jf = lim f /U) dx 

3. // Inn*.,,, |/(.k }| - «, *Jien I f(jf) f/jc “ lim h _ t £ 

4. If lim K l/(x)| = ®, ^ J f{x) dx = Hm h ^ ft+ J fU)d*. 

5. /U)djr = | | f(jc> dfjc 

(S, I f — ami a < c < b, then 

| fix)dx = | fix) Ux + | fix)dx. 

7, ^ I/jc*' > dx where a > H converges if p > 1 and diverges if p ^ 1. 

K. f [|/(j nj p ] dx ctitd | [l/(b - x) 1 '] dx con L'tvi’f if p < 1 and diverge i/ 

Jfi 

p ^ t. 

9, If 0 -- g(jt) --L : f(x } rtFjd an improper integral of fix) converges, then the 
improper integral of g(i) 1 frauing fftp same limits awiuei'ges^ If cm improper 
integral of g(jc) diverges, then the same improper integral uf fix) diverges. 

EXEflCISES _ 

{fi Exercises L fJutiugh Ki. dererFuine whether nt not rta 1 improper integral 1 cattterges, anti find ii\ value j/ cl 
converg?*- 


•B 
■L 
•l> 

u r. ■ • 


di 

e 1 lit 
dx 


CCU Jt Jt 


B 
l> 

B 

■*• !"• ■ 


ft 

HI 


dx 

dx 

dx 

sin .i dx 


■ 1 1 3 +1 
, (%J= 

Jo v‘2 

•C 


dj 

dx 


4 . 


jt l + 1 


dx 


X 

*|r : dx 


f n -.'- 1 


IF, 


[Lin x dx 


»• IV^i? J 

12 - [ U * j 

v2x - x 


dx 


cos. x cxvi x dx 


hi Ext'n iscs 17 through 23, decide whether the integral con targes nr diverges. You nerd not compute i/s value if il 
comMTgex 


I ' x* 4 3* + 2 , f ]cos 

”'L-?nr* i ~ 


dx 


f loos *! [ dx 

' • ]„ V J„ *«* + t 1 
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Ev^fcises 


'" |ecw x , 

r = sin x 


1 VI <u 

22. \ — dx 

23. 




14 < Show stait djf converges if p > I and 

diverges d p "■ I. 

IS. Show ih a i 

&W(x-af}d* «»d ft [l/{fr - *f] dx 

converge if p I rind diverge if p ■-' I. 

2G. Consider the region under the graph of l/i over 
ihe half line x ^ S. 
m Does the region liave finite area? 

h> Show ihai I he unbounded mi I id obtained hy 
revolving the region about the a- a sis has 
Iniite volume, and compute Hits volume 

exercise sets for chapter 9 


sin x\ 


tlx 


cj Does die solid of finite volume described in 
(hj have fin tic surface area? 

27. Consider the region under ihe graph of l/V* over 
the half-open interval U ■" x - L 

a) Does die region have finite lltch'! 1 

bi Show rhfii the unbounded solid obtained by 
revolving the region about the y axis lias 
finite volume, and compute lhis volume. 

c) Docs the solid of fin tic volume described in 
ib!' have Unite surface area? 


review exercise set 9.1 

Jj-f FrphL-/to, I through II. find the juregraf tvirimul twins tables. 

U 

4 , 

7+ 


x cos 3 a if* 

2 . 

sin 1 * 3x c[a 

3. 

r- - : dx 
\x ■t- 3 

S -J 

- ^ io 

l“H 1 ^ 

6 * 

sin' 2 x dx 

*■ . 

Cos' v sin" x dx 

9 . 

l:l>e f 2 i dx 

ii. 

VI 6 - $>J£ ' dx 



5x + 40 


2x -7x IS 




d* 


sin v 4- ct>s x 
sec ‘it tari 3 A d r 


10. 


12. bind | 1 1/(1 a ’’iji/jt. if the IntegraI converges, 

13* Determine tbe convergence or divergence of the 
following improper integrals, Give reasons for 
your answers. 

"jt 4 7 


rt 1.7 


dx 


b> 


.i'-l 


(f,V 


m 


d% 


review exercise set 9.2 


In Problems I through I l find rhr glurn integral without using tables. 


a In x tlx 




dx 


e ' sin 2x dx 


f (x - l> in - 7 
j 4 lx - I) 1 ' 4 


dx 


r Hx ? + 3x 7 

3 .-:-dx 

J 4j 4 * * - 12x 7 4 A - 3 

‘■1 


Sill X COS X 
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7. 

10, 


coy'sin + dx 

coi*£ dx 

•i 


CO* 4 !* jJi 


9, ml x esc * i dx 


11 , 


\A x 


= tii 


1 1k Find 


fa 


J.t if The mh'.grjil converges. 


13 . Determine the convergence hr divergence of the following improper integral*. Give reasons for your answers. 


af 


tlx 


s 

more challenging exerct&ss B 


hi 


, {x - l) 


tii 


0 


It* 


dx 


1, Lei /"(t) in: L ifitinuitus for ail t. Show (hat 


tm = m + rco>jt + 


r 


rifHx Ddl 


fHint. Show that ft fit) di fix I f(0) I'hen in- 
io grate- in f‘if Mr hy piiuns, tEiktPj; it f(r) H 
du = tJ(. ant! lolling p I t.J 


1 . 


Conliniit 1 ixcjt'isc 1 U.i show shut it is ean- 

ri minus h-ir all x. then 


noi , 

ru> = ffCH + f'(U)x I ^ X- + I 


nofx 11 di 


3. I it! /"(jt) he a condnuotR function for x T - Or Show 
Hii.it if I i in , r /(.jt) exists arid fl'./fxjdi converges, 
then lim t . fix) = 0, 

I, Let gl'jc> Ire continuous for x — d. and let r ? 0. 
Show that £ kt* i d.s converges if and only if 
ft t- ■ g( x 1 dx converges. 


5, IjiI (Cxi he continuous For alt x. 1'hc Cauchy 
I'riiK ipiil Value of f fix)dx is defined to be 
ltm h J h ,, fix) dx, if the litnil exists, 
al Give an example of a continuous function / 
sudh thru ihe Cauchy principal value of 
f fix} dx exists t bus ft , fix)(lx diverges.. 
b) Show thus if J fix) dx lor verges, then the 
Caudiy pH net pa I value of ft f(x)dx exists 
and is ft . fix) dx, 

tL Give an example of a continuous function f such 
that fix) - i.i for x 0, and fixt converges, hni 
Him. ,, f(x> ddcs not exist, [ffilit! Lei the graph of / 
have narrower and narrower upward "’spikes* L of 
unit height as * — nnd Id ,((*! = (1 between 
the spiked] 

7. tiive an example of a continuous unbounded (as¬ 
suming arbitrarily large values) function f satisfy 
iEi l* the other conditions of the preceding eiicrcim:. 
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Infinite series of constants 


10.1 SEQUENCES 

10.1,1 Motivation for 
series and sequences 


Example I 

sou rs ion 


It is too had that not all functions are polynomials. Calculus of ihe 
polynomial functions, even integration, is very easy to handle. However, 
many functions you encounter are not polynomial functions. For example, 
sinx is not a polynomial function, for sin x is always between -l and L 
while every nonconstant polynomial function is unbounded. 

We will see in the next chapter that many elementary functions such as 
sin x ¥ while not polynomial functions, can be viewed as ‘"infinite polynomial 
functions," that is, as polynomials with an infinite number of terms, We will 
see that 


x ? x ^ 

sin x = x- -- + —r~ — + --+ * * ■ 

3! 5! 7! 9! Ill 

[Recall that 

11-1, 2! = 2 * 1 “ 2, 31 = 321 =6. 

and in general, 

n\ = n(n - L}(m - 2) - - 3-2 ■ 1.] 

Then, replacing x by x you obtain 


U) 


2 2 

sin x x' 


x m 
3! + ~5!~ 


t4 


- +- 

7! 9! 


,22 


11! 


+ - - 


( 2 ) 


It can be shown that you can’t find Jsin x 2 dx as a combination of 
elementary functions. However, you can use (2) to integrate sin x 2 as an 
"infinite polynomial” 

If you use (I) to compute sin 1 (the sine of one radian), replacing x by 
1, then you have to add up the infinite sum 


i-l + A- i+ ±__L 

3! 5! 7! 9! Ill + 


(3) 


to find the answer. This leads us to study infinite sums such as (3), or infinite 
series , as they are called. Of course, we really have this idea embodied in our 
notation lor numbers; for example. 


4 = 0.33333 


— JL 4 - 1 4 , 

If* T inch ~ | non 


+ 


l(>000 


+ 


UHKH'KI 


Let’s illustrate this type of addition of an infinite series by an example. 

Let's make the obvious attempt to find the "sum" of the infinite scries of 
constants 


1 + i + 1 + K + iV + * 


( 4 ) 


We try to add up all the numbers in (4), and obtain successively 


i t + l = I | + 1 + i — 1 u U 1± i — I* 


1 5 
H 


i l _ 31 
~ lh IS* 














10.1 Sequences 


317 


This Beads us to consider the sequence of numbers 

1 $ Z U U * * ■ (5) 

It is clear that the numbers in the sequence (5) get very dose to 2 as you 
continue through the sequence Phis suggests that the “sum" of the infinite 
series (4) should he 2. 


From Example h it would seem natural to try to define the sum of an 
infinite series of numbers by examining the sequence of numbers obtained by 
adding more and more terms of the series. In Section 10.1,2 we discuss 
sequences and their limits. These ideas will then be used to discuss series in 
Section 10.2. 


10.1.2 Sequences An example of a sequence was given in (5) above. You naively think of a 

sequence as an endless row of numbers separated by commas, symbolically, 

a u a 2r a*, .*” (6) 

where each a t is a real number. The sequence in (fi) is also written for 
brevity. Since a sequence has one term for each positive integer, you can 
also consider a sequence to be a real-valued function <f> with domain the set 
of positive integers. For the sequence (6), you then have 

<f*(2) = a 2f <M3 )=a* 

Definition 10.1 A sequence is a real-valued function tf> with domain the set 
of positive integers. If (Mm) = the sequence is denoted by {u ,,\ or by 

^ 1 7 ■ ■ ■ i ^ri’ ' 1 ■ 

Example I You may regard (5) as a sequence <f> where 

<M1) = 1, M2) = <fr(3) = l elc. 1) 

You wanl to find the limit of a sequence if it exists. Naively, the limit of 
{a n } is c if the terms a r| get just as close to c as you wish provided that n is 
large enough. This is a vague statement similar to the one we used to 
introduce lim^J(x) = c. The more precise definition that follows is very 
much like the one for the limit of a function. 

Definition 10,2 The limit of a sequence {a pl } is c if for each e > 0, there 
exists an integer N such that [a* - c\ < e if n > N. We write 
t dim pl _*« {a lt } = c v or “lim M ft,, = c,” and we say that the sequence {oj 
converges to c\ A sequence that has no limit diverges. 


We leave to the exercises (see Exercise 19) the easy proof that a 
sequence can't converge to two different values. 
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Example 3 For the sequence 


j* 11 


in (5) you have 


2 n - 1 2 " 1 


1 



Thus 


l^n 2^-1 ’ 


so, given € > I), if you choose N so that (1/2) N ! < e, then 



for n > N. Therefore the sequence converges to 2. 

Frequently, one describes a sequence {a lt } by giving a formula in terms 
of n for the “nth term 11 of the sequence. For example, the sequence 
discussed in Example 3 is the sequence where a„ = (2" - 1)/2 M or, more 
briefly, the sequence - 



Example 3 shows that 



Example 4 Wc have 


lim — = 0; 


that is, the sequence I, i t i, \ . IIn ,,,, converges to 0. || 

Example 5 The sequence 



diverges, since the terms of the sequence do not approach and stay close to 
any number c as you continue along the sequence. We leave an e„N-proof of 
this fact to the exercises (see Exercise 23). |[ 

Just as for a function, you have ihe notions of lim tt “ and 

lim n ^ a n = —Wc ask you to state these definitions for sequences in 
Exercises 1 and 2. Let us emphasize that a sequence is said to converge if 
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ami only if if has a finite limit, A sequence that does not converge to a finite 
limit diverges. 

Example 6 We have 

lim n 2 = o° while lim —— — z = —an. 

n— h* M 1 


Thus the sequence in } diverges to and the sequence ■{{—,n ? + 2)/(#t + i)} 
diverges to — 

Example 1 The sequence {(— 1) h + n} has neither limit » nor limit ^ since for n even, 
the terms approach ®, while for n odd, the terms approach —™. This 
sequence diverges* 


SUMMARY 1. A sequence is an endless row of numbers 

a [, Qjj *i*i u P[ , ■ ■ + 

separated by commas. Alternatively , rf is a real-valued function with 
domain the set of positive integers. 

2. Lim„ a ti = c if for each e > 0, there exists u positive integer N depend¬ 
ing on e such that \a n — c | < e if n > N. 

3* If Um„_ ;c , exists {is a finite number c), then the sequence converges: 
otherwise it diverges. 

EXERCISES 


I* Define what h meant hy lim, L « N = ». 2- Define what is meant hy lim lt .„ h„ = —», 

in Exercises 3 through IS, find the limit of the sequence if the sequence converges or has limit «: or ~^ r 


•a 

■m 


3. \ — 
6 

9* 


3n 


Wn + 100 
12* i t 2 i l 1 -3,l s 4,l,-5J 1 6, 


15 


flu nl 

■ Y^\ 


4 . l.0,i,0.i,0,i,0, 

, p^} 

13, U"} 

16* {sin n} 


5, 


2* if 4 s Si 


»-{^l 

llnln + 1)1 

• W) 


14 

17 


18* fe j;vM } 

19. Show that a sequence {«„} can‘1 converge to two 20. Give an €,N-proof Ihal the sequence I, l t 
different limits. 1, *. *, 1,. *. converges. 
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21, Give an c.N'praof that the ji^quence I. 
<♦ -J. ■.. converges. 

22r Give an tN-prouJ rh:n iht- sequence 

i _L _L_ 

•J2. V 3 v^4 J n + I 

Converges. 

calculator exercises 


23, Give an e.A' prcnil th;il the sequence 

l -1, 1. -u u Mr", . 

diverges, 

24, Give: iin e.N-pmof ihat the sequence I. 2, 3, 
4,. diverges. 


25. It can be shown thtil lim T , . 1 I + t/nl" e, Find 
the snia]Iu hi integer N such that 

|(l + |/Nf - r| < * 


for tile Following values of € 

a) tU hi 0,03 

cl 0,001 d) 11.00111 


In Exercises 2b through J-K, find the limit of the sapience, if u exists. 



[u[C2 1)} 


rnz Series 

'10-2,1 The sum of a 
series 


It is mathematically imprecise to define a sequence of cons inn is to he an 
endless row of numbers 

do eij, a„. 0) 


separated hy commas, although this is. the way you probably think of a 
sequence in your work. In Section 10.1, we defined a sequence to be a 
function. It would lie similarly imprecise to delinc an infinite series of 
Constants to be an endless row of numbers 


B| + (*2 + ‘ ' ■ + An + * ‘ ‘ 


(2) 


with plus Tigris between I hem. all hough this is probably the way you. will 
think of it series in your work. We saw in Section 10.1.1 that in attempting 
to find ihe "sum" of the series {2}. we are led to consider the limit oF the 
sequence 

So s 2 . Su, (3) 

where Si - a |n s 2 - ti t + a 2 , and in general. - a, -t- ? - ♦ + a ri . From a 
mathematical standpoint, the precise thing to do is to define the series (2) to 
he the sequence in (3); we have already based I he notion of a sequence on 
the notion of a Function, 
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Definition 103 Let fi lT d> T _a,,,-— he a sequence and lei * 

(/, + •■■ t a,, for all positive integers n. The in tin in- series 

1 d« - a L U 2 i.+ a„ + — ■ 

it-i 

is the sequence {.%,}■ The number a„ is the nth term uf the series «,„* 

and % n is the it til partial sum of the series 

Definition 1t>,4 If V;, , u „ is a series, then the sum of the series is the limit 
of the sequence js„} of partial sums, if this limit exists. If hni„ ... \ is a finite 
number c t then the series ^ converses to c. If lim,, . s n is—». or is 
undefined, then the series diverges. 


rumple i The sequence of partial sums for the series 

f> + fl 4- ■ t - 4* 0 + 

is 


n* o. 


0, 


which converges to t). so the sum of the series is 0. 'The series 

! - ! + I - t + I - 1 + * * * 
diverges, for the sequence of partial sunns is 

l, 0, I, 0, 1, <1_ 

and this sequence diverges, || 


10.2.2 Harmonic and 
geometric series 


For reasons ihut will become evident in the next section, w-v are interested in 
building a "stockpile" of series whose con verge nee or divergence is known. 
The series discussed in this article conlrihute to such u stockpile. 

'Hie series 



I I 

~ Hi—"4 
3 4 



n 


i4 i 


is the harmonic scries. This series diverges, as rile following argument shows. 
We group together certain terms of tire series, using parentheses, so that the 
series appears as 

11) + ( 2 ) + (k + i) + + '■’■■* + 4) + & + "■ + ik> + ■ - ■ 151 

The sum of the terms in each parenthesis in 1 5) is for example. 


1 

$ 


+ £ + j 4 ^ > s 4- i 


+ A T 















322 


Infinite series of constants 


T his shows that for the harmonic series, we have 

£a» - t + i«, 

and it is then clear that the series diverges to 
We turn now to the series 

a + ar + ar + - * * -+ ar" -+ 


( 6 ) 


The series t6) is ihe geometric series with initial term a and ratio r, it is a 
very important series. We have 


s„ a + ar 4- * ■ ■ T ar 4 


and consequently 
Subtracting, we obtain 
so if r ^ t, 


rsL = ar + * - * + at n 1 + at" 


$ n — rs tl = a — at , 


s.. 


a — ar 

1 — r 


fir 


Urns 


]ins s„ = Mm 


1 


a ar" 
r \ - r I 


- r 1 — r 


a 


- al lim - 


^ 7 > 


(7) 


The value of the limit in (7) depends upon the si/e of r. We have 

I) if — 1 < r < 1, 

- ^ —» if r > I, 

I — r 


lim 


undefined if r < — I. 
If r = 1, then the series (6) reduces to 

a 4- £j + * * ■ + a 4- ■ ' 1 


( 8 ) 


which obviously does not converge if a ^ tl Thus the geometric series (6), 
where a f 0, converges if jrj < 1 and diverges if |r| a L For \r\ < l, the 
sum of the scries is found from (7) to be 


a 


lim s rl - --— n| lim 


r \j4,—.cr 1 * * r 


a -0 = * 


1 - r 


1 - r 


We summarize the results of this article in a theorem for easy reference. 
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Theorem IflLl 


Exumple 2 


10.23 Algebra of 
sequences and series 


The harmonic series V;; t ( 1 /n) diverges to », ami r/ic geometric series 
^ 0 {ar tl ) ^onv^rges to a/t! - r) if [r| < l. aiwf diuerges if |r| ^ l and 
a i= 0, 

The series 


1 


1 1 

+ + '7 + 

2 4 



+ ■ ■ ■ 


discussed in Section 10,1.1 is a geometric scries with a - 1 and r 
Theorem Uhl the series converges to 



which we guessed to be the case in Section 10.1.1. || 

In closing this section, wc should mention that the harmonic and 
geometric scries arc important in their own right, aside from contributing to 
our stockpile of series whose divergence or convergence is known. Exercises 
25 through 30 indicate that geometric series are closely related to questions 
concerning our representation id numbers in decimal form. 


There arc natural ways to “add 1 ’ two sequences or two series and to 
"multiply by a constant” a sequence or a series. 


Definition 10.5 Let { 4 } and {t„} be sequences and let c be any number. The 
sequence {4 + rj with nth term 4 1 4 is the sura of [sj and { 4 }, while 
the sequence {oj with nth term 04 is the product of the constant c and 

KK ______ 

Definition 10.6 Let C , a n and £; , b n he series of constants, and lei c be 
any number. The scries t U 4 + b.„ 1 with nth term a„ t h n results from 


adding the series 


v : , 
_,n I 


cl. 


and V' 1 while die series 'L,', , (ca n ) with mh 


term ca„ results from multiplying the series 


Y* 

■:—H 


a., by the constant t. 


It is important to note that if 4 is the nth partial sum of I; , a„ and 4 
is the Pith partial sum of LI 3 then the pith partial sum of y* , (u„ + bj 
is 4 f 4 , while the nth partial sum of Y‘ t , (ea*) is cv 

Throughout this chapter, we are interested primarily in whether se¬ 
quences (and series) converge or diverge. After the preceding dehrikions, we at 
once ask ourselves whether the sequence obtained by adding iwo convergent 
sequences slill converges, and whether the sequence obtained by multiplying 
a convergent sequence by a constant still converges, Wc then ask the 
analogous questions for series. The answers to these questions are contained 
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Theorem 10.2 


Corollary I 


Coronary 2 


in the following iheorem and its corollaries; the answers are really intuitively 
obvious. 

If the sequence jsj converges to s and the sequence U,} converges to t, then 
the sequence {s„ H- f„ > converges to a + r and the sequence |cs n ) converges to 
cs for all c. 

Proof, Let e > (I he given. Find an integer N, such that | s„ - s\ < e/2 for 
n > N u and find an integer N> such that |f h - t\ < e/2 for n > N 2 . Let N 
be the maximum of N, and N z , Then for u > N, you have simultaneously 


Adding, you obtain 

-e < (s (1 + fj - (s -f f) < e or |( Spi + t„) - ( s + f)| < <■ 

for n > N. Thus the sequence k + 1 ^} converges to .v + t. 

If c = 0, then fcs ri } is the sequence 0,0,0,.,. which clearly converges 
to 0 = 0 - s. If c ^ 0, you can find AT 3 such that 


k - s\ < ri 
\c\ 

for n > N 1+ Then for n > N 3l you have 

€ t 

- —i < s„ - ,v < —. 


kl 


kl 


Multiplying by c, you obtain for c < 0 as well as c > 0, 


— e < CS n - CS < €. 

so |tx, cs | < e for n > iV v Thus the sequence {o n } converges to cs. O 

If Lm - i On converges to a and , h tt converges to b, then («„ + b„) 
cr?rtcefg£$ ft? a + b and ^ , U'u u ) conuerges to ca for all c. 

Proof. I he proof is immediate from the preceding theorem and the obser¬ 
vation that if k} is the sequence of partial sums of , a H and {t ri \ is the 
sequence of partial sums of , 6 h , then k + f ( ,} is [he sequence of partial 
sums of i («»* -+ h tl ) and {cs n \ is the sequence of partial sums of 
In , (ca*). □ 

If I,ki On diverges, then for any c -f 0, the series V* (raj diverges also. 
Proof. If V/; t (ca,,) converges, then by Corollary I, the series 

I “ (ca») = Z a » 


would also converge, contrary to hypothesis. □ 
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Example 3 
Example 4 


SUMMARY 


The series ,(1 fin) diverges, for ibis is the divergent harmonic series 
multiplied by || 


The scries 


.1 - El J ; FI - El Z n = ll J 


converges since the two geometric series converge. In fact, 


and 


So 


* l 1 

I — converges to - _ — 


2 


t ± converges to 



converges to 2 + (—2)(3/2) = 2 — 3 — — L \\ 


L Associated with a series 

]T a„ = a t + a 2 4- a 3 + • - * + fln + ’ “ * 

rv = 1 

is the sequence of partial sums \s n ) where 

5) = %, s 2 = a, + 

The series comierges to the sum c if liin,^ s ti - c, and the series diverges 
if {s„ } is a divergent sequence . 

2 . Two sequences (series) may he added term fry term* and each may he 
multiplied fry a constant. If each of two sequences (series) converges, then 
their sum converges ft? the sum of the limits, A constant multiple of a 
convergent sequence (series) converges to that multiple of the limit of the 
original sequence (series). 

3. The harmonic series j l fn diverges. 

4 . The geometric series YfZ=n (ar rt ) converges ro a/(l “ r) if [r| < 1 and 
diverges if |r| ^ 1 and a f 0. 
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EXERCISES 


1, Consider! he scries 1+0—1+0+1+0 If 
0 l ■ ■ ■ Find (he indicated partial sums. 


a} Sj 

h i .( 6 3 

C> S 3 

d) Sj 

c) 5 k 


ft s 15 

B> SL21 



1* Find the first foui partial sums of thic harmonic 
series (. Iyri ? . 

Find the first five terms h u . .., a, of the series 
having m sequence of partial sums [v„ | = ', [, \ r 

t 

Ip »■ ■ 


fn Exercises 4 ihmugh 14. rfefermmt' whether the aeries cnmwrges or ifrnerKej? anti find the sum of die senes if the 
series rfintxTges, 


4. V i 

I PI 


i- i^T 

l| IS J 




y _ 

— T 



i; 

„ i In 


11 -if 


io. £ 


n t ] 


ir 


II. 


z 


3 

( 10 )" 


12. 


m 

y 

w 

m 1 


4 

{-2) M 


| 3 . V - 

■h“i rt + 1 


14. 


V c 

n -il 


iS + A ball is dropped from ;t height of 30ft. Each 
time it hirs the ground, it rebounds |o I of the 
height it attained on (he preceding bounce, Find 
the unal distance the hall travels if it is allowed to 
bounce forever 

Lti, Give- an example of iwo divergent sequences 
whose sum converges. 


17. (jive ;m example of two divergent series whose 
sum converges, 

18* If i a,, converges anil ., b„ diverges, what 
can lie said concerning the convergence cu di¬ 
vergence of 17- i + K )? 


fn fc'-tfft f'rcv l L > rfunugh 24, find the sum of the giuen series. 



Our reprcuenittffon of a real number as an decimal'’ ix closely related la die ricjnVm nf an iujfmife series. 

Exercises 2 5 through 30 expiafn dtfs refatfcmsfifp. 


25. Consider the infinite series 

i 4 i i J j .j . y 
• 1 in 1 nni "T mill t mtaui ■ 

a) Express the sunt of the series as an “mlending 
decimal." [Him. Think what our decimal nota¬ 
tion means, j 

hj From the decimal found in fa), express the 


sum of the aeries as a rational number £i.e.. ns 
a quotient p/q of two ii ttu i^t; rs p anti q where 
4 f I »K 

c) I'.spress the sum of the scries as a rational 
number by noting that the scries Obtained by 
deleting the lint term is geometric and using 
Theorem 10,1. 
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26. Welti the preceding exercise for illustration* •show 
ihiH t-vtrv real number ("unending decimal' * 1 ) is 
the sum of an mfinit* series erf rational numbers 
with denominators that are powers of 10. 

27. Show that the real number 6.222222,,, is a 
rational number by finding a geo mu trie senes sIihb 
has ihe decimal as sum, and then using Theorem 
Ull to lind I he sum of the series. 

2W. all Show that the real number Q, 12121212.*. is 
the sunk of a geometric series with ruiio r 

moo 

b) Use (a) mid Theorem 10.1 to express the 
number (hi 21212... »v h quotient of integers. 

IM. Lise the ideas illustrated in the two preceding 
exercises to show thal wry ‘'unending decimal” 


that imils nfl in a “repeating pattern” such as 
273.14 653 653 653 653 653*. . 

represents a ru no rial number* 

Jl>. Show the converse of (he preceding exercise 
That is. flhow that the decimal representation of 
anv rational numlter trails off in a repeating pat¬ 
tern, as illustrated in the preceding exercise. 
|Him, Think of using lane division to find the 
decimal form of n rational number. Argue that 
some “'remainder" obtained in the division must 
cvenLunllv repeat, and chat the “quotients" ob¬ 
tained ruusl therefore eventually occur in a re¬ 
peat inn pdicm.l 


10.3 COMPARISON 
TESTS 

10.3.1 Insertion or 
deletion ot terms 
in a series 


The insertion or deletion of a finite number of terms in a series cannot affect 
iv lie I her the series converges or diverges, although il the scries converges, 
the sum nt Ihe series may be affected. In particular, suppose I he Itrsl few 
terms of a series do not conform to a patient present in I he resl of ihe series. 

1 hen you can neglect those litsl lew terms when, studying ihe convergence 
or divergence of the series. After an example, we state this property of 
series as a theorem* and leave the easy proof as Jin exercise. 


Example 1 The geometric scries 


1 4 ' + j 4 J 4 4 - 


m 


converges to 2. The series 

rr — 3 4 17 4 l + \ 4'4 $ 4 - ( L fi + ■ ♦ % 

obtained from 1 11 by inserting three additional terms ul the beginning, also 
converges, and dearly must converge to 

{rr - 3 + 17) 4 2 - it 4 16. || 

Theorem tQ.3 Suppose that each of (wo series V* , ti n and V; , b„ eon mins riff bu f a finite 

number of terms of the other in the .sermer order. That rs, suppose c/ierr dicrr fulfil 

N and k such that h n = a ri ,* for ail n > N. Then either both the series 

converge or both (he series diverge. 

The condition in the preceding theorem that the common terms in the 
two series be "id the same order" is very important. Later work will show 
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that the series 

l _l+l_I+il+il+i,_L + JL — - ■ * 

* 2 T 3 4 ^ .5 6^7 ft ^ 9 Ifl r 1l 

converges, and it can be proved that a divergent series can be found that 
contains exactly the same terms but in a different order. 


10.3 2 if lim_a„ ^ 0 F The following theorem is very important, and is frequently misused. It shows 

then a* diverges that some series diverge, but it can newer be used to show convergence of a 

series. 

Theorem 10.4 If the series converges, then =0, Equivalently, if 

I a n f 0, (hen XX =1 a*, diverges. 

Proof. I*et XX =5 cit, converge to c, and let e > 0 be given, Then there exists 
a positive integer N such that for all n > N , the nth partial sum x PI satisfies 

k ^ c l < 5- 

In particular, if n > N + 1, we have 


k_i ~ c| < | and k-c|<|. 

Since s„_ t and s n are both within the distance e/2 of c, they must be a 
distance at most e from each other. That is, 

1*1, - *n-»l < « 

for n > N + 1. But 

Sn * 1-1 = (flt + 1 " * + fln-t + ^) “ (a, + -' ' + ^_j) = 

so |flj < e for n > AT + L Hence lim„^«a h = 0. □ 

Example 2 Theorem 10.4 tells us that the series 


I 


Sn 1 + lOOn 


diverges, for 


n~ 1 _j_ n 

lim —r———— — — f- 0. 

n -^5n~ + lOOn 5 T 


Don't confuse the assertion in Theorem 10.4 with the converse asser¬ 
tion: “If a n = 0 t then XX -1 ^ converges. 11 77iis converse assertion is 

not true ; for example, the harmonic series XX t (W«) has the property that 
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10,3.3 A comparison 
test for series of 
normegative terms 


theorem 10,5 


lim H ... (1 In) = 0 , but the harmonic series diverges. It is important that you 
realize that Theorem 10.4 gives only a necessary condition (and not a 
suffic/em condition) that a series V„ a„ converges. This means the theorem 
can never be used to demonstrate convergence of a scries, ft can sometimes 
be used to show divergence, as in Example 2* 


During the course of this chapter, we shall be introducing certain “tests ' for 
convergence or divergence of a series of constants. Most of these tests 
depend upon the comparison of the series with another series that is either 
known to converge or known to diverge. (This is one reason why it is 
important to build a “stockpile" of series whose convergence or divergence 
is known.) Comparison tests for series with non negative terms follow easily 
from the following fundamental property of fhe real numbers. A proof of 
this property is given in more advanced courses where the real numbers are 
“constructed,’" ■ 


Fundamental Property of the Real Numbers. Let {s,,} be a sequence of 
numbers such that s „, 5 ^ %„ for n = L 2 , 3,, . . (Such a sequence is mon¬ 
otone increasing.) Then either {s n \ converges to some c or lim ll _, s„ = 


Our Fundamental Property asserts that the only way a monotone 
increasing sequence {i ri } can fail to converge is to diverge to Note that if 
T r ; | a n is a scries of nonne&utwe terms, then the sequence \s tl \ of partial 
sums is monotone increasing. 

(Comparison Test I f Let ■ o n and ^ t b n be series of mmnegaiwe 

terms such that a t , h n for n = L 2, 3 _// £’* i h„ converges, then V» i « lt 

converges also, while if V;, , a,, diuerges, then , h H dincrgc.v ulsih 

Proof. Let ti n he the nth partial sum of Xn i a n and let r J( be the nth partial 
sum of E , K)„. Suppose V* 1 b n converges to t\ so that lim r , i fl c, From 
a 4l ^ h M , you see at once that 

s f 

for n = 1 , 2 , 3 ..., Since L = c and s n t n , you sec that 

lim,, _ K s ti = * is impossible, so by the Fundamental Property, the sequence 
{$ n } must converge also. 

Suppose that L, i diverges. Since {s n } is monotone increasing and 
diverges, you must have s n = ® by the Fundamental Property. Since 

f ri 5: s ts , obviously 

lim t„ = * T 


so X;, i h H diverges also, (J 
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Theorem HJo is sometimes summarized by saying that, for series of 
non negative terms, a series *'smaller" lb an a known convergent series also 
converges, while a series “larger 1 ' than a known divergent series must 
diverge also. Jf a series is '‘smaller" than a known divergent series, it may 
either converge or diverge, depending on how much ^smaller" ii is. Simi¬ 
larly, a series that is “larger ' than a known convergent series may converge 
nr diverge, depending on how much “Larger*’ it is. li is important for you to 
remember that the comparison test works only in I he stated direction, 

Evutipk 3 You know that the series 


1 I I 

2 + 4 + S 


+ 


converges. Therefore the “smaller” series 

II I 1 

- + — + + 
2 3 S 

converges, by Comparison Test 1. i| 
Example 4 You know (fiat the harmonic series 


111 I 

I + - + - + + 

2 3 4 n 

diverges. Therefore the “Larger" series 


4 ♦ 


I + —5= + 


'2 S v'4 


+ ^ + 


diverges also, fl 

Since h finite number of terms can be in&crled in a series or deleted 
from it without affecting its convergence or divergence (Theorem 10,3), we 
can weaken the hypotheses of Comparison Test I and only require that 
a„ b n for alt Lint a finite number of positive hi lege ns ti, 


10 3.4 Another type The series 
of comparison 


i 


It" + 3n 

2^ i? 


diverges, for 


rr 4 371 n' _ I 
2 pi" 1 — ft 7 2/1 ' 2 pi 


and 1 (1/2«l diverges since if is "half 11 the harmonic series. Rather than 
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Therein tO,6 


Rxnmpje ? 


soi m ins 


I'tivy. about such si precise inequality for Comparison Test 1. (he mathemati¬ 
cian usually says that (lie given series diverges since Irr + 3n)/f2n 1 - rr) i% 
i»f order of magnitude n^2u 1 = l/2n for large n. arid V,; , (l/2ul diverges. 
Hie justification for this argument is given in (he following theorem 

{QrinporiSMR Texi 2) Let Y1 i «„ urtif V;, , ft,, he writs of nonueguiive terms 
witf i a„ / (i for ait sufficiently (urge u, and suppose dial lini„ \ ft,,AO - c > 
(l Then the two series either ftofh aJiiuerge nr both diverge. 

Proof. Since lim„ . {hja„) i > 0, there exists N such that for it > N. 
we have 


or 



c 3r 

- £Ih < ft h < — «... 


m 


If Yii i converges, then V' 1 (3c/2)a„ converges fry C orollary 1 of 
I heorem 10.2 (Section 10.2). Since (2) provides a “comparison lest” for all 
hut a finite number of terms b ri , we see from Comparison l est I and the 
remarks following Example 4 (hat , ft,, converges also. Similarly, if 
i a„ diverges, ihen , ic/2)a lt diverges, so hy (2) and Comparison Test 
I* we sec that T* t ft,, diverges, □ 

As indicated for limits as v —* f in Chapter 2 r for dirge ft, a quotient of 
polynomials in n "behaves like" (he quotient of (he monomial terms of 
highest degree in the numerator and denominator. 

Let us determine convergence or divergence of the series 


y 20 — 3rr 
,^l 7u 4 4 inOfi ' + 7 ‘ 

f ; or large it, the nth term of the series is of order of magnitude 2n V7rt J or 
2/7n. More precisely. 

. ihT 3n 2 V(7it 4 + JOOn 1 + 7) „ I4n j 21«’ 

hm-—-= hm , , , —“ -r : : - L 

n 2/7 n n -«•■ 14 ft + 200n + 14 

Thus by Comparison Test 2, our given series diverges, since 



is i times the harmonic series rind therefore diverges, || 











332 


Irtl'ftttt? series ol constants 


A precise comparison test for siLL n ill the sense of C intipansem t esi 1 
would be a Hit messy lor the scries in Example 5. but Comparison Test 2 
handled it easily. We place an ore than the usual emphasis on developing 
ability to discover the convergence or divergence of certain series at a 
glance, and Comparison Test 2 is erne of the main tools used for this 
purpose. 

We give one more example of the way in which this theorem is used to 
de te rm i n e co n verge n ee. 


Example Ip The series 



behaves like 1, , (ZfT') t which converges since it is ll geometric series with 
ratio 1/2. Thus both series converge* |' 


SUMMARY 1. The t'anuer^eihr ur dreergenre oj ft wnro lor fcrtfM'ftcvj h mk cfumgi’d hy 

fieJetinp, or uf terms afly Cinite number of tennx 

2. 1/ lim„ a„ £ 0. then £J diverges 



comwfifi?, fJieir v,; , u H imrujffges. (hr the Other ha rid, if , <r„ dinergev. 

thru V; l , h r diverts, 

4, Cottfpartawi Fist It If a n (> fur sutfirieuify hrge n amt n for all tt 

and l«n„ . (bju„) e > (I. then the series V', ,. « rl mid * k t either 

htuh ( rmut'i^ge ^r hath diurrse. 


exercises 


Jr, fc «rrdeN l through T wfcrtfur the giirri series euntiefjp* or itiw-ws. and if k is ttwiwrjpfliL find ifs 


1 .■—ip i 

1. | 2 -v - 4 V5 + 4-4 l 

2 4 H 10 



2 , 1 4 



4 - ■ ■ ■ where n (s 
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3. V2 -P 1 - * - v'3 + - -^r + — - - * * + t- t r ,a + ’ 

3 9 27 HI r 1 


where Fi i= 5 


Irr Exercise* 4 Efirriuj^E 24. classify she series as camwrtsenf **r rfiuergertt. and indicate u reason for vour answer. i V«i 
ihsufiJ do ciN these exercises, «Puf fry tc> deiwtop faeiiil)/ in cisi-eriaiiun# jfir Eiwi^i^nce or dhiergencr: of the series at u 

RllUICf;) 


4 . f — 

. , 1"« 


Hr V 


S. 1 

»1 I 


vVj 


ft 1 


9 . V 


'i pi + ?/ 


6- Z tin r) 


li>. i r 

- ,¥11 


v eus 

7- I-jl 

i«-J * 


■I- )" 


3f] y n 




n 2 — 3n 

is. y- 

4n ? 4- (1 J 


2«- I . 


13. I 


'7- I 


,sin pi | 

V* 


Pi + 2 


i«. I 


V’pi 


- g* + 9 " 


PI 4- i7 


„ , rr + 3 


H. Z J = 

„ , v ] (HI 


t Pi ‘ +- 4pi 


21 . > 


si. y 


7 h 


, i»in pp 


r, 3- 


if= > 


i9 I 


23 . > 


sir 


24 ‘ h 3* 


IS. Consider the series y (--— V 

h i vrt Pi + I / 

Compute the hj'st four partial sums of the 
series. 

hi Find it formula for the nth partial sum v„ of 
I he series i Th*- - series is known as a "fekseop- 
joK series" Can yon guess why - ') 

el Show ihnl ihe series converges-, and find the 
sum of ihc series. 

26. Consider the series ) I In —-- \. 

4-i V n / 


a| Show tha| the scries can be viewed as a tele¬ 
scoping series fsee Exercise 2S>, and compute 
(he pi ih partial sum jf„. [Hint. Use a property 
of the function 1 n. 1 
hi Show that the series diverges. 

27. Give an example to shi™ that if we do not 
require that ihe terms of otir series he non- 
ncgaiive, it i& possible to have u„ ^ for n = I. 
2. 3,... and to have K converge while 
V^i a* diverges. 


























334 


Infinite varies of constants 


10.4 THE INTEGRAL 
AND RATIO TESTS 

10.4.1 The integral 
twl 

Theorem W.7 


You will note that the tests given in this section depend on ihe comparison 
lest, which can he viewed a& the most general test we consider. 

We discussed convergence of improper integrals of the form ftx) dx in 
Section <J_7. I he integral tc&t shows that convergence of certain series can be 
demonstrated hy showing the convergence of an integral of this form. 

(The integral Test) Let V; t a n he a series of nrtnrtegnhue femis. Suppose 
oho ifuU f is a Continuous function for x 1 such [hut 

a) f{n) = tt h for n = 1, 2, 3, 

h) f is a monotomt decreasing for x ■ 1; tftc/ is, f{x v I f{x r ) it \ ^ t, for 

x ^ L 

Then V' , u Jt com>erges if untl only if fi f{x\dx converts* 

Proof. The proof follows easily from our previous work and from Fig. 10.1. 
Lei s„ he the riih partial sum of the series , u n . Now J 1 , 1 f(x)dx is the area 
of die region under the graph of f over [L rt]. If you approximate J7 f[x \ dx 
by the upper and lower sums given by the rectangles with bases of lengths 
one in Fig. 10.1 you obtain 

flj 4 '■■■)■ a„ ^ [ ft,*} dx a| + a 7 + ■ - r + fl*,. (1) 


y y 

* t 



i, ;i '< I pp : 1 r aim iippre ■ * im ;l 1 i on 



lip |,iiwcr 'ium iippfaSimaIicrt 

10.1 


Note that I 1 1 depends on the facl that f is monotone decreasing for K 1. 
From t I K you obtain 

i* — flj ^ [ f(x)dx s $ n , (2) 

Since f(x) £ (I for r ■* 1, the sequence {ft is clearly monotone 

increasing. Therefore, if ff f(js)djc converges, then by the Fundamental 
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Property (Section 10.1) T the sequence |j? fix\dx\ must converge. From (2), 
using a comparison test, you find thill the sequence K, a,) converges. lint 
then ihe sequence {sj converges by Iheurem 10.2 (Section I0.2) t so the 
series V" j cj lt converges. 

On I he other hand, if \s A \ converges, then the sequence f{x\ </*) 
musi converge by (2). using a comparison test, Since F(t) J 1 , fix)dx is a 
monotone increasing function of r. it is clear that j[ f{x) til must converge 
also, □ 

Voti should regard the integral test as asserting that for i «„ and f 
us described, the scries “behaves tike" J7 /’(jt) dr, as far as convergence or 
divergence is concerned. 

Example I The Integral test provides another demonstration that the harmonic series 
l", -1 U /n 1 diverges. The theorem shows that the series behaves like 
I ini i, if (I/x)Jjc. However, 

, ( h l 1 * 

lim -di - tim (in Jt) - 3ini (In h - in j} = Hm (In hi = ®. 

Ji—J j. X h-«- .11 h—™ Ji 

Thus the inlegral diverges, so the series diverges also, || 

One type of series handled by the integral test is so important that we 
treat it formal!y in a corollary. 

Camllarj {p-series). Let p be any real number. The series Xm till***) converge* if 
p > l. and diverges for p ^ \, 

Proof, El p > l, then define f by f(x } = l/x p , Then / is a continuous 
function which satisfies the conditions o( the Integral Test, and the behavior 
of the series V* , (E/V) is the sume as (he behavior of V, (}fx v )dx. We have 



Since we are assuming that p > 1, we see that p — I > 0, so 


Thus the integral, and therefore the series, converges if p > |„ 

II p ±= 1, then n p s rt, so J/(n r 'l ^ (1/ri), and the series diverges by 
comparison with the harmonic series, □ 

The preceding result is especially useful when combined with. Compari¬ 
son Test 2 (Section 10.3), as illustrated now, 
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Sample 2 


10.4 2 Estimating the 
sum of a series of 
mo n oto ne-decr eas i n g 
terms by an integral 


Example 3 


behaves like V“^, {1 / n ), which is a LL p-series’ with p — 2 , and hence 
converges, \\ 

The proof of the Integral Test really gives more information than indicated 
by the statement of the test, for ( 2 ) gives a very useful estimate for the 
partial sum .v ri of a series* provided that a function f can be found satisfying 
the hypotheses of the test. Namely, from (2), we obtain 



Wc illustrate the use of (3) by examples* 

From (3) with fix) = I/jc, we see that for the partial sum s n of ihe harmonic 
series 1 + ® + ( 5 ) + * * * we have 



Since ft(I/x) dx - In n - In 1 - In it, we have 


In n <: s n ^ On n) + 1 , 
or. changing notation, slightly. 


Infc < T - ^ On k) + 1- |i 

„=i n 


Example 4 You know that I; , (1 in 2 ) converges. From (3), you obtain 



Since ft (t/x 2 ) dx = M/x)]T = ( — I/n> +1 = 1- (1 M), you have 


Example 2 


10.4 2 Estimating the 
sum of a series of 
mo n oto ne-decr eas i n g 
terms by an integral 


Example 3 



Therefore 



so £“ = i (1 fn 2 ) converges to a number in [ 1 / 21 * II 
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Exercises 42 and 43 show how an integral can lie used to estimate the 
sum of some convergent series of monotone-decreasing non negative terms to 
any desired accuracy. 


10.4.3 The ratio Recall that if there is any hope that E _ i a n converges* you must have 
test lim n ** a„ = 0, The ratio test studies the rate at which terms a n decrease as 
h increases, and is based on a comparison of the series V,., a n with a 
suitable geometric scries. The (geometric) decrease from the term a ti to the 
next term a ttil in J^=i can be measured by the ratio a n + l la n . 

Theorem tthS {Ratio feat) Let V r ' , o, t be a series of positive ten ns and suppose that 
liin n . tT (a*exists and is r. Then £ , a M converges if r< L and 
diverges if r > 1, (If r L further information is necessary to determine the 
convergence or divergence of the series.) 

Proof. Suppose iim li ^{a rf4 Ja n ) r < K find S > 0 such that 

r < r + fi < 1. 

For example, you could let & (1 r)t% Since lim,,^ (a„ + 1 /aj - r, there 

exists an integer N such that 

r - 8 < < r + a 

a„ 

for n > N. Multiplying by a you find that 

*V+i < (r + S)a h (4) 

for n > N. Using relation (4) repeatedly, starting with n = N 4 1you 
obtain 

^n+ 2 ^ (r 4 

^ M •* 3 v - (r + ■^.)j3ry. l -2 ^ ( F" T 5} £1 ;n + 1 

<(f + ^)a.v < (r + 8fa h Mlf etc. 

Thus each term of the series 

a N M + Oj^+2 + ,. 3 4 * ‘ * 4 ajy+fe + * * ■ (5) 

is less than or equal to the corresponding term of the series 

% + i + fljv+i lr + S) 4 a* H (r 4 S) 2 4 - ■ 4 a N+) (r 4- £) fc “ l + * - - (6) 

But (6) is a geometric series with ratio r + < t, and converges* By the 

comparison test, you then see that (5) converges. Since (5) is jj =l a n with a 
finite number of terms deleted. Theorem 1 (1,3 {Section 10,3) shows that 
j On converges also. 
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Now suppose that r > \. Then for all sufficiently large n. 



1 hat is. 


for j? sufficiently large. This means that after a while, the terms of \ a., 
increase Thus trm,,.... a, = II k impossible, so by Theorem MM (Section 
10.3k the series V,', , a, t must diverge. G 

We should eommein on the observation in parentheses in the statement 
of the Ratio Test. For lhe series £„ , (l/n \ we have 



and fur the series T' , (lfnh we also hsive 


tn both eases, 1 he imming ratio r exists and is I , but by the p-series test, the 
series t 1/rnl converges while ills' harmonic scries i 1 Mti) diverges. 
This illustrates that for a series having a limiting ratio r 1. more informa¬ 
tion must be obtained before the convergence or divergence of the series 
can be determined 

The Ratio Test is especially useful in handling series whose nth ter in u n 
is given by a formula involving a constant to lhe nth power (e.g., 3“), or 
involving u factor iri where 


n\ - (n)(ti - 1) ■(SXlhU. 


H is worth mentioning that for anv constant t > l, the exponential v" 
increases much faster as n - - ^ than a polynomial in ft of any degree s. This 
is true in the strong sense that 



For anv n. You cpn easily convince yourself that this is true by taking a 
logarithm and showing that Um tl liHY7n ) ~ It is also worth mention¬ 
ing that nf increases much faster than rT once again in the strong sense that 


Ji¬ 
lin i — 

n — c 


Write 


it! « n — l It — 2 

c n c c c 


T 


3 2 \ 


c c c C 
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Kvample 5 


soi l flt)N 


Is vim pie ti 


$j>l imoN 


where r is the lurgesi integer such that r < 2r. I'hen 


n! „ ^ * 

— s 2■2'1 
c n 


r r - 1 

C C 


3 “ I 

c c c 



3.2.1\ 

f l' C} 


Consequently, = «j. 

Summarizing* for large ft, we ejtpecl n! to "z/ununfm'" c* for any r. md 
c* 1 /or e -■ I in turn "dominates” any polynomial in n jfer farge ft, 

We no*’ give some applications of the ratio test that illustrate these 
ideas. 


Let's try to find the limiting ratio r of the scries 


=- 2' 
n \ 


We have 


.. a N , t [2 N ''/(.« + I )1] 

r — Inn. — = lim- 




= lim 


27n 

2 ■ rt! 


„ / 2 n1 1 n!\ 

‘feLfe+m*?) 


= lim 


ii ,. (n + Uni n « ii + 1 


= U. 


Since r exists and is 0 < 1, we see the scries converges. 

Note our use of the relation Li + 1)2 'u + l)u r ; thi>i relation is worth 
remembering. 

This example illustrates that it! increases with n so much faster than 2" 
that L . 127nil converges. You should try rn develop an intuitive feeling 
for such behavior of a series. Note that the numerator 2' of the nih term of 
the series contributed the 2 in the numerator of the ratio 1 he u! in ihe 
denominator contributed the n i- I in the denominator ul the iJiito, before 
the limit was taken. || 

Let s determine convergence or divergence of the series 


V 

n 1 


3* ' 


We know that 3 n increase!; more rapidly than rt ' for large n. and we 
wonder whether :V increases rapidly enough to completely dominate u 
tnid make our series behave like i\ geometric series with ratio 
We find Thai 


.. k„ + l (n + 3 )’V3*" 1 ( , [ri 

r ~ lim = irni - Mm 


IS 




n 72' 


M 



A _ -t is. 1 

1 3 s 



t hus r exists and is 1 1. so our series does indeed converge. 
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Example 7 


I'iKiLnipIs i( 


souruiN 


SsjmiUiEt- V 


Phis example show s, thal il ti is large enough, V dominates r! " to such 
an extent that £;_,<«’*/ 3") converges, and indeed, behaves’ like a 
geometric ssrie& with ratio [. 1 he example also illustrates that a “polynomial 
part" of a formula giving the nth term a„ of a series just contributes a (actor 
E to the limiting ratio. and hence is never significant in a ratio test. I Note the 
contribution I s * = I from ir* in out compulation*) The in the de¬ 
nominator of clue scries Contributed the 3 in the denominator of the ratio. || 

The scries 


diverges. Lor n \ dominates both riband 5 J ' for large n, and the nth term u„ 
actually becomes large as n approaches infinity, 11 vou compute the linfiiing 
ratio r y the preceding examples show* that you will find that r 

]im h — fC« + 0V5] = ®. || 

Consider convergence or divergence, of the series 

y ( I IK))" - fn J + 3) 


Here Or 1 + 3 \ contributes a factor of ! to the liniiliug ratio in a ratio test, 
and the nl dominates the 100" to such an extent dial the series converges. If 
vou compute (he limiting ratio t, the above examples ^how that you will find 
that r Jim ll _™[10El/0i + Ij] - I). || 


I lie series 


V 

n I 


3 


converges, for the h is dominated by the 2" T! and the 3", The series thus 
behaves like 


* Tm 1 

f — 
,r, 3 n 



which converges as a multiple of a geometric series with ratio The limiting 
ratio of the Original scries T‘ , (ir * 2 " 1 1 /3") is 



II 


lor a series whose nth term <*„ is given by a formula involving 
polynomials, exponentials, and factorials, the mathematician can usually tell 
whether oi not ihc series converges by examining which things “dominate/" 
and how “fust" the uth term approaches 0. He or she seldom actually writes 
oil I a test given in our theorems. Vou should try to acquire some proficiency 
in 1 his technique. Practice is provided by the exercises. 















£xenfne* 


341 


SUMMARY 1 Test: IrS V,' , d,, l>c ti writ’s of mmttcgativc terms. Suppose fitai 


that fix) is fj ciFwircucJii^ function for x - 1 .fKt’h that 
t\) firt) = a fi for n = l t 2, 3*. ,. 

In f is monotone decreasing for x ■- I: that is. f(.tj) ■ f'U,l i f v, 2* A, for 
x, L, .ic, -- 1, 71it*#t i <a„ caoxr^es if and only if ft f[x)dx 
converges. 

2. p-Series: l et p he. a real number. 1 'he series T>i j (l/fl 11 ) converges if 
p > 1, urni (iiuerges! for p ^ ]. 

2. Ratio Tiesi; Let Yf. i u M be a series of positive terms amt suppose that 
lim„ ,, [t 4 , , Jtf,,) exists amt is r. Then V^, , a„ coriueF-ge^ if r < I. ti/icf 
diverges if r > L (/f t — 1, further information is necessary to determine 
the convergence or divergence of the series.) 

4 .Suppiw ti„ in v- ( Uii j s jriuen by a fffrHTNhi jmnifvti'rg N. mjifaiFiing factors 
tjj- either she numerator or denominator of (fit- farm b", /iL or pin), where 
pin) r.s a polynomial function of n. The individual contributions of these 
factors in I he Ratio Test are us follows. 

h": ('antribulex a factor h in the same {numerator or denominator) 

position. 

n!: Curl induces cr factor fi c l m the idntf posirimi- before lim„ is 

computed, 

p(Fi): Gonrnfjules a factor ] after iini„ jv computed, and thus muy (j< j 
F ieglecwJ if there are other factors. 

Using these ideas, y«u see at a glance that 



2 

leads to r = Hni — = 0 

n i 1 


in ike Ratio Test, while 




fi + 1 I 


EXERCISES 


While viiTi sfuKi/J iV able it> tuccriinu ffit comjCTHWP t,f divergence oi each writ’s in hxearix* 1 thnwyh <> fit u 
iF.¥t- rJh' frr^'^rcCil f. st. for practice, lit (trsfiiWF W#Wfft(*r t>t Hut lilt' converges. 


I 


J[ -I- I 
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7. Ncii iln.it I 'll • I ,| Hhi u ' • I,'-'i iiu F- - 3. ani.i 
V’ dl/n ) converges while ^,1. j H1 in 1 diverge*. 
Use (he Integra! Test Xo show that 
Y' , i 1 /nilii ri ■ 'i diverges. and try to file litis result 


in your memory with other series ihm you know 
diverge. 

8. Lise the Integral less lo show that lhe series 
V' , 41 /it(In it) 3 ) converges. 


While vmf .slioiifd hs J able t<' njtrertqin iPrr nr tfirergetuv of each series rn t-.xtveixp.'s L .J J-Pimugii 15 at a 

glance, MTiif out riie.F ftmio Test, for pructiee, in dfffemuFHr whej&ir of mil did series i i 


v tr - 2" 


9. Y 


13. > 


n' ■ 5 M 


r, 


£ ft 3 + 3« 

»»- Z—?r- 


f In + 3 )(h + 7) 

FI ! 


II, 


n 3 L 4"'* r 
(n + 5}! 


I ^ J 

1 **+ ^ I | 

li L » r n 1 


y (IT + Ul 

U ' A m.r 


16. Obviously ll" rf! for large ri. Let’s discover 
whether n" dominates ii! enough lo make 
V’ • nS/Fi" converge. 

a) Show ihal it fi is even, then 

u n/ 3 / | V *1 


s < (r - tfer 


[Hint. After you are “hull-wav through the 
pi!/' the htciors in ri! are less than n/2 I 


h) Show that if _ n is odd. then u!/rt" ^ 
1 ^ r - = (I/v'2>" '. [Him. Alter you are 
"down to (it — ])/2" in the fi!, the ratio of 
each remaining factor oE nl to u is less than 
{ft - !)/!*.] 

c) From (nK and (h>. eondude that n n does in¬ 
deed dominate til to such an extern that 
V,', . | nl/n" converges. 


Jn Exeraise!, I (hmugJE 4d. (ry lo determine fry L ‘in.", pt'ciion" 1 without writing out «nv rctrpipulufiottf, as rJln.vlJ'trteii in 
t vapripfo K and ivJtdfW not die series Co IN. t'rges Make ii.se of tin: nt&ulis j'fi Ejcetrises 7, ft, and 16 where 
oj-jivopriti rc. Write out a formal re,si only rf von ger srurh. 


' In 3 + 3n 

17. J 

n % n A + 2 


IK. V 


X% Vn t 4- 3n 


19. Y 


,r, Vn + 3 


ID. V 

i—11 Hi' 


21. > l,, - n 


»< L 


11 1 


,rr 3 n tin rr» 


23. 2 


1 


'—. Iti Ui j 4 fj) 


v n 

M- 1 , j 


«■ I - 


-to 1 3n 


/. n' ■ 4" 

26. > 

■ n ! 


“ 2 ! ^* 1 


27. >' 


... nl 


v 3 4 

28. 1 —3r 

r, nr 


29. S 


“ r>* 


H M ' 


h *-, in t- 2)’ 


bo. y 


rd 

“ llrO! 


31- X 


(tL 4 3)1 


/. 1 Fi 1 3)1 II 1 

*». 1-V - 


32. > 


fi ! + 3" 


x 


r t (n 4 

• (ft + 3)1 ill 4- 1)1 


r (n 4 1 VI 


36. X 

■ -1 


(rt 4- $)'■ 1.fi -i- I)! 


t pi +4)! 


37, X 


- I n t .1) 1 (it 4 111 


Sfi + 311 


M I Y 

m I - 
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it! v ■ I 

3»* 1 ^ -W- X 

n I rr < t - i - 

4l + Use Cl) in tsiiiTiiiiL V.‘, , (l/Jt I ' , as illustrated in 
t sample -I 

42, Let f he a mnlinunuS retsntHijne-deef easing func¬ 
tion for x ■ t and let a„ f{wK Use a diagram 
similar in that in Fig, m I lu shim thal Inf 
integers r and s wliere r * s t we have 


J fix) dx ^ ^ tr„ (j /’itidt) + u,. (7) 

| Note die similar it y of (74 in Ui in ihe test. | 

43, Let V 1 , , u„ he a convergent series of mmiiegative 
lenns where <i„ = f(n 1 for a con h mums 


mcmolonc-dcrreasing function f Tor a- - L Use 
(7) in the preceding eve re be lo show that the 
following is a valid pnsetdure lo estimate the sure 
of the series with accuracy * ■ li. 

[.el € ii lie given. Find an integer r such that 
til. ' €. then tile sum of ihfi series differs In mi 

Hi + a H + > > * I Or , + | fix) Ilx 

hv ai inosi f 

44, Use Unerase 4.* to estimate ihc sum of the series 
. { I/.a i willi accuracy 0.1, 


105 ALTERNATING 
SERIES; ABSOLUTE 
CONVERGENCE 

10.5,1 Alternating 
series 


We have established several lests for the convergence of a series of non- 
negative icrms, Analogous tests may be used for series all of whose terms 
are (L since X>, B ^ converges to s if and only if , i d„) converges; to 
— s. A finite number of negative (or positive) terms can be neglected in 
establishing (he convergence or divergence of a series. However, if a scries 
contains an infinite number of positive and an infinite number of negative 
icons, the situation becomes more complicated. One type of senes often 
encountered is an aftemnnufi series, one in which the terms are alternately 
positive and negative. 


Hsiiiiple 1 I hc series l 2 l 3 4 ► 5 6 l * ■ ■ is an alternating series, 1 his series 

diverges since the nth term does mil approach tl u —* || 


The following lest establishes the convergence of certain alternating 
series, While Ihc class 'if scries covered by the test may seem very rest he- 
live, such scries occur quite often in practice. 

Jf fiMwrin f F v (A foemafiwg Series fiesi) Lei V,' i he u series such that 


<l i .die series is uifemufivig 
b) ,£i„ , J ^ |uj for alt n T tltid 
c> lira,, a,, = 0 


i'heti the series urn nergt.s. 
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Proof. Let x n he the rllh partial sum of the series X' , a„. We may suppose 
that a, > 0 so that 

a, > 0, a 7 < 0 T aj > 0, etc. 

[A similar argument holds if m l < (> r ) We have 

a 2 - io l + a z K 

s 4 = («i + a 3 ) + ■(«,, + d 4 ) T 

Ji* = r 4 + (# 5 + aj, 

s« — s t> + (a 7 + fl*)„ 


and ihe sequence s 2j $ 4r s B -is monotone increasing, for cacti term in 

parentheses is non negative by (h j. Since 

s 3a - ai + («3 + a-.J + ■ ■' + (flin-2 + *2 h-i) + fla n 0) 

ami each term in parentheses in (1) is nonposittve by lb), and since a -, n < (fi 
we see that 


— «l- 

Thus s 2l s 4 , s f „ s K ... . is a monotone increasing sequence which is bounded 
above, and therefore converges to a number c bv the Fundamental Property 
(Section 10,3,3). 

We claim that a,, converges to c. Let e > C) he given and find N 
such that joj < e/2 for u > jV and also |sj m - c\ < e/2 for 2m > K This is 
possible by (c) and the preceding paragraph- ff rt ts even and n > N t then 
\k - c| < e/2 < e by choice of N. If n is odd and n > N r then 

1 +11 

so 

k. - c[ = tkt-M - <) - fv.il ^ Ivn - cj + K + ,| s | + | = c 

by our choice of N. Thus \ converges to c, so Y* j a* converges and has 
sum c. □ 

The iWterrcoimg harmonic series 

l - i + i - i + 4 - ± + - ■ • 

satisfies all the conditions for the Alternating Series Test, and hence 
converges. || 
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o—? 


Jf!| -T| 


j ft j h e a : 4 ' I 


For tin alternating series V; , Upl that saiisfies. the conditions of 
Theorem HU) and has «, > I), we have 


*i = a u 

v a = £t t + Ifli + a 3 ) T 

«<i = n i -i- + ti t) + iti.i i a 5 ). 

Sj ■ s 5 4 (fl* + £f 7 ). 


and the sequence v,, v t , v 5 , x-.._is monotone decreasing since each term in 

parentheses is non positive hy (bj. Since ,?>. s.%, is monotone 

increasing jjs shown in the proof of the theorem, we see that the sequence 
i^} of partial sums must converge to r in the oscillatory manner indicated in 
Fig. !<> :. From the figure, it is evident that the error in the approximation 5„ 
for the sum of the scries is less ihiin \a „,,[. This Fact is sometimes useful. 
We emphasize that aff three conditions of the Alternating Series Tesl 
must hold before you can conclude that the series converges. We leave as 
exercises the eons)ruction of examples to show that if any one of these three 
conditions is dropped, a series can he found that satisfies the remaining two 
conditions, hut diverges. (See Exercises 1, 2, and .VI 


10.5.2 Absolute Let , u kl he a scries contain mg both poslive and negative t erms f he 
convergence series V,', 1 U^| contains only nonnegative terms; we could apply same of ihe 


tests developed in the preceding sections to V;, , ]aj{ t and we might lie able 
to establish its convergence or divergence t he nexi theorem shows that if 
T,; ( ^1,,'j converges, then Xil i £l n converges also, [t is important to note ihai 
if i M diverges, then V,; , a„ may diverge nr may converge. We 
illustrate ihis following Hie theorem. 


theorem UUtt [Absolute Convergence Test) Let V,1 , «„ be <uiy rnfirrnt' series, if V'„ , W 
ccmvcrgiss; rften XJ, i ^ ctinuergcs. 


Proof k We define a new scries 2 n u n hy replacing the negative terms of 
V' , lln by zeros, and a new series C i v„ hy replacing the positive terms of 
v; , a„ hy zeros- That is, we Id 




Note that T; , | fry, t u„ k 
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Example 3 


Example 4 
Example 5 


Let us suppose ihat , |£i n ! converges* Now V’ w rl is a scries of 
normegative terms and a n ^ |«J, so i converges by a comparison 
test. Similarly, J ^ =1 P-u*) a series of nonnegative terms and —v H ^ |flj* 
so Li L (— u rL ) converges by a comparison test also* Wc then find that the 
series (- 1 ) Y,' , i-v„) ~ Y^ , v„ converges, and therefore the series 

OTj -50 

X («n+ i O = X a* 

to -n | rl 3 

converges. This is what we wished to prove. □ 

The series 

1 _ J_ j!_ 1 1 1 1_1 

+ 2 ? 3 2 + 4 2 + 5 3 6 2 1 7 1 * 8 1 ' 9 2 + ‘ + % 

with two positive terms followed by a negative term, does not satisfy the 
alternating scries lest. However, the scries does converge, for the corres¬ 
ponding series of absolute values is the series V;’ |rT { { |/n 2 ), which we know 
converges. || 

We emphasize again that the Absolute Convergence Test does not say 
anything about the behavior of i if S' i |a n | diverges. To illustrate, 
both the series 1 2 + 3 - 4 + 5 - ft + * * * and the corresponding series 
I + 2 + 3 4 4 f 5 464’- of absolute values diverge since the nth terms 
do not approach zero. However, the alternating harmonic series 

l _ I _L 1 _ -t 4- l _ 1 X , . » ■ 

1 i ' 1, 4 ' S f.1 1 * 

converges (by the Alternating Series best), while the corresponding series of 
absolute values is the harmonic series 

I + £ +1 + i + £ +14 «’ 

diverges. Let us describe terminology used in this connection. 


Definition 10.7 A series J]* , a F| converges absolutely tor is uhsolutety 
convergent) if the series V” , \a„\ converges. If i u n converges and 
V’ | \u„ | diverges, then l a n converges conditionally {or is conditionally 

convergent)* 


Livery convergent series of normegative terms is absolutely convergent, since 
it is identical with she corresponding series of absolute values. \\ 

The series V f ; , (—lHS/n!) is absolutely convergent since V;; , (1/u!) con¬ 
verges The alternating harmonic scries t ( IHI/h) is conditionally 
convergent* for n converges but Ihe series Y P ' a ,11/n) of absolute values 
diverges. || 
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SUMMARY 


1. An a/fermifrug series is one amtaining alternately positive and negative 
terms. 

2. AffenuHiitg Series Test: Let V.t i u„ hr a series such that 

a) the series is alternating, 

b) |a n . M | — |d„l for all n, and 

c) lim n _ a,, = 0, 

Then the series converges. 

3. A bsolute Convergence Test: Let V', , ti„ be an y infinite series. If Y n , \a H \ 
converges, then Y]\ , a n converges; the series is said to he absolutely 
convergent. 

4. A conditionally convergent series is one that converges „ hut is not absolutely 
convergent. 


EXERCISES 


1. Give an example of a divergent series that 

satisfies conditions (a) and (h) of the Alternating 
Series Test. 

2. Give an example of a divergent, series that 

satisfies conditions (a) and (c) of the Alternating 
Series Test. 


X. Give an example of a divergent series that 
satisfies conditions (h) anti (e) of the Alternating 
Series Test. 

4, Show that every convergent series of nonpositive 
terms converges absolutely; 


In Exercises 5 through 2EK classify the series as either absolutely convergent, conditionally convergent, or divergent. 

1 


X< 

5. I <-V> 

n — 1 

„_L 

4it 

6. 

9 f 2 " 

ra 2 

HI, 

“V(n - 

3) 3 

13. £ (-1) 
#1-1 

- »! 
100" 

14, 

u£ 

it, V t-n 

n 1 

H sin 2 it 

IS. 

n 1 

21. Let £T 

i a n be 

a series ; 


4n 


uh — 


n " t 


sin it 

In n 

n 


is. Y {- n Mf 


Rb ' 1 


sm n 
~T"vT 


scries of positive terms (and zeros) and YT, j v„ 
the series of negative terms (and zeros) defined in 
the proof of Theorem 10.10. 


7. Y (- i’ 


cos 'it 


n ■ 


* tir 

„ , vn 


li, >' i-ir 


In n 


is, V 


- Infl/n) 


12. Y ( ]) 

[1 1 t 

v . ( * 1 


n ■ J. 


i 


16, > 

J—mi 

■li " I 


A h! 
19. X \ - II" - 


r n 

V „ ln(n") 

26, >_ i I) M 


■ -1 


a) Show that if V,i , «„ and V,' , u n both con¬ 
verge, then V, , a HL converges. 

h) Show that if one of Y n i k. and Yn i con¬ 
verges while the other diverges, then V' , a M 
diverges. 
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Infinite series Of constants 


e> Show hy an example lhai it is possible that 
I.', i converges white both , u,, and 
V; , tk diverge. 


d) H iJL i laj diverges. i hen £ , a n is ooidi- 
itonally etvnverge nt. 


cl It' , «.. is conditionally convergent, then 


i k.l diverges. 


21. Mart each of the following true Or false 


ill livery convergent scries is absolutely con¬ 
vergent. 


c i | ■ vc ry a! ternat i ray sc r iev cl m i verges. 


i'i 11 very convergent alternating scries is condi¬ 
tionally convergent 


b) Every absolutely convergent series is con¬ 
vergent 


calculator exercbes 


'■'* I'ind the sum of the series , 1 IT{ 1 /it 1 ) with 25. hind the sum of the senes V", ( (ty F , > with error 
error less than 0,U0l, at must 0.001. (See Exercise 4.1 of Section 10.4) 

Find the Mint of rhe series V; , ^ l)"(|/« ! i with 
error less than 0.001 


exercise sets for chapter 10 


review exercise set 10.1 

1. tlciine what is meant hy lim H ti„ = r, . 1 . Find the sum of the series 

2 1 Find lhe limit of the given [frequence il it converges 



or has limit «■ i>r 



if I he series converges. 



4, lixpiess t he rope a Iia ig dec i m a I ■1.731111131.. ns 
a fraction. 


(n Problems S ami b, rlus.ti fy (he series as cortLyrgcnf or t/ieergeht, ut\d giw a reason for vu«r unxwer. 






S. a) V 


7. Use the Integral lent to establish the convergence K. Write out the Ratio Test to establish the Con¬ 


or divergence of 


verge-nee ur divergence of 
■ *, J . 2 J| 




In Problem ** and It), elas.-iify thf series as absolutely eonvergpnl, conditionally convergenr <tiven;eni. amt 
itulk tile (fit 1 reason for your answer. 



Kb nl X < IT 1 


ii i 


Cos(1 fn 1 
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review exercise set 10.2 


l. (Jive an e.ftT-prciof that the sequence Hri 1JM} 
converges. 

Find the limit iif i he given sequence tf it converges 
or has, 3 in tit » or . 


H I 




I Vo - n J [ 
[ in 7 1 



A hall has the property that when it is chopped, tl 
rebounds to i of it* height on t]te previous bonnet; 
Find the heighl from which the hall must drop¬ 
ped if ihe total distance it is to travel is fit) ft. 

4, ]f possible, I'inU r SlK’ll til Lit the sum of the Jierics 

3- 3r + 3r- ;V + ■■ ■ + kl}W + ■■ ■ 
is 7, 


in Problem* 5 ami 6, classify the series ax con Bergen! or diixf&nu mid gitse a reaxtm for your answer 


3. at 


i 


n 3 + 3 
n= 


b) 


i y + 4" 


I 

r* • I 


5" 


fr. a) 


£, ft 1 2 + sin ti 
H .i n J + 3ft 


hi 


1 ■- 
cus"« 


7» Use the Integral Test to establish the convergence 
lw divergence of 


8, Write out the Ratio Test to establish the con¬ 
verge nee or divergence of 


V » + 1 

b.;!) 1 + 1 



J» Ptobfenu 9 and Ut. ctmt&ify the series «* tilWtardy ranoGFgertf, conditionally cortLwgettr. or t/mergem and 
indicate the reawn for your answer. 


9. 


— 

I 

l-2 


i-ir 

im.Iil n i 


bi 


i 


(-If 


*X& 2 n 



C— M 

10. a i ^ t — I >" — , 
n ! 


x- , , r , In h 

bj y f-n — 

„ i ft 


more challenging exercises 10 


1, A sequence {[„} is- monotone decreasing if 4, ■ — 

for n 1,2,3,... Assuming the fundamental 
property of the real numbers staled in, the tent, 
show that a monotone decreasing sequence | 4 } 
cither converges to a number d or liiru, ^4 - ,:n - 

2, Prove Theorem 10.3 [Hint. Lei s M be the rith 
partial sum of ^ , a,,, and i„ be the nih partial 
sum of £ | feu. Deduce lhai there evsst an integer 
N and a number c such that = v-* + r for 
n > and show that if kf con verges to a, then 
■lO converges to a + e] 

3, Generalizc Theorem Kl.fi as follows: Let , a„ 


and , h„ be series of nonnegiitivc terms with 
u„ A tf for suflicienily large n, Show that jf there 
exist constants m > 0 and M > tl such that m < 
hja „ < M for all sufficiently large n, then the two 
series cither both converge oi boih diverge. 

4- A sequence !s„J is h t ’oiccfty sequence it for each 
* > Eh. there exists an integer N such that 

k -*w| < *■ 

provided ihai both rt > (V and m > .V. Prove that 
every convergent sequence ',.v„| is a Cauchy se¬ 
quence. (The converse F also true, but is harder to 
prove.) 
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Hack of iwo series is mid Nr hr a muTpjtgf'ifiriir of rhe filliiT if the rMn wifi cnriitiiii e.tuNfv the .ttiMU’ (rims, hut dtr 
fwnji do th)I ntte&mriiy iip^iir in J'l'cr 1 a«me order. TTtc jvpjujupu'pe^ rxereiws deoi wrl/l this t'fincc^P fr tiM In' .sftolvPil 
ffittf rearranging an absolutely convergent seriex tltkrs jhp( chtinye its ruurvri'E'iihf i' or ditwgirnce. «r its wm if m 
[F< nvi-'L:tT, fet V’ | cl hr « series rarli that lmi„ n 0 and sri« dtaf the series V„ . riii lt f nnpirrc^u'Hjf 
terms i fjfti'j 1 zeros) and r/ie H-rii r .\ \ , u„ of niJ-npo-vridiJic Itvpm iond zeros ), defined m the proof of 'theorem 10. 10. 

fwift diu'w. Describe how w rtmstnwt n rearrangement of , a,. iJtal has the fa'Iiut-iur. 

S T ton verges to 17 ft. Converges to -SO 7. Diverges io * 8 t Diverges to ™ 

*>. Diverges and ha* partial sums alternately incrcasini to 5-IS and. dice reusing to fi r 
















power 

series 
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Pdwsr Series 


11.1 POWER SERIES 

11,1,1 The function 
represented by a 
power series 


Among ihe most important series are power series; most of our work will be 
with Ihese series. Power series are precisely the infinite polynomials” that 
we mentioned at the start of the last chapter. For example, we shall see I hat 


x 3 x v x n 

sin x = x - 1 * : ---t---— 

3! 5! 7! 9! 11 ! 


for any value of x. Wc shall also see that 

" * 1 “ U - 1) + (* - if “ {x - If + (jc - l) 4 - (x “ If -I- 

for any x such that I) < jc < 2. The scries for sin x is in powers of 
x = U — 0 ), and the series for 1 /x is in powers of (x — 1 ). 


Definition 11.1 A power series at x 0 is a series of the form 

□C 

X a ri {x - x Q ) n = a 0 + ci |( x - *ti) + ■ - * 4 a n (x ~ x<r + “ - (11 

n -O 

I he constants a, are (he coefficients of ihe series; in particular, a„ is the 

constant term of the series. 


It will be convenient lo change terminology slightly and to consider the 
constant term a,, of (I) to be the Oih term of the series . and the term 
- ,V(n)" to be the nth term. With this convention, the nth term of a 
power series becomes the term with exponent n. 

At each value of x, the power series (1) becomes a series of constants 
lhal may or may not converge. The sum of such a convergent scries of 
constants generally varies with the value of x , and is a function of x. This 
function is the sum /unction of Ihe series. The set of all values of x for which 
the power series converges is the domain of the sum function defined by the 
series' the value of the function at cacti such point is the sum of the series 
for that value of jc 

Ihe power series ( 1 ) should he regarded as an attempt to describe a 
function tocai/y, near in translated coordinates with to = x - the 
series become (h « n (AxP, I lie series ( U converges for x = x { „ for at x,„ 
the series becomes 

a f t 4 a | 1 0 4 a 2 * 0 4 ‘ ■ ■ + u r| ■ 0 4 ■ * * „ 

which converges to a, K . It is possible that this is the only point at which the 
series converges, as the next example shows, hut such series are of fittle 
importance for us. 

Example i The series KT-ij” 1 ** converges only for x = 0. for the Ratio Test shows 
that for a & 0 , the series :( in!a h diverges. 














11.1 Power series 


353 


11,1,2 The radius of The next theorem shows Ihat the region of convergence of a power series at 
convergence of a x (> has x 41 as center point. The theorem is stated and proved in the case 
power series where *, = 0, that is, for a series £n~t, a n x tl . See the remark after the proof 
of the theorem. 


Theorem II.I If a power series V p r ; it a n x" converges for x = c * 0, then the aeries converges 
absolutely for all x such that [*i < \c\. If the series diverges at x = d, then the 
series diverges for all x such that \x\ > |rf|. 

Proof. Suppose that V ri lt a„c n converges, and let |fi| < (c|- Since 
V,' (k a fi c" converges, we must have lim Pl ^ a„c" - 0 ; in particular, |ti P 1 c r, | < 
1 or 


\a„ \ < 


\ 



for n sufficiently large. We then obtain 


I b" 


h 

1 = kHb"l< b 

1 V 

— 

c 


for n sufficiently large. Recall that we are assuming \bfc\ < 1. Thus the 
scries Jfn n I a,, ft* I is, term for term, less than the convergent geometric series 
Tff: „ ]/?/c| H for n sufficiently large, so E% 0 \a n b"\ converges by Ihe compari¬ 
son test. This shows that „fl n x h converges absolutely for all x such that 

Ul < W 

The assertion regarding divergence is really the contrapositive of the 
assertion we just proved for convergence. Suppose n a n d r ' diverges, and 
let |h| > |d|. Convergence of ST =n a n h rt would imply convergence of 
n a n <r by the first part of our proof. But this would contradict our 
hypothesis, so Tti ti diverges also. □ 

We stated and proved the theorem for a power series at x 0 = 0. It is 
immediate from the theorem that if V, - , M a n fix )' 1 converges Tor dx c, then 
the series converges for |Ax| < |c[. Putting dx = x x (( as usual, you see 
that if a series Xn mM* XhT converges at x = x» + c, Le„ for &x = t\ 
then it converges for all x such that |x — x 0 [ < |c|. 

The important corollary that follows seems very plausible from our 
theorem. A careful proof depends upon a basic property of the real 
numbers, and is not given here. 

Corollary For a power series 5^ = 0 a n (x - x M )\ exactly one of the three following 
a he rn a tives hold s . 

a) The series converges at x u only. 

b) The series converges for all x. 

c) There exists r such that the series converges for x xj < r, that is, for 
x ik - r < x < x n + r, and diverges for |x - x a \ > r. 



















Power Serlos 


I he number r that appears in ease 1.0 oI I he corollary is [he radius ©f 
convergence ©I the series. In chm- it k natural io s ll% that the indius of 
convergence is |J„ anti in ease {b>, we say that the radius of tun verge nee es k h 
3n ease ft). I he behavior of the series a I the endpoints of the interval 
k r < x jc h + r depends upon the individual series; certain series 
converge a l both endpoints, others diverge a I both endpoints, and some 
converge at one endpoint and diverge at the other. 


Euuiipk 1 The series V; „ O' is lhe geometric .senes, and our work in Chapter Id shows 


that it converges in 1/( I x) for l.r < 1. The radius of convergence of the 
series is 1. The series tiiverp.es for x ~ I and x - -1. since the nth terra 
does not approach 0 as n —* *> ut these points. |l 

For many power scries, the radius of convergence can be computed by 
using the ratio test. The technique is best illustrated by examples. By 
Theorem 11.1, if a power series converges a I .t x i( c. it converges* 
absolutely for \x iJ < \v\. so we try to compute the limit of the absolute 
value of the ratio, 


E\umi»k‘ 3 We find the radius of convergence of ihe series 


sch.ution I he absolute value of (he rutin ot the In + bsl term to ihe Nth is 


JE*'V{(n + \)2 n ‘ l )\ x ,i+x nT 


jt"/(r - 2 n ) [(n + 1)2" n ' ‘ x " 


■IN I- 1)2 


The limit as n approaches * is 



x II 
■ 


Thus the scries converges for \x.i2\ < l or for \x\ < 2. The radius of 
convergence is therefore 2. and the series converges at least for -2 < 


To see what happens at the endpoint 2 of the interval -2 < x < 2, 
examine the series 



This is die harmonic series, and diverges. At the endpoint ■ 1. you obtain as 
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Example 4 


sou riON 


series 

f MS" — , 

which i> the convergent alternating harmonic wri.es. Thus the series con¬ 
verges few 2 ■ x 1 I'his interval is the interval of convergence of the 

series L| 

l:sample 3 illustrates the usual procedure for finding the radius atul 
interval of convergence for a power series where the limit of the ratio exist'.. 
The two scries of constants corresponding to the endpoints of die interval 
must, he examined separately. We emphasize trial the Ratio le\t nent 
determines the hektmbr at (he endpoints of the infenctl of convince tor the 
limit of the ratio ttr flww endpoints wifi he 1. 

We il hist rate with an example for n power series At a point v„ ? (I. 

I.et’s determine the interval of convergence of the series 

y (X ~ 3f? 


1 - 2 ) 


,ri h ■ 2 “ 


which is a power series ai x it ■ 3, 
For the ratio, we obtain 


We have 


(x 

n 3 * 5 rt 

ln a U - 31 2 

(n + n’-V" 

E 
* 1 

i 

H 

|( n + I) 2 -5 


I ini 


n-(x - 3f 


u - 3r 

< Jr 4 I)'' ‘ 5 


5 


Thus ihe series converges if [U - 3 W| < 1. or if |je 3|" < 5, This is 
equivalent to [x - 3| < v/5. The radius of convergence at x,_. - 3 is thus v5. 
and the series converges at least for 3 v5 < x < 3+ v*. 

Turning to the endpoints, at 3 - our series becomes 


v MS . y -JL. 

++■ cr< i , r ^ ^ V* - >i " 

I M !i I - fl 


= 12 
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SUMMARY 


This series converges. The same series is obtained at 3 i v 1 '?. mi the series 
converges at both endpoints, Eind the interval of convergence is 

[3 - V5, 3 4- Vs]. | 

With ;t liirle practice. you should be able to give (he interval of 
convergence of ihe series in trample 4 without actually computing the ratio. 
The wih term is 

{(x .n 2 3 4 r 

V*5 n ’ 

and ihe n is insignificant compared with the nth powers; a polynomial in rr 
always just contributes a factor of I in the limit of a ratio. Thus the series 
wilt converge for |jt - 3|* < 5, or for |x - 3| < A The n~ in the de¬ 
nominator will make the series converge at I he endpoints The exercises give 
V«u sonic opportunity to practice such arguments isee Exercises L > through 
17), 


1. A power series at x„ is a series of the fartn 

Xu + a Ax *„) + n 3 (i - Xnf + ■ “ 4- tijx - x,,)'* + — 

The function talcing as domain all values of x for which the series 
converges, and having ti.\ value at each such x the sum of the series, is 
called the sum (unction defined by the series, 

2. The senes it r <11 may converge for x - x„ only, or it may converge for all 
x, or it may converge if (x x„| < r and diverge if |x - je„j > r for some 
r > 0. Such a numhtr r u the radius of convergence of the series. 

3. The radius r of convergence of a power series can often he found by: 

i) forming the absolute value of the ratio of the («■ + 1 Lv( term divided by 
the nth term, 

th computing the firm* of rtas ratio as n —«?, 
iti) setting the resulting limit ■ 

ivl Striving the requiring inequality for \x *„[, obtaining an expression of 
the form [x x ( i| ■ r, the radius of coriuerggnte is then r. 

4. To determine the interval of convergence of £ j power series at x 0 after the 
radius r of convergence has been found, substitute x — x £h - r and x 
x M 1 r to obtain two series of constants lest these series for convergence to 
determine which of the endpoints. je„ - r, x u + r. should be included with 
a x,J < r to obtain the interval of convergence. The Ratio Test should 
never be tried at these endpoint series, for the limiting ratio wilt always be 1. 
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EXERCISES 


fit Exercises I through ?!„ uae due Ratio Tt-si jcp find the radius <tf c «n wrrguncf <>f fhc writ rv TTwii fired du- inferoai nf 
i'oniiff^ertrf firiWudthii wuifwirut,) 


t. 



1 


\. 



4* 



n + 3 




y JL- 

., .ifi' + i 




H. % 


- I J)"v" 
(Ill’ll! T 


fn flxm’ISf* 9 dinjugh IT. irriWiVd as U f*uv. iuif dll's dirtf Jrv it\ find dll" radius of mm .m cent e wilJitUil t'.VJrlic'ldy 
n'fnrnc iiwi rite rufiiJ, a\ iUusiroh m il ufftsr ExctmpJV -I rn du - re.u. ivrflr ««f ilu- Rmw fWf nnly d wm httvc m 


9. 


V 

H - P 


(i ~ 2)*’ 

u - IT 


12> X fi’U + 5) 3 ** 1 


IS, 



2)"U -1- 3 V' 1 1 

J 

Vtf 


III. 


IS. 


Ifi* 


> 

nHx + 4f 

11- t 

u r (.x \r 

II 11 

PI ! 

ii it 


y 

tv 4 4)' 11 


ilx 4f 

n 1=5 !1 

n 1 * r 

n M ■ 3" 

y 

h> ii 

ru - 

17 i 

(3jf \%f 

11 ’ 

Ji\ 


fn Ext'«-Iff> IS (ftrtiuifh 21, Kiw cl powtr iCTi^s dtur Jnr.% dir sipen mien-td r«.s inferoai of i-fmurr^nty h indudiiiR or 
*•■*(■ iudmj- emiptHiifi an indimieiL lMany answers’ an- paisifiL-l 

IS. [0,6] 19* | < jt < 4 JO. -2<x^4 21. 5fii<-l 


11.2 TAYLOR'S 
FORMULA 

11.2.1 Th& Taylor 
polynomial of d&gr&6 n 


Let fix) he a function defined in a neighborhood ot x tt , that is. for 
i,, - Ji < x < XV, + h for some fi > 0* and lei /'" 1 {_v,, 1 enifil- We would like 
in find the polynomial 

g(x) = a,) + (ijU J cd + dd'a Xu) 2 + ■ - - + o„U Xti)" 

nf degree n id t,„ which is the best approximation tn fix) near x it . Surely we 
want to require rhai g(jc„) = fixi,). and that fifijrj “ i UJ* so ihat the 
functions have the same slope at x... If we also require that fiXO* 

then the rates of change of slope will he the same; the graphs will bend or 
curve ai the same rate at jc, v It seems reasonable to require that j?U) have as 
many as possible of the same- derivative values at x„ as f(x) has. Let s 





































358 


Power series 


determine the coefficients a i} , a u a 2 .a H to make this true. Computing, 

we easily find that 

gU) = a u + a,(jr - io) + a 2 (x - x<f + - ■* + ojx - *J* f 
g r (jr) - ri, + 2a 7 (x - x n ) + 3ai(x - xj 1 + ■ ■ ■ + na H (je - jf 0 )’ ,_1 p 
= 2a 7 + 3 ■ 2o,(jc - jc tl ) +■'■* + n(tt - 1)a 4 ()c - 


ff U) = nirt - 1 )fn 2) ■ ' • 3 ♦ 2 * 1 - a = 


Then 


fi'fXfl) ™ u u 
■R Un) = 2flj s 

= 3 2a s = 3!« 


Setting these equal to the corresponding derivatives of fix) at x fl> we have 

= a 0 . f'(x u ) = a,. f r ixj = 2a 2 , f m {x n ) - 3!«*.= nl^ 

which leads to 

= fi x a) i 
^ i ” Fix®), 

«2 “ 

I 

a ? = v na 


= iTi 


Definition 11.2 I hc polynomial function 


r(*a) 


S<*> = T„(*) - f(xj + /'feXit - * n ) + ^ {J - Xn f 

jrp I 


- I 


3! 

rw 

ll 


U Jen ) 1 
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E sample 1 
firm i thin 


Example 2 
SOI 1 THIN 


Isvutiplc 3 


is the nth Taylor polynomial lor fix) al x,„ [Wc define }" i x] /(x) and 
01 . 1. so that we may include the eonsttttil term .fU,,) in our forma! 

sum/l 


In ihc preceding definition, wc said (he “nth Taylor polynomial" rather 
than the '"Taylor polynomial of degree n" ■mice it is possible that Tx,*) ~ 
<i so ihat The degree of T„(xi is <n. These polynomials are named in honor 
of the Rnglish mathematician. Brook Taylor f lfrR5-17.11 L 

Of Course* the polynomial T„(x) depends on f and x„ as well as iu hut a 
more accurate notation such as “''■T./tjcV' is simply too cumbersome! 

Lei's find the Taylor polynomial T t (x> lor the function sinx at x„ ~ 15. 

We have to compute sin lit) and the derivatives of orders '-•! of sinx nit 
x H1 (i For fix) - sinx* you obtain f(0i = sin 0 (L while 

f(0) = cos 0 = L fW) = -sin 0 = 0, 

-cost) = L m; sin0 - 0. 

At Miis point, we note that since f'ix) - fix) sinx* our derivatives will 
start repealing* Thus the derivatives of sinx at 0, starting with I he lust 
derivative, are 


U 0. -L 0, 1, 0. -L 0, L 0* -1, 0, ♦. ■ 

for as far as you wish to lake them. SSince x ; , ■ £L you have x - Xji = t. anti 
the 7ih Taylor polynomial is 


TAX) ~ 0 + 1 ■ J£ + T( *' + —X s 


-_1 

3! 



0 , 
+ — x* 
hi 




Let's find the Taylor polynomial T k (x'i for the function cos x at x M it. 

As in Example t, you easily find that cos it - l and thal the derivatives, nl 
coax at t r. siarling with the lirsi derivative, are 

0, l t 0. -I, 0. L SL -I. 0, K 0, -l,,.* 

for as far its you wish to lake them. Dropping the terms with coefficients IL 
you obtain ihe polynomial 

tx uV' (x — ttI l (x — tt)' (x - irT 
TJx\ = -1 -t- ! ---+-rr-- « 


Let's find the fifth Taylor polynomial Tjx) at Xo - 0 for f where fix ) 
1/(1 - x) = 0 -x) 
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SOLUTION 


11.2.2 Taylor's 
theorem 


Theorem If, 2 


Computing derivatives, 

/'(*) = (1 - *)”*, 
rw = 2o - jtr 3 , 
rw = 3 • 2(1 - x) 4 = 3!{1 - *)"•*, 
fix) = 4!(I - x)-\ 


PU) = 5!{I - x) 


-fy 


etc. 


Thus the derivatives of / at 0, starting with the first derivative, are 

It. 2!, 3! t 41, 51, fit, 7!, 8J,... 

for as far as you wish to go. Since /(0) = 1, you obtain 

2! V 4’ ST 

T,(x) = 1 + x + - x 3 + ^ x 1 + ~ x' 1 + ^ x 5 

2 : 31 4! 51 

= 1 + x + x 2 + x 3 + x 4 + x 5 

as the fifth Taylor polynomial. 


Let f(x) and x tk be as described in the last article, so that you can consider 
the Taylor polynomial T n (x). You expect to have 


fix) ** T n (x) 


fur x close to x,j. Naturally, we are interested in the accuracy of this 
approximation. We would hope that the error E„(x) given by 


E »W ” fix) - T n (x) (1) 

is small if x is close to x n . The following theorem gives some information on 
the si^e of H„fx), and for this reason, the theorem is extremely important. 

( Taylor's Theorem) Let f(x) be defined for x Q - h < x < jc 0 + h and let the 
derivatives of orders ==n + l exist throughout that interval , and let EJx) = 
f(x) — T n (x). Then for each x in that interval , there exists a number c 
depending on x and strictly between x and x 0 (for x ^ x ti ) such that 


E n (x) 


f u " 1} (c) 
(n + 1)! 


{* ~ Xu) 


( 2 ) 


We defer the proof of Taylors Theorem to the end of this section. The 
theorem is really very easy to remember. For /, x, and as described in the 
theorem, you have 

fix) = T„(x) + EJx) = TJx) + f^psl (x - Xo y+', 

(n + 1)! 
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Note that E M (x) is precisely what you would have for the "next’ term of 
degree n + 1 in the Taylor polynomial T^ + ^x), except that the derivative 
f in + u must he computed at some c between a () and x instead of at x it < Note 
also that in translated coordinates, E pl (x) becomes 



where 0 < lh| < |Ax[ if Ax =£ IX 

The size of the error in the approximation of f(x) by T„(x) is measured 
by |E„(x)|. There are two reasons why you would expect |E„U)| to be small 
for large n and lor x close to x n * First of alb if n is large, then the number 
(>t + 1)! in the denominator of E„(x) is large, and this tends to make |E» 1 (x)| 
small. Secondly, if the distance from x to is less than l, that is, if 
\x - x ti \ < l, then \x - jcJ' 141 also becomes small as n becomes large. The 
only catch is that |/ m ~ n U’)| might become large enough to offset the small 
size of \x xj""/{n + 1)! for Urge n. However, Tor many functions, this 
calamity does not occur. For example, if fix) = sin x. then f 1 1 ^ always a 
sine or cosine function, so \f in " l, (cT ^ I for all n and all numbers e. 

We illustrate a few types of applications of Taylor s Theorem. We are 
usually concerned with obtaining a hound B on the sUe of E n (v), that is, 
with finding a number B > ll such lhat 


|E P ,(x)[ < B 


Example 4 Let's use a differential to estimate vlOl, and let's then find a bound for our 


error. 


solution Wc let fix) = JC 3 '\ x 0 100, and dx = 1. Our estimate using a differential 


is simply 


T|U e , + dx) = f(x y y) + f(x 0 ) dx. 


Since ('(x) = (l/2)x 1/a , we obtain 


TiflOl) = V100 + -* 


2 VToo 


. 1 = 10 + — - 10.05 
20 


as our estimate for V101. 

Now T(x) = (-1/4* V3 , so by (2) with n = K 


E.tioni 



\_ j_ 

S ‘ c 3 ' 2 


for some c where 100 < c < 101. But for such c, the largest vahiesof 1/c 
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l-sample 5 


sou-noN 


rumple ft 


muRl occur wher c c l,v is sm a Ileal. I hat i>_ hare dose to 100, so 

! 1 I 


Thus 


ion 1 ' 1 ' 3 1000 


|E.( WU| < £ t „L ■ - O.00012S. 


therefore out estimate 10,05 for v' 101 is accurate tout least thre^- decimal 
places. 'j| 

The preceding example illustrates the typical procedure in finding a 
hound on £T„ (.eh You don‘l know ihc precise uaiue of c so yon alEcmpi to 
fiml I he mcr.mnmii possible Utlfrrtf that If" c < kn have for tiny r over the 
iTitir* 1 rfihrrudf from jc,, to x, If the exact maxi mum of r \c)| is hard to 
find* find the best easily computed bound you can for |f +t Vi[ The 
foil owing example illustrates the technique again. 

Suppose we used the Taylor polynomial for fix! sin a at x It = d 

which we found In Example I to estimate stn2° = sin(irjfMdh Whhoul 
bothering to compute ihc actual approximation of sin 2°. let's find a bound 
for Ihc error. 

fhe error is E 7 (ir/9<J). Since /' ,v (xl sin r, we need in estimate |sinc| for 
0 < c < ir/9tt. For such c, we have 


sine < sin 


90' 


hut of course we don't know sin (ir/yd); that js what we arc trying, |o 
estimate. But surely sin lix/W)} < sin <tt/ 6) 1, so isin < \ < ], Using also the 

estimate m/9() < -' i: „ we have from (2), with n 7. 


If i 17 )\ | sin < 7*Y1 1/2 / 1 \* t 

I ' 7 \ 9C1 ) I 1st \ E h )) T' SI '.20 ) (2 g Kftl)( 1(T1* 

Thus the error is very small. 

We can improve our bound if wc note that T,(x) = T*(a‘ I for sin x at 0. 
Thus EjU) E ( (je), hill formula f2) Tor E K (x) is different, and permits a 
belter hound. The l Jth derivative of sin x is cos jc, and jeos c[ < so we have 



(9 tx2’>uoy 


Suppose we wish to approximate sin 4<V' by using a Taylor polynomial T n (*) 
foi f(x) = sin x at A|, - t rM Lefs find a value of u such that ihc error in 
our approximation will he less than O.OflllOL 
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solution Wf need to have |F, 1 4fi tt,*' I MUi| 0.00001. Since the derivatives of sin x 


are nil either ■ ^in a or ±cos x. we have !f. i e11 < I for any n and t\ Since 

x x 0 = it/I HO. we have fmm l.2i. 



Since (ir/IH0( < fl/50). we surely have 




IRQ/ < (n + IH Iso/ ( n + 111(5)" "IP)" " 1 


We try e few values of n, and discover that for rr ~ 2 wc obtain 



= ci.oocxii 

Thus we may use ri — 2 with safely to achieve Ihc desired accuracy. || 

The preceding example gives some indication how ladles for the 
trigonometric functions were constructed. Also, rather than use space in ihe 
memory of an electronic computer to store lables of tFigonOmetric functions, 
the manufacturer builds into the computer .i program chat the machine uses 
to estimate values of I hose functions as it needs ihern. as we estimated 
values in Examples 5 and ft. 


VI. Z.% Proof of Proof. Fora = x t „ live theorem is olwious, Choose \ & x t , where h < 
Taylor's theorem * < v, 4 h: wc think of x as remaining fixed throughout this proof; in 


particular, we consider v to be a const nit l in any di Herein lint iort. l.ci 




II We lei 


F(t) - flxl fit) - f r |f)(x - f) - - tf ~ 



then we see that A was chosen in such n way that FU„J d. Note (hat 
Fix l 0 also. We now apply Rolle's Theorem to Fills and deduce that 
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F'(c| = 0 for so nit r between x M and t. Now 

Fit) = - f(D - [/'(!)(-« + (X - l)fb)] 

- rnoi* - oh> + - o'] - ■ ■ 

(x t)" '( 1M -~tx 


(n !)I 
ix - t\" 


- (V l j 


H . 


(“II - A, 


Many terms cancel in Ha is expression Fur F'(rl; in fact, the first term in each 
square bracket cancel?, w. i 1 h the Iasi term nF the preceding square bracket 
After this, cancellation, we are left with only 

™._£^ te _. tr+ fe£il£ A; 


u' 


n: 


thus 




n : n t 

and. dividing through by the common factor (jt - iT/iiE. we obtain 


r"\c) +. 4 = 0 , 


so 


A - f'"* n (c). 

Equating Hits expression For A with mu original definition of A, w r e have 
r‘ M k> - \m ffe) fix u)U - r„) - - x t y- 


2 ! 


f ini UJ 


n! 


lx 


- *»)"] 


(n -i- 3 )t 
f.x - v.A"' 


Solving for fix) yields 


fix) - fix,) + fUoHx - *„) + fx - + 


2! 




U - xj* 


ft" 1 l! fr) 

. J ^ \m t I 

+ 7 L " «,4 -r ~ x rd - 
(n + I)! 

which is the assertion oF Taylor’s Theorem, fl 
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SUMMARY i. tf fit) has derivatives of orders at Jc Dt then the nth Taylor pofynorjiitii 
for f(jc} at x n is 

TJX) = /(*n) + f (*,)(* - *„) + ~~ !-* - X,f 4 - X u f + 


3! 


3! 


frw, ,< 

t he polynomial Tj.v) and the function l'£i) huw the same (itimiahi.T.s of 
orders at x w 

2, Taylor's theorem suites that, lirider suilubit condition*. 

fix) = TJx) + E^x). 

where (tie error expression (remed infer term) F n (i) is given h\ 

&**(€' 


E„[x) - 


u - x„r 


(n + 01 

for softte i' (depending on x) between x tt and x. 


EXERCISES 


fn iLvercj.Hjc.s 

t through b, find rfte hidrcaletf Taylor 

rwdynoruj’d for the /uncrioft at the jkmhi. 

I. T ll( rfJd 

for COS X Hi X,| = fl 

2* T s (*l 

\ 

for -—-— aL x., = 1) 

I 1 X 

3. TAx) 

, , TT 

lor sin x at x u Tr — 

4, T,U) 

for tan x at x,, li 

5 . n(x) 

for t/jr at x M 1 

6. Ti(x) 

for Vx at Vi 4 


7, :i) Find the TayEair polynomial TA it for sin 2x at 
x,, = IT 

b) Compare your answer in {a) with Example L 
What do you nolice? 

H 4 a.) Find the Taylor polynomial T,(t) for sin 1 * at 


What do you notice? 

c) GnoS.s the Taylor polynomial T'J. k > at x,, If 
for l/n jr), 

UT a| Find the Uaimiattd coordinate form of lhe 
Taylor polynomial T,{2 + A.d for x' at x„ - 


x it = 0 , 

hi Compare your answer in (a) with Example 1, 
as in Exercise 7b. 

d Guess the Taylor polynomial T u ,(;d for sin-t 2 
at Xu = l), 

9. a) bind the laytOf polynomial 'GUI at x„ t\ 
for 1/(1 - j r 2 ). 

b) Compare your answer in (a) with Example ? 


2 , 

h) Taking translated coordinates ji *|, 2 so 

ihtli r = 2 + Ax, express the polynomial x = 
1.2 k Axi : as a polynomial in Ax, Com¬ 
pare this answer with your answer in £a). 

IE |Paris (a) and (b) of this exercise aive a method of 
finding T 2 (x) for fix) = jc‘ : + 3r 4 5 at x r , \ 
without diiTerenliatlng. | 
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a) Substitute I + Ax for x in the polynomial 
x" h 3.v + 5 and expand the resulting polyno¬ 
mial in powers of Ax to obtain the translated 
coordinate form T 2 {1 4- Ax) at x lt L 

b) Substitute x - I for A.\ in the polynomial 
T 3 (l + Ax) found in ta). 

c) Find T 3tk (r) for x + 3x + 5 at x<, = 1. 

12. Show that if f is a polynomial function of degree 
r, then T|.U) = T r (x) at any point x t{ for n r, 

13. Let f and g he functions which have derivatives 
of orders ^pi at 0, and let gbx) = f(cx). Show 
that if Tjx) is I he nlh Taylor polynomial for / at 
0, then T f1 (cje) is the nlh Taylor polynomial for g 
at (I. 

14. Lei f" and g he functions which have derivatives 
of orders ~-n at Show that (he nth Taylor 
polynomial for f + £ at x is the sum of the Taylor 
polynomials for f and £ at x,„ 

15. a) Estimate (2.dN)' using a differential. 

h \ Find a l xhi mI ftir tlit: ermi in yt hi r eslimale in la) 

16. a) Estimate v'28 using a differential 


b) Find a bound for the error in youT eslimate in 

(a). 

17. a) Using a differential, estimate the change in 
volume of a cylindrical silo 20 ft high if the 
radios is increased from .1 ft to 3 ft I in. 

b) [-inti a hound for die error in your estimate in 
{al¬ 
ls. Find ei hound for the error if TJx) at - 0 is 

used to estimate cos 3° by 

a) Finding a bound for E«{'ir/bl)L 

b) Finding a bound for E„( ir/frll). Why can one 
use E*(tt/ 60) as a bound for the error in 
T„(7r/6n)? 

19. a) Estimate tan 2° using the Taylor polynomial 
1 3.1-X ) ill X|i ~ tL 

b) Find a bound lor the error in your estimate in 
(a). 

20* a) Estimate v' 12)5 h (0.%) 3 using two Taylor 
polynomials of degree 2, 

b) Find a bound for the error in your estimate in 
(a). 


11.3 TAYLOR SERIES; 
REPRESENTATION OF 
A FUNCTION 

11.3,1 Taylor series 


Taylor’s Theorem suggests that, for a function having derivatives of all 
orders in a neighborhood of jc, 1n we consider the series 


I 


r’u,,) 

M ! 


u x 0 y\ 


This series is the lay!or series of fix) at x n . (If x i} = 0, the series is 
often called the lYlaclaurin series of fix),] 

When we speak of l “the Taylor series of f at x ih '' wc will understand 
that f has derivatives of all orders in some neighborhood of jc 0 . The Taylor 
series of a function f at x tt certainly represents f at x ( >; that is. ii converges to 
f(x l} ) at jc m . Unfortunately, it is not always Lrue that the Taylor series 
represents f throughout the neighborhood. In extreme cases, the series may 
represent f only at Ibe poim x u itself. One can show that the function / 
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defined by 



for x f 0, 
for x — 0, 


has derivatives of alt orders everywhere; in particular, one can show that 
= 0 for all it. The Taylor series of / at x„ “ 0 is therefore 

0 + Ox 4 Ox 2 + 0x s 4 * * * 4 0x n 4 ■ ■ ■, 


which represents / only at 0. 

A necessary and sufficient condition for the Taylor series of f at x £> to 
represent f at a point x L & x 0 is easily obtained from Taylor's theorem. 

Theorem 11.3 Let f have derma fines of all orders in x n — h < x < x 0 4 h. The Taylor series 
of f at x 0 represents f at x x where x lt — h < x } < x,, + ft, if and only if 
lim,,^ E ll (xi) = 0, where 

EAx,) = r -r- ylx, - x»r +t 

(n + 


is the error term in Taylor's theorem. 

Proof. Far the Taylor series, the nth partial sum s n at x = x, is given bv 

rt f a Yx ) 

= T„U,) - £ —j. ~ (»i - 

By Taylor’s theorem, we have 

ft*i) ~ Sn(*i) = ft*i) ~ T n (x t ) = 

Thus for any e > t), we have |ft*,) - s„(xj)| < e if and only if lEftxj)! < e, 
so the conditions lim*.** v(*i) “ /(*i) and lim^^, E„(X|) = 0 are 
equivalent, □ 

The following corollary of Theorem 11.3 will usually suffice for our 
purposes. 

Coruffary Let f have derivatives of all orders in x n - ft < x < x a 4 ft. If there i.f a 
number B > 0 such that |/ {n) {x)| ^ B for all positive integers n and for all x 
such that x t} - h < x < x n + h, then the Taylor series of f at x ti represents f 
throughout the neighborhood x u — h < x < x {] + h. 


Proof. By hypothesis, we have, for x t) — ft < Xj < x Q 4 h, 


lim |E m (X[)| = lim 




r +l \c) 


B ( Um 4-^r 1 .) 

V"-** 5 (n 4 1)1 / 


(n 4 1)! 

= B * 0 « 0, 

so by Theorem 11.3, the Taylor series of / represents f at x x . □ 
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Kiwinple 1 All derivatives of the function e are again t ,x . and the Taylor series of e' at 
- <Hs easily found u> be V' , i>'7flE}, Si nee is bounded by e 1 ’ in every 
interval — f? ■ * h. ihe corollary shows that [he series eon verges to r* for 

all: dan is. 


e' 


+ * + 2! + 




Hi 


for ail You should remember This series for e' ; il occurs, frequently, | 

F.xdjmple I Derivatives of sine and cosine are an a in just sine or cosine functions, and 
these are bounded by t everywhere. The Taylor series for these functions at 
any jc, . therefore represent them everywhere. Computing the Taylor series at 
x it 0, you easily find that 


j* *. T „ 2*v * T 

«nx = x- 5i + --- + -.. + (-ir ; —- 


( 2 ) 


and 


cos at 


,_ 2! + 4i _ 6! + 


4 t — U" 


I2n) 1 




for all Jr. You should remember these series also. [ 


11,3.2 Differentiation We now turn to the study of functions that are represented in a neighbor- 

and integration of hood of v., hv a power series i\[ x, . Such functions are very important and 

power series are called analytic at x M . A function is a Italy tie il it is analytic at each ]>oinL 
in its domain. 

E&umpk' % Examples 1 arid 2 show that the functions e m , '.in .v r and cos x arc analytic at 
.Si, ^ b Similar arguments show that the functions are analytic at every 
point. || 

ft can he shown that il { is analytic at jc lf and is represented by a power 

series throughout r M — r < i- < jc,, + r H then f is analytic at every point in 

x n f < x < t, 4 r Thus, stnee the Taylor series for e\ sin jc, and cos x at 
x ,i - 0 represent these functions for all x, we see again that these three 
functions arc analytic at each point. 

The calculus of analytic functions (“infinite polynomial functions’" i is 
much like the calculus of the polynomial functions. If ( is analytic at x,,. then 
f has derivatives of all orders at \... and these derivatives can be computed 
by differentiating the series, at >„ representing f just as you would differen¬ 
tiate a polynomial AMiderivatives can be found similarly. The next theorem 
slates Ellis formally 
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Theorem 1 f ,4 


Fxitmpfr 4 


E^iftinpic 5 


Let f be timifyrif at jf lh and let Li c » a M tJt - x u ) n represent f in x ti r < x < 
JCo + r. Then f feaj rfericrifiiws of all orders throughout this neighborhood, and 
the derivatives at any x it i the neighbarhirod may he computed by differentiat¬ 
ing the series term by term „ For example, 

f l tx) - j rt - a m (x - jO" 1 

for x it r < x < x t , + fr The indefinite integral of f in x„, — r < x < Jt n + r is 
represented hy the series 


C+ V Ax XoY +i . 

n H II + I 

where C rt tin arbitrary constant function. 

You can easily cheek lhal the series (I) For e* is unchanged hy differentia- 
lion, and tltal ihe series (2) lor sin x becomes the series (3) for cos x upon 
differentiation. [| 

The function L/(I .*} is analytic al Ik Cor you know that the geometric 
scries V- |iA " converges Lo in - I < x \. Thus 


dx\ l xf II - xf 
is analytic at 0. and you obtain by differentiation 


irh? = I 


= 1 + 2x + 3x 2 + 4.x 1 + ■ 


nx 


for [ < i < I. 

Since J I /II %) dx -— In 11 a| + C. you lind by integrating the 

geometric series that 

-Mi - *) - fc + S 

il n + 1 
X ? X 1 

= ft + jie + — f + —t * ■ * 

2 3 n 


for some constant k and I < x < 1. Putting x ~ (1. you find that fc = 
-in (11 - 13* so 


In (1 - x) 




(43 


for — 1 < x < 1. 
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11.3.3 Uniqueness of 
power series 
representation 


f\uitn>k 7 
I 'sjmplc H 


it is an important fact that if f is analytical x u , then there k only one power 
series at x,. that represents f throughout a neighborhood of *,,, This must be 
the Taylor series, for the coefficients of n power series re present ing (he 
function are determined hy ihe derivatives of ihe function to he precisely the 
coefficients in Ihe Taylor series, as indicated in Section I I .2.1 

Using this uniqueness you can find the Taylor series for many functions 
/ without differentiating f to compute confidents. We illustrate with exam¬ 
ples. 


frlxampk- 6 You know that 


r 2« i- I 


sin x = X - — + * 

M 


+ Mr 


(2rr 4 h! 


for llI] x. Replacing, x hy x\ 


sin x* = x ' 


-s+ 

31 


<-1 ) J 


(2n 4 1)1 


+ - 


(5) 


for all x. Therefore the senes f5) must be the Taylor series for sin x ' at 
Xj, 0, If you try lo find the Taylor scries by differentiating sin x re¬ 
peatedly* you will quickly appreciate the easy way wc obtained (5). || 

The series (41 must be the Taylor scries at x, =-- 0 for the function 
In(l-x). II 


You know that 


= 1 4 X 4 X” 4 X * + 


4 x” 4 


1 - X 

For I < x < L Replacing je by -Jr, 

- i — - 1 - x 2 4 X* - X* + * • ■ 4 l-lrx 1 " 4 
I + X 

for I < x < 1. Integrating (7), you find lhal 


(hi 


(7| 


X 1 x' X 


3-H 1 


tan l Ji = k+x —- + —-zr 


3 5 7 

lor some constant k Putting v 0. you sec that fc 


f- IV 


, x x x 

tail x - x —— 4 — -- + 

3 5 7 


+ (-If 


2tt 4 l 
(I, so 
x ?1 ‘ 11 


In 4 I 


(81 


for —3 x I lliis scries IK] must 1 h- ihe Taylor series of tan 'x ai 
Xd b, 31 you m k> compute I he seiics (K1 l>\ differentiating tan 
repeatedly, you will quickly appreciate Lhc easy way we obtained i,K). || 

The scries in s sample K illustrate a very interesting and perhaps 
unexpected situation that cart occur The series ih'l converges only for 
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-I 4 ‘ V < 5 hut we arc not surprised since it represents the function 
t /C1 - jc) which “blows up” at x = l. The function 1/(1 + x 2 ) has deriva¬ 
tives of all orders everywhere, and can be shown iu be analytic ai every 
point jc,j. However, its Fay lor series (71 mi jc„ - I) still only converges to 
t/i l + _v-1 for - l < x < L To fully appreciate why this happens, you must 
study complex analysis. The function 1/(1 + x~) "blows up” at jc = r and 
* = i r and in complex analysis, one sees that the numbers i and -f have 
distance 1 from - 0. I t is For this reason that the radius of convergence of 
the Taylor scries for 1/(1 + .vT at x n - ti is only 1. 


11.3.4 Multiplication Two power series at x ti representing functions / and g in . r < jc < 
and division of .t (N + r car lie multiplied and divided as "infinite" polynomials, to yield 
power series, power scries representing the functions /g and fig in neighborhoods of jc (1 . 

with the obvious restriction that gfjsjl / £). We state this as a theorem 
without proof. The functions / arid g can he approximated at each point of 
i„ rex < x„ *■ r as closely as you like by polynomial partial sums of the 
series, so the theorem seems reasonable. 


HiEWtMii 1 f.5 


Lei aeries )J, „ £.t .\„i" uml V' „ h„ (v - a,,)" converge to /unctiorts / and % 
respccfiix'fv in x M — r < x < v,, -+ r. TTien the product series (culled the 

CdncJiy product) 

a,A, + (a ( i,fc| + a xj + + n L h| + ciJiuKt - + ■ ■ -. 

whose nth efk'flifitvrr rv V;' ,, \uj>„ ,') t represents fg throughmu jc,. r < x < 
s,i +■ r. Alsu, if K - rUJ ^ 0. die series 


u H , ct|h M — H„hj 






U - Xn) + 


obtained fry irang diuf.sion represent fig (n some neighborhood x u fi < x < 
x lt + fi, 


Ymi arc accustomed to polynomial long division, where you write the 
polynomials with tile terms of highest degree first, and divide only until you 
obtain a remainder of lower degree than the divisor, fit series fuug division. 
you w/ire dir renro of lowest degree fir.sjr mtj the dii iaitm mjeo m-icr tenniuuw. 


symbol icalk. 


hi + M* *«l L 


Uu 

ht 


Nih, eiA 

A? 


(x - %| + ’ 


+ a ~A« 

At 


aiU~*n) 1 T 
x (1 l + * 


0 + 

etc,. 


ujh, 

h[i 


£ ,v a i, I T 


An illustration of such division appears in Example 1(1 below. 
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I \»mplc ^ 

SOLUTION 1 


Ksumple 10 
!MUL F ni]N 


Let's 1in<t by series multiplication the first few terms qf the Taylor series for 
t* 1 sin .t at Xu = (1. 

Since 


and 


jf- x ' x 1 x"' 

? <= I -t i 4-s- 1 - — 4 --+ 

2 6 24 120 


s i t! X 



we obtain 


e sin x 


. fx* JC 3 \ fx 4 x‘ l \ tx* X 5 x' \ 

' 1 1 * ' 12 6 ) (ft " ft) " \24 12 H 120 / 


, x J Jt s 

-l " + T _ 5ti 


for all x. || 

We find lhe raykir series For (1 + x if{ 1 — k! al jc u = 0 in two ways, 
I'he computation using series division is 


I +■ x i 2 jc _ + 2 x + 


1 - x 


I + x 
1 - x 


X + x 3 
JC - x 3 

2x 4 

2*- 2-v 1 

2a 3 

2x y - 2* 4 


2x 4 


We thus obtain 


I +■ X ' 

I - x 


I + * + 2.C- + 2x s + 2.t* 


etc. 


+ 2x* + •*' 


for -I < \ < 1, Alternatively, you could multiply (he geometric series 
l + * + Jt 1 + '"■ + *" + * ■ ■ for 1 fi, I — x\ by 1 + x 2 . ‘The computation is 
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\ 4 X + X 2 + + - * ■ + + 


X**' + ■ -* 

I + x J 


x 


( + X + x 2 + J-' + k ■ * + X* + Jt" +1 + 
JE 2 + X* + " 1 ■ + i" + X"" + 


] + x + 2x' +- 2x J + ' - ■ + Zx 1 * + 2x" 11 + 


[inti you obtain the same series-, as you musl by uniqueness. Jf you try to 
compute the Taylor series For (1 4- x 2 )/(l - jc) at jc m = 0 by repeated 
differentiation. von will quickly appreciate the easy ways we Found ii here. H 


SUMMARY I . If fix l lias derivafives of ail orders at x n * then 



is the Taylor series of fix ) af x a . [Here 0! — I and p"'(x) - f(*)J 

2. The Taylor series of fix) at x ti represents fix) at x 3 if and only if 

|ini„^ r r„txi > 0, TTirs condition will always hold if all derivatives 

between x M and i, are hounded by the same constant B. 

3. A function i.s a nil fy fit at jq, if it i.s represented by same poiver series in some 
neighborhood of x h , It is analytic if it is analytic af each point in its 
domain. 

4. If fix ) is represented by a power series in an open interval, then is 
represented by the term by-term derivative of that power series , and 
J flxltdx by the term-by-term antiderivative of that power series , plus an 
arbitrary constant. 

5. The only power series at x„ that ran represent fix) in a neighborhood of x 0 
is Ehc Taylor series of fix ), 

ft. Series at x M representing f{x) and g|x} in a common neighborhood of x ( , 
may be multiplied ias infinite polynomials) te? obtain the series representing 
f{x)g(x) in that neighborhood, and divided if g{x tf ) t 0 to represent 
/'fxVgfx’l in Some neighborhood of x, ( . 


EXERCISES 


I. Murk each of the follow mp true or false. 

ill H t has derivatives of all orders ihrouglioul 


some TiciEhhnrhtKKi of x.,. then f is analytic: aL 


hi If I hi analytic at i {l , then f ha>. derivaliven of all 
orders Throughout some neighbor hood of 
c) 1 1 f and ft are analytic at jc„. then f 4 | is 


analytic si 
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Power series 


dl r.vcrv power series rcjiresenls u funqlictr which 
i', on.ilyiii al every point I except g-ws^srlrrly end 
l si i Li i cs i of I he iniervnl of convergence nf Lhc 
scries. 

e) There is nr mosl - 0111 : power series :n which 


represents li given Funeiion f at i pl . 
ft There is al most one power series al je,, which 
represents a given function f throughout some 
neighborhood of je 0 . 


1. Is the function v x analytic at r,, 0? Why? 


fn F.xerci.wx 3 rftmtrgft 24. find as many lentia of /he Taylor vrirs of /he ftifictpori at the gtuen poi/ir us you 
cortLienii-n/i'v cun fn fJnr amreid wny vom con. 


3. _t 1 + t' at 

■*Si — 

Cl 

4. 

I + x 3 - sin x at i„ = ri 

„ X 

7. -At 1 * 

\ - X 

= Q 


8, 

€ 1 At I H , = 0 

1 1. t - " ecus a at 

Xrt = 

li 

12. 

e * r ‘ at in = Cl 

15. seci al .e,. 

= 11 


16. 

In x at t,j = 2 

19, “ p ' a i 

tn = 

(i 

20. 

v'jt at jc M = 1 

2 





23+ sec 1 Inn 1 

id 

III 

24. 

. at a.., - 0 





2 - A 


5. 1 sin je at jc, =5 0 
H. cos x' at je,, 0 
L 


13+ 


17. 


0 + *r 


. al In t) 


] - JE 


At X',, = 0 


31. __ Jtt jc (1 = 0 

r* 


6 , cos x al 3 £ n t 77 
2t + 3* 1 

10. - —— at Jd n = 0 

1 +■ 4jc 

14. in leas 1 } at tl 


e + e - 

18, at x n I) 


22, 1 ,J 31 Jf n " 1 


25. a 1 Kind the terms for a - 5 ot the Taylor scries 

of sin 1 xos 1 at i„ li hy scries multiplication, 
bt Kind Ihc l aylor series of sin * co* i u ri by 
lcsl of lhe identity sin * cm jv Kir 2x)/2. 

26. hind the Taylor scries of Ifx at je,, = 2 hy 

at clilTe tl: n[iatire Lj'x repeatedly (n compute the 
coefficient 

b> using the identity 

I l _ 1 

* 21 - [-<i - 21/2] 

and c spa ruling in a geometric series. 

27 . Use I he technique suggested by nxercise 2 ri('b'l to 
find lhc t'ayEor series of lfx ai x 1 1 you have 
I 11 find I he appropriate identity. 

28 . hind the terms for rr - .1 of the Taylor series of 
Cur 1 at I,, = 0 by dividing the series, for sin x hy 
the iseries for cos x. 

29. a) Qbiiiin ihe series expansion 


x J l l x* 

tn (1 + 1) = 1 - — 4 - —-— + 

2 3 4 

r 

■ ■ ■ + c-ir^— + *■* 

ti 

for - I . <■ x < 1. fHint. You may u&c 1,4 S or 
integrate (he geometric series Tor 1/(1 + *i 
1/(1 - (-*)) ] 

hi Show that the series in (ai converges for x ' 
el Show that ihc alternating harmonic series 


converges to In 2. [Hint. Since I is an eritlpoinl 
of 1 he interval of convergence of the series in 
(a), Theorem li.J cannot he used You must 
check lini„ l-„ 1 l i for the function In 11 + i) r ] 
.Ml. Kind the series al in 0 representing the func¬ 
tion f defined hv 

f(x) - f 1 n £t - fldt 

Jfl 

for — \ < x < I , 














Exercises 


375 


,1L, hind the series expansion elI x u rt for ihe in¬ 
definite integral of f‘. 

32. hind the scries ut x a — 0 representing the fnne- 
liun f defined by 


1 = f [1/(1 - c’Jldi 

Jn 


fix 

for — ] < x < l r 

33. Find tbe seiits at x u if representing the funo 
lion ( defined by ft*) it + J< 1 i«h r dt lor al! *, 

34. Find the series at x« = 0 representing ihe fLiiiC'- 
lion f defined by 

- (3 + t*\ 


fix) 


dt 


for 

35. ti I Proceeding purely formally. find the Tailor 
sertes al jqi, = llof £ r ‘andof t where r -i. 

hi From part (a), "derive" Ruler's formula c" 
cos x + i(sin *)* 

c) From pari la}, "derive' 1 the formula c " 
cos x — i{sin x), 

d) hrom (hi and (c), rind formulas for am x and 
shut in terms of the complex exponential 
function. 

el Compare the formulas for sin x and cos* 
found in (d) with ihr formulas Fete sinh.r ami 
ctvsh y in terms of the exponential function. 


( 1 + 21 ) 

Exercisex 36 through 47 zivc you practice em series recogniiion. Tfur series represents a familiar eftmienrary 

fanrdYHi in jC.t mfcmti 0/ converger cce, Find ihr function. 


36. L - x + x 2 x* + ” * + (- lYx* + ■ - ■ 

37. I + I + X 2 - r 1 + x 4 - X 11 + ■ ■ * + i ir*- + 

■ ■ - fur fi 2 : 2 


„ „ X'x X , , X 

38, t - x -*■ — - — + — - - ■ ■ + f- 1 1' — 1 
2! 31 4! Etf 


3». i + 3* -1 + jt u-ir 


+ 


i2rt)l 

- - - for a - 


3' r * X .1 X 

41. 1+X — — — — +— + — — — — — + 

2! 3! 4! 51 6! 7! 

2! + I 31+1 . 

43. 1 4 lx 4 — - x + Jf + ■ ■ ■ 


jc jt jc 

40 - + 


42. J - x* + x* x M 4 x 1 


i-rr „ 

+=-sr* + 


+ i- I Tx H ‘ + ♦ 


2 ! 


3! 

F! 1 + 1 


x H + 


for a 


44. —! + 2x 3$*+4* 3 -4 (- + Hx" + 

45. 2 + 3 - 2x + 4 - 3x ? + 5 ■ 4.C 1 + 

■ ■ ■ + (n + 2)fri + I )x" +-- - 


47. 4x' - Hx'~ 4 |fi* K - 32*"' + 

calculator exercises 


nlNUIJH - 


4 (- 1 h 1 * '2" 'jc 


■ |Hint: Integrals the series. | 

t , X* X* , i Jr ' ' 

4(i . x -- i --+ ( _jy—+ 

+ ■ - - for ri 2 


for re S- 3 


48. hind the smallest value of n such Mint ihe terms 
of degree '-rr of Ihe series for sin x about b 
can lie used t»» find sin t with error less chan 10 ". 
How does this value of n compare with that given 
3^y the error term in Taylor's formula if nil deriva¬ 
tives of Hri * m x c urc replaced by I in 
bounding ihe error" 


4!*. Repeat tixcrcise 48. hut using the series Tor tri 
about x M - 0 iu estimate Jt, and answering the 
second part if all dc rivalries e of e' arc replaced 
by 2 in bounding Lhe error. 
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114 INDETERMINATE 
FORMS 

114.1 Types of 
indeterminate forms 


hiileu-rmifiiili' 

quotients 


rndedenninow 

ftradurto 


Note that 


lim 

t-+l 


u - n a 

X - l 


= 0 , 


r 2(x - 0 „ j fi i - 0 

lim - — — 2* and um-—r 

* x - 1 i (x - n 


fn each of these three cases* the function whose 3ini it is being evaluated is 
undefined at x = 1* and a formal substitution of 1 in the numerator and 
denominator of the quotient leads to the expression "WO" in each case. 
These examples show that one could define 0/(1 to be 0, 2, or ™ with equal 
justification. It is (or this reason that one does not attempt to define 0/0; the 
expression "0/0" is an example of an imieietmimite form, Similarly, the 
limits 


U(x - 2) _ 1 
-™ 2IU -2) 2 


WU - 2) „ 

and lim —- — = 0. 

3/(i - 2 ) 7 


where both the numerator and denominator in each limit approach ® as x 
approaches 2. show that we should consider ■»/« to be an indeterminate 
form. The indeterminate quotient forms are 


0 =* 

o T * 

Note lhat 0/® is not an indeterminate form, for if lim 1 _ 1 if(x) = U and 
lim,_ iHI g(x) - then lim, , fl /(x)/g(3r) - 0, Also* 2/fl is not an indetermi¬ 
nate form, for if lim* _*/(*) = 2 and lim,^ g(x) - fl T then lii%_* a f{x)f^(x) 
is always undefined, and the quotient f(x)/g(x) becomes large in absolute 
value as x approaches a, 

Turning to products, the limits 

lim (x - IT—- = 3 and lim (v - if (—-—\ - tl 
x ~ l \x - 1/ 


show that we should consider tl** to be an indeterminate form. The 
j'ndefermrntrre product forms are 

11 ■ 30, m ■ 0. 


From 


and 


lim f— 



lim (— 


t + 2a - 2x 



lim 

l-+fl + 


2(x - a 1 
x - « 


= 2 , 


x a 


(1) 
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fjTdtflerrrHFiflfr 
.*nm and difference 


Indeterminate 

CMptmeaUuls 


11.4.2 Finding limits 
having indeterminate 
form by series 
methods 


you see thal « - » should be considered lo be an indeterminate form. The 
indeterminate sum and difference forms are 

{—«■} + » — TC, 

Finally, there arc indeterm mate exponential forms arising from expres¬ 
sions of the form lim, #(( fixY'-' x \ Recall that we have defined the exponential 
r' for all s only if r > 0; hence we assume rhi.it f[x) > I] for x * a. Since the 
logarithm function is continuous, and is the inverse of the exponential 
function, you see that if tirn.^,. In T/fx)*'*'] - to. then lim. .,, /fxf 11 ' - e N , 
Now 

l»[/(*) l ‘ u, .l = nUH" <«*.!), 

so for lim* fixY'** lo give rise to an indeterminate exponential form, ihe 
product g(x} ■ In fff vV) must give rise to one of the indeterminate produel 
forms 0- ^ ■ fh Of-*), or (— ™)j) at t = a, The product gl'x)’ lnlf(x)) 

gives rise tu () - « at x a if lint*-*, fifjt) = l> and In {/(*)) = in 

which ease tim T _ w f(.x) * also, Thus 0 -« gives rise to Ihe indeterminate 
exponential form Similarly, the product form *'0 gives rise to (he 
exponential form 1 \ while Of—“) gives rise to the form 0 M and (-«)(> gives 
rise in \ “.Thus Ihe Indeterminate exponential forms are 

0°. r, i ”, *p. 


A limit corresponding to an indeterminate form is usually computed by 
trying to convert the problem to a limit corresponding to the indeterminate 
quotient form 0/fl, For example, if lim^ 0 fix) = O and lim t . it g(x) - 
ihen 


lim f{x)" g(x) 


im 


fix) 

m*)' 


and the second limit corresponds to the indeterminate form 0/0. A 
mathematically terrifying but m nemo rurally helpful way to rememibcr how 
to convert a 0 ♦ “Mypc problem to a fl/G-iypc problem is to write 


Similarly, the mnemonic device 


ii « i/w cr 

I /eb (I 

enables you to convert an »/»-type problem to a 0/0-type problem. One 
usually tries to compute a limit corresponding to nn indeterminate sum or 
difference form such as * * by the technique in UK where the problem 












378 


PoirtBir iebfcS 


was again converted to a ti/0-iype limii problem. We saw in Section I 1.4.1 
that limits having indeterminate exponential form can be reduced to limits 
having indeterminate product form by taking logarithms, and we have just 
shown how a 0 ■ »-type limit problem can be converted to a (1/0-type 
problem. Thus we concentrate on the (l/d-typc problem. 

Let / and g be analytic at a. and suppose 


lint fix) = iim g(x) - ih 


We wish to find lim, ^ )■ We assume that neither fix] nor gU) is 

identically fl throughout an entire neighborhood of u. Since f and g are 
analytic at a r we have, for x in some sufficiently small neighborhood of a, 

fix ) = uY + a r . ,(jc - a f 1 + ■ ■ ■ 


and 


g(x) “ b,(jt — a)' + h+iix - fll*' 1 + * fc 


where a. and b, arc the first nonzero coefficients in the series for f and g, 
respectively, at a. Then 



Wc state this result as a theorem. 

Thtanm IU S Let fund g be analytic at a and let a r and b , be the first nonzero coefficients in 
the series for f and g respectively at a. Then 


aM - a}' 

- aY 



— lim 


You should think of this theorem as showing that the first nonzero 
terms of series expansions for functions analytic at a,dominate for x. close to 
a. We give several examples in illustrate this series technique. 


bYiimpk' I Let's give a scries derivation of the fundamental limit 



















SOLUTION 


ftxHmpli? 2 


SOLUTION 


I 1 '.* simple 


SOLUTION 
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Now sin x is analytic al 0; in Fact, 


*? x 5 x 1 


for all x. Bv the theorem 


i sinjc * 

lim-= Ion — — I. 

x -o x «—njt 


Let’s compute 


by series methods. 
We have 


Inn 

x-^l 


cos x - I 


f" X X 

CM1= ' -2i + 4!“« 


for all x. so 


cos x 


I — — — 4- — — ■“ + 

22 4! 61 


for all x. By the theorem, 

cos .x - t 


11IT1 

. -PL* 


= lim 


- ir/2 


-x 


- lim - 0. 

x--(l 1( i -If 2- 


t.ei\ compute 


lim (cot xhln (1 x)l. 

' 

which corresponds to the indeterminate form y- - 0, 

We convert to ll 0/lMypc problem by 

m MW - *1) - lin, = Um 

»-*>+ l/(cot x) * -«+ tan x 

We saw, in Lix ample 5 (Section 11,12), that 

In (I ~ x) = -x - 


for - I < x < L and series division shows lhai 

sinx x’ 

- -- — x + — + 

cos x 3 


tan x 
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SOLLHON 


for * sufficiently near 0. Our theorem then yields 

In (I - xl 

lim —-= Km — = - I, 

*-*»+ tan x i—ii" x 

To illustrate an foe - a?)-type problem, we compute 

2{x - i 1 ) - jc(-!£ + II 


,, (2 x + 1\ „ 

lim I-j = lim 

* —-ii-^ .v - x / l—hm 


- lim 


x - 3* 2 


3 7 = lira — = »■ 

j —tH x — X * * n ’ Jr 


Using the fad that lim k f{x) = lim, ft 1/0* one Cart often compute 
a limit at « by series methods. 

Let’s compute the important litnil 

i™. ( 5 * 3- 

which corresponds to Ihe i tide terminate form 1\ 

We make use of the relation ]im x ^, fix) — lim, _, 5) Taking logarithms 

lu handle the exponential indeterminate form, we reduce the compulation to 


Elm f x - In (1 + - 1 I = lim - In U + 0 = lim 

* — \ \ xn na t «—cr / 

Example 5 (Section 11,3.23 shows dial 

( 2 r" r J 

in(l+ r) = f--+ ---+■■■ 

2 3 4 


M 


for - I < t < 


so 


Inti + 13 l 
lim - Urn - = I 

i ,-lPH ( t *lh t 


Thus the limit of die logarithm approaches I, so 


Hit!) 




You should remember this limit. 


11.4.3 E'Hftpital's rule The following theorem shows that lim* 3 /g(aI can sometimes I’*? com¬ 
puted by taking a timi! of quotients of derived functms, assuming that 
lim, f(x\lg{x) corresponds in the indeterminate form 13/d. 
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rhrohfm if.7 


Ftanipk fi 


(rHopifar.y ffulei Let f and £ be connnuou^ functions of ( wiih derivatives iri 
some neighborhood a — r < t < a + r of a. Suppose* furthermore, that 
((a) - g(fl) = <1 and fl'(r) ^ 0 for f/ a in that neighborhood. If 
Lim^nO/ftty) tfJEttts. then lim,_„ (it)fgit) exists and /(O/gf/1 = 

HlVm 

Proof. Consider the curve ^ivcn parametrically by 

x = gjl), y “ f(f), for a — r < t < a + r. 

The slope of ihe chord from fje(nto (fifth/{f)) is 

fit) - f(q) = m 

gO) - Rf ti) g(0 

Now ihe slope of ihe curve at (g(l). ((f)) is 

dy = dyfdt = [% f) 
d* dxfdt g'(f) ‘ 


ll can be shown that the hypothesis g'(E) ^ 0 Tor t / u guarantees thai 
x — .fi(f) for r from d to some f, ;s defines a dilTercnliablc inverse function 
t — s 1 (jc) for x from gfa) = 11 to gOn,). Then the composite function 
y = from x =0 m jc — g(l LI > is continuous on [0, and 

differentiable inside the interval. This means that the Mean-Value Theorem 
can he applied to a portion of the parametric curve x = fifth y = fit) 
corresponding to an interval of ihe parameter from a in a value i. Therefore 
there exists c between « and t such that the slope of the curve at (g(c), f(e)) 
is equal to ihe slope oF the chord found above. Thai is. 


fa) _ no 

E<0 E'(c) 


For some c betwen a and {, 


( 2 ) 


We now lake the limit in (2) as f —* a. Since r is between f and n. as f —' a. 
we must have r —* a also. Thus 


lim = lim 

g(i) c-*a 


no 

& f (0 


= lim 

f-fcfl 


rm 

e'U) 


as asserted in the theorem. □ 


The method of proof of Theorem 11.7 led us to state it for function f 
and f* of a variable r f>f course, it may be used For Functions of jc, u, or any 
other variablc T and we use x as usual in ihe examples. 


Computing lim,_ n f{sin x)/x] by S"Hopital's rule, we have 


lim 

■ -n 


sin t 
x 


,. cos 

lim 

—a 



II 
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Rower series 


FsiiTiiftk- 7 


Wfanurift 


F*ampk S 


Sometimes is again a 0/0-type problem. If the 

hypotheses of I'Hnpilal's rule Lire sat is lied by [he functions f r and ^ as well, 
I ben 


Inn 

* -*|E 


fix) 

ft*) 


fix) v /%> 
= lim —— - lim - 


One usually applies I HdpitaFs rule repeated Ey un/ff a (frttit in obtained which 
is no longer of indeterminate-form type. 

Compulation of lim A _„ { a - sin x \fx H illustrates repealed application of 

FHftpiluFs rule. We have 


„ x — sin x 
Lim-;— 

X- 


Erm 

K -+0 


1 — COS X 

3x* 


lim 

i .41 


sin x 
bx 


lim 

. -M 


cos X 
6 


l 

(i ‘ 


[I 


We emphasize that I'HopitaVs rule mum not be applied to compote 
lim, ,. d f{x)lg(x) unless the quotient f(a)lg{a) is an indeterminate form. To 
illustrate, 


lim- 

>■ 



and the following THopilarn-rule computation’ 1 is 


x- 2x 22 

WRONG; lim —— - lim-= lim —-— = — 

* —w cos x * —* 1 -si n x * ’'i —cos x — 1 


-2 


There are many useful variants of I’Hopiial's rule. In particular, if 
lim,_.„ ffxi ~ 3c smd lim,^ r(x) - then 


lim 

* -rt 


fix 1 
gf-O 


lim 

E —*41 


fix) 
g'Ui ’ 


under suitable conditions on (he Functions f and g. You can also compute 
one-siiied limits of f(x)/g(x) as well us limits at * or ® hy ihe FHopitalV 
rule procedure with suitable conditions, Finally, if lint* _ 4 f(*)/g r (x)i = », 
one can show that lim,, tf /fx)/fi(x) - ®, also under suitable conditions on f 
and g. We shall use these variants freely, and shall call them all ‘THupilaFs 
rule.” 


Let’s compute lim, _ x'" ( . 

Taking logarithms, wc try to compute 

lim — (In xl = lim —— . 
x * x 


soi in ion 
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Example n 

SOLLrilUlX 


Example 10 
HM-imON 


This is a limit m * n f type t»/a>, and we find by I'Hfipilar* rule 


■h. h™ ^ = 2 = o. 


Since In jc l ' approaches 0 ai wi must have 


lim x* J * = e = l. I 

it—*'* 

We emphasize agum shat prior to each application of Vhidpitais tide, 
yon must hf sure that the limit to which it rs applied corresponds fo ui\ 
indetemitiate form of type 0/H or 

Lei’s find 1 in x~e h '\ 

This is a <1 ■ ^'ivpe form, and we write 

lim A't iUl — tin . 

to cor vert it to a (l/Ei-type Form. Mien 


lim 

T—HH £ 


l.rj£ 


= lim 


2x .. 2x 

— = lim 


■ -an e ' ,l ' - | fx~ ■ —«i 


- 1/k * 


This limit is worse; obviously we are going “ihe wrong way." Starling again 
and con verting to an ype form, we have 


lim jc’e 1J * = Lim —-= 

I"4H x —a~i i \f£' 


, C Wl (-l/jf 2 ) , f! 1 '* 

- lim -—— - 1ml — 

r>* — 2 /jc 2 /x 


= Lim 


e ifx { „ e 


». ? I™ , = * 
»« -2 Jx~ * -th 2 


We repeal: the previous example, but use [he substitution x YU. 

Wc have j c - e . 

lim Jt 3 c tA = lim — e 1 = lim — = lim — = lim - - ®. 

r—-11- r-f+r (* <-*"■ J* [-«* 2f 2 

Clearly, this is easier than the compulation m Example L t, I 
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SUMMARY I. / rtuits of sums, products, quotients, and exponentials involving two func¬ 
tions are called indeterminate forms if they lead formally to an expression 
of one of the types 


(I oo 

M i * 

GO 


0 ‘ CO, 


3Q — 00 


0 “. 


oo * 0, f— 00 ) + 00 , 

1* I— ® t} 

1 "I ■ w ■ 


2. Product indeterminate [onus are reduced to the quotient type by the 
algebraic device symbolized by 


0 * ® 


0 0 

1/oc 0 


or 


DC DC 

0 * 00 — - = — . 

I/O CE 


Exponential types are reduced to product types by taking a logarithm; as a 
symbolic illustration. In (0°) = OOn fi) = (!(—«). 

3. Let f and g be analytic af a and let a t and b be the first nonzero coefficients 
in the series for f and p, respectively, af a. Then 


t . fix) a r (x - a) r 

hm = Urn 

*x-^f> s (x - a) 

4. rH6p]tal’s Rule: Let f and £ be continuous functions with derivatives in 

some neighborhood of a. Suppose, furthermore, that f(a) — g(a) = 0 and 
g'(x)^ 0 forx ^ a in that neighborhood. // [/'(jc)/g'tjc)] exists* then 

lm^ a [f(x)ig(x)] exists . and |/(x)/b(x)1 = Un\ x ^Jf t (x)!g , (x)l 

5. The l Hdpital s Rule procedure can be used to find limits of ®/®-fypc 
forms as well as QJO-type forms. 


EXERCISES 


In Exercises \ through 10. find the limit by series methods. 


L lim 


e" - i 


*—Q x 

3n (1 x) 


2. Lim 


sin x x 


5. lim 


6, lim 


sin x — x 


3. lim 

7 


sm x 


* -n e K - S - x 

I 1 


jr 


*-' u X cos x — X 


x Sin X 


9 * $2L P " ?) 


j VlhiHIM 


r * Lim ( 

«-»<► \ 

10, Lim f *—-—\ 

*_ 1>+ - x/ 


it Li 


In Exercises 11 through 20, find the Jimir fry 1'HdpitaVs rule. 

ap i 

It, lim— 12, lim— 13. lim 

’- p *‘ e *—~ e x 

In x 


14, lim 


On x V 


x[x~ - InH - x 3 )] 

4. lim--- 

* -fl x — sm x 

8. lim (cot2x")(Ifi (1 - x ? )) 


15. lim 


16, lim x 1 

*—,n+ 


17. Lim x(ln jc) 18, lim 


1 1 — x 


_ .* cosx x 

19* hm-20. lim 


On x)" MI 
x 

- Sx 


* -« x - (tt/2) 


K *3 27 - x 
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f/T bxerciscs 21 through 40, find the limit by any valid method. 

In (sin a:) 


cos x 

21. lrm —r~ 

_ In ( I - x) 
24. Iim- 

e* - e 

. <?"' 

27. Iim — 

e 


29, Iim (1 xlfln(lnx)l 

A —* 1 i 


22. Iim 
25. Iim 


23. Eim 


sin a 


- T - —CSC X 
sill A"" 

' n covx ~ 1 


*-*e - e 

In (cos x) 

26. Iim —— 

if—o sin' x 


28. Iim 


Itifxr - l) 


' *i 1 In (3x + 3x — 6) 
30. 

i In x 


31. Iim (cosx)Infx--1 

\ 2/ 

32. iim f I - 

\ A" } 

r 

33. Iim ( 1 + 

34. Iim (sin x) 

*—»n7 r 

i/hr jo 

35. li. ( iX + 2 V 

* V 2x / 

36. Iim (1 + jc 3 )’'’ 

K— 

37. Iim (x + e '> J '* 

Jt —■*- 

38* Iim (sec*)™ 11 

39. Iim x t' 1 

40. Iim (i - I) 1 " * 


i —* i + 


calculator exerciser 


Hrtdl r#ie limit i/i ike indicated exercise above using your calculator , rather than she methods of this section 

4t* Exercise I 42. Exercise 2 43. Exercise 9 

44. Exercise 15 (This should be illuminating!) 

45* Exercise 23 46. Exercise 37 


11,5 THE BINOMIAL T h ^ binomial theorem which you learned in high school states that for any 
SERIES; a and fr and any positive integer n, you have 

COMPUTATIONS 


11.5.1 The binomial 

series 


(a + b>" = a" + Ha—^ —-- a"- 2 b z + • • - 

2! 

+ " ( " -fc + 1) + . . . + 


(!) 


fc! 


You can write (1) in ihe form 


t (;)*-*'. 

t =d f 


(a + ft} 1 


( 2 ) 



























Power series 


where we define the binomial coefficients (j) by 


o 


II(H — I ) 1 * * (Ft “ k + I) 

kT~ 

I for k — 0, 


for k > 0, 


(3) 


If you let a = I and b = x in (2b you obtain 



<4) 


The sum in (4) must (by uniqueness) be the Taylor series for (l + x) n at 
jc ci (T You could also verity this directly by differentiation; you easily find 

that 


D k (l + *)" = n{n - 1) ■••(*- fc + 1){1 + jcV* 


so 


D k ( 1 + xf L..o = n(n - 1 )<-■(»- ft + l) t 


Since r? is a positive integer, (I 4- jc) h is a polynomial of degree n, so 
D K ( I + xT 0 for k > tt. f or n a positive integer, you thus expect (J) = 0 
for fc > n t and this is easily seen from (3); namely 



for fc > n. 

We generalize (3), and define lire binomial coefficient (£) for any real 
number p and integer k ^ 0 to lie given by 

fp\ [PIP " ■ (p - j£_li) for fe>n . 

(fc)" I t! 

[ ! for fc - (1 

Note that if p is not a nonnegatrve integer, their no factor in the numerator 
of (£) is zero, even if k > p. We are led to consider the series analogue of 
the sum (4) for any real number p. 


Definition 11.3 For any f>, the binomial series for (I + jc) 4 ' is 



p(p - 1) - ■ (p - fc + t) 
fcl 


CM 
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(Wc use k rather than n for summation index to avoid confusion with the 
use of Ft in Eq. (I).) 

It is easily checked that (5) is the Taylor series for (1 + x) v at x ti = (I: 
you easily find that 

dmi + U=[>- p(p-1)-■ ■ (p - fc + ik i + xf k 

= P'(P — 1) * * * (p - k + !). 

We would like to find the radius of convergence of the binomial series 
(5h and to determine whether the series does represent (1 + x) v in its 
interval of convergence. Of course, if p is a nonnegative integer, then the 
series contains only a finite number of terms with nonzero coefficients, has 
radius of convergence «, and represents (1 + x) p by (4), We now suppose 
that p is not a nonnegative integer, and compute the ratio 



(IrKr - - k)Vtk + n!)^ 4t p - k 

([pip - 1) ■ ■ ■ (p - k + l)1/fc!>x k k + 1 



We obtain 



The radius of convergence of the binomial series for p not a nonnegative 
integer is therefore t; the series converges for \x\ < I or for I < v < l. 

To show that the series (5) represents (I i xY' for -1 < x < I. we 
could try to show that lim^ E t U.) = 0 for -1 < x , < 1, but the following 
argument is less tedious. We set 



for - I < x < L Then f is analytic throughout -I < x < I, and wc may 
differentiate term by term to obtain 


From (6) and (7), you can easily verify that 


P * fix) = (1 4 - x) ■ f\x) 


( 8 ) 
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Power series 


Thevrem JlJf 


Example I 


(see Exercise 3!). From (8)* we obtain 


\ 


f'(x) 

f{x) 


dx 


f—— 

J 1 + * 


dx. 


(9) 


or, taking the antiderivatives. 

In |/(jc}| = p - In [1 + xj + C =* In 1 + x\" + C (10) 

for i < x < 1. From the series (6), we see that /(0) = I, so putting x = 0 
in (10), wc obtain 


0 = In l = in U + 0 r + C = 1nl + C = C 

Thus (' = t} and In |/(x)| = In 11 + x\ v . Therefore, | f(x)\ — |1 T x\ p , so 
f{x) = ±( I + x) p . However, /(F) = l, so the positive sign is appropriate, 
and 

/<*)- = (J + jc) p 

for —1 < x < 1, which is what we wished to show, We summarize these 
results in a theorem. 

If p is not a nonnegative integer, then the binomial series ££ „ (£)** has radius 
of convergence t and represents (1 + x) r for —l<x< I. Fora nonnegative 
integer n, the {finite) binomial series VJ LV ([)** converges for all x to (1 + x)'\ 

We have 


i + = [ + y x + iilLil j)( j) x 3 + 


2 ! 


2! 


1 + 2* - 2! X ~ + 2* ■ 3! 

, (3M5X7) • • • <2n - 3) 

2" ■ n 1 *+■■•, 


for n > 1 and for -1 < x < L Putting x = i and using the terms of 
exponent ^3. we obtain the estimate 


“ 1 + 4 — j~i + i2s ~ F 2266 . 

When x = i, our series is alternating with terms of decreasing size, so the 
error in our estimate is less than the next term 5/2" ^ 0.0024, The actual 
value of v'h to six decimal places is 1,224745, || 

In linding a decimal estimate as in Example 1, there are two types of 
errors that may occur. There is a truncation error due to estimating a series 
by a partial sum; this error can be reduced by taking more terms of the 
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series. Also, there is the round-off error which occurs when you take decimal 
estimates for terms in the series or for a partial sum; e.g., you may take 
0.333333 as an estimate for '. The round-off error can be reduced by taking 
more decimal places. When using decimal estimates for individual terms of a 
sum, the round-off error can easily accumulate to a point where it actually 
exceeds the truncation error. 


11.5.2 Estimating Consider a power series^'a n U x 0 )" with radius of convergence r>0, 
Integrals and let f be the function represented by the series in its interval of 
convergence. From its very nature as an “infinite polynomial'' in Ax = 
x - x<>, we should think of our series as describing f locally , near x 0 . Wc 
expect a partial sum of the series to give a good approximation to f provided 
that we are working sufficiently dose to x CT . However, a partial sum ,v M for n 
sufficiently large may be a reasonably good approximation to f in a moder¬ 
ately large interval containing x (> . The accuracy of the approximation 
throughout an interval might be determined by Taylor's theorem or by an 
examination of (he series. 

Suppose we wish to compute J|] fix) dx h Perhaps it is hard to find an 
elementary function that is an antiderivative of even if / is a known 
elementary function. For example, it can be shown I hat no antiderivative of 
e * is an elementary function. Wc might attempt to compute hy 

taking a power series 2T =( , ^.(jc x v T that converges to / in [a, h], and 
computing D u n (x — x,d M l dx instead. The theory of power series 

shows that this integral can be computed by term-by-term integration. As 
another alternative, we might just use a partial sum s„ of the series to 
estimate f in [a, h], and estimate /(x) dx by s„(x) dx* In this case, we 
would like a bound for our error. If f and g are any continuous functions 
defined on [a, h |, ii follows easily from the definition of the definite integral 
that 

if |/(x) - g(x)[ < « for all x in [ a , H 


then if f(x) dx - | g(x) dx 


< e(b — a) 


(see Exercise 32). In the examples that follow, we illustrate both estimation 
hy integrating a series and estimation by integrating a partial sum. 

Example 2 Let’s estimate j, 1 , e rJ dx by integrating a series. 

Replacing x by —x in the well-known scries for e\ we find that 

x 4 x* x ln 

l -* 2 + ^-“ + '‘‘+(-ir-r+ — 

21 3! ni 


SOLUTION 
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Rumple 3 


SOLI i 111 IN 


Powtr series 


for ah x, Thus 


-K- 

2 * 4 
" + 21 

x** x* 

V. + 4\~ 

■ + {-ir^ + ■ 

n \ / 

dx 

It 

>r 

1 

+ *’ 


! (-1 fi 1 " 41 


5 ♦ 2! 

•rt 

3- 

h 

r- 

l.2n + 1 >m? 

+ - 

— 5 + 

1 

1 + 1 

. , (-ir 


5 ► 21 

7-31 9 4! 

(2n + 1 )it! 



Our arcswet is the sum of iin infinite series of constants, and may in tuns lie 
approximated by a partial sum of the series. Since ihc series is alternating 
with terms of decreasing size, the error in approximating this series by a 
partial sum is less than the se /e of the next term, Thus 


e '' dx » 1 — — + 


1 l 
+ 


3 5 >2! 7-3! 9 -41 


0.7475, 


with error less than. 


We know that 

r 1/2 


1 


It ■ 5! 


0.0008, 


{1 - x*) U2 dx =sin" l JC 


= sin 1 - - sin '(> 
o 2 


- - 0 = - 
b 6 


l et's integrate a partial sum of the binomial series representing (l x 2 }' 1 ' 2 
to estimate rr/fi, anti then it - fd^r/bl. 


We have 


u i j r'°=i + ( + 

. C-iX-iK—S 


t-tx-e 


■>I 


i-xy 


31 


i-xy + - 


1 


~ 1 + 2 X ‘ 2-> 25 


x~* + 


3 ■ 3 
2 i ■ 3! 


‘&V* 


a 3 ■ 5 - 7' 


2 s • 5! 


x u, + 


for - L < x 1. The portion of the series which we have placed in paren¬ 
theses has aU coefficients -^1, and is therefore* term for term, less than the 
series 

jc* + x™ +- * ■ * = y a U + x 1 + x* + - ’ 0. 
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computations 
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Since wc will be integrating for (I ■- x s we have 

*1(1 + St* + X 4 + ' • ■> S~;(| + i + ^ + •• •) 

1 1 1 4 J_ 

2**1 (|) 2 H 3 l l >2 * 

Thus we have 

r*w r " 2 1 i 3 15 \ 

H 11 * Iy ' ndx - 1 0 + 2^ + a^ + 4i*“)— 

- (jf + r,i' ' + 40* ^ + isk*I 

hi 

= ' + jk + rjHii + niSut ^ <132353, 

with ermr at ninsi 

Ml 0) - = 0.002MJ* 

Therefore, 

it = b(*) » h(0.52353) - 3,1411S 

with error at mosi 6(0.1K126£I) = 0,0l5hl). Since the value of n- to five 
decimal places is 3.14159. our actual error in estimating rr was only about 
l) r OOH4l. The reason we obtained such a crude hound for the error is that 
we estimated the series ,v h + ,v m + - - ■ throughout [0,1] hv its greatest value 
at x - i. 1| 


Tables of values for the i ripe no me trie, logarithmic, and exponential I unc¬ 
tions, with which you are familiar, were computed from series. Indeed, it is 
more efficient for the large, modern electronic computer to find ihese values 
by computing a partial sum of a series than to use space ill its memory to 
store tables. Scries have also been used to compute important numbers such 
as 7t and e in a large number of decimal places. You may find ll few 
illustrations interesting. 

Equation (4) of Section J 1.3.2 shows thal 


In 1 I x) ~ - v 




for -1 < x < 1, Replacing x by -x, we obtain 

C t" 1 x' 1 

In (1 + x) = x —+ —- +(-ir M — 

2 3 n 
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Power series 


for -\ < x < L Using the identity 


In + = In (I -f x) — In (L — x). 


1 — x 


we find that 



2n - i 


+ •■•) an 


for -1 < x < L If we let y = (1 4 x)l 0 - xh we see from Fig U,I that as 
x ranges through -1 < x < 1. y takes on all values >0. Thus (11) may he 
used to compute tables of the function In. From v = (l 4 x)/(1 - x) t we 
find that x = (y - U/(y + 1); thus to compute In y, we may substitute the 
value x = (y 1)/(y 4 1) in the series (11). Since the series converges most 
rapidly for x dose to 0. where y is near L we could first compute In 2 by 
putting x = 1, then In (J), In (J), etc. Once we know In [(h + l)fn] for as 
many values of n as desired, we could easily find In 3 In (?) 4 In 2, In 4 " 
In i J) + In 3, and in general 


n 4 \ 


In (a + 1} = In 


4 In n 


y 



>A 11 + 1 


Since any number r can be approximated by a quotient n}m of integers and 
In (n/m) = In n - In m, we could then estimate In r for any r > (L 

Turning to the computation of m Eq, (8) in Section I 1,3,3 shows that 



( 12 ) 


for -I < x < In This series converges (by the alternating series test) for 
x = 1. and it can be shown that the sum of the series at x — I must be 
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lim tan l x — tan E 1 = — . 

*-* i 4 


Thus we obtain the formula 


IT 

4 


i I 1 1 

~~ 3 + 5 ™ 7 + 


+ f-t)" 


l 


In + I 


~¥ 


Of course, tt can then be computed by multiplying by 4, The series (12) 
does not converge very rapidly at x = 1. Using identities for circular 
functions, one can show that 


it j _i I 

*7 — 4 tan r - tan 
4 5 


239 ' 


(13) 


the series (12) converges quite rapidly at x = l and x = 2 >>. Relation (13) 
has been used to calculate tt to 100,000 decimal places. (See Wrench and 
Shanks, “Calculation of t t to 100,000 Decimals," Mathematics of Computa¬ 
tion, 16 , No. 77, Jan. 1962, pp. 76-99.) 


SUMMARY 1. // p is not a nonnegative integer, then the binomial series T'i () (£)jc fc 
has radius of convergence 1 and represents (1 4 xfor -1 < x < l. For 
a twnnegative integer n, the (finite length) binomial series TJ n (^)x [ 
converges for all .x to (1 4- x)*\ 

2. Integrals £ f(x) dx such as e *' dx. which cannot be found in the usual 
way, can sometimes he estimated by ta&rng a series expression for fix) and 
integrating the series. 


EXERCISES 


/>j Exercises I through 12. compute the binomial coefficient. 


1. 

0 *■ 0 

0 

*■ 0 

=-G) 

«• f,) 

7, 

(?) ■ (T) 

C.f) 

«■ (?) 

(?) 

P) 

13, 

What is the Taylor series for i t 

+ xf at x„ - m 





{ heck that the coefficient of x 

1 in this series is 





indeed she binomial cue til dent 0 ns dc lined in 
Seel ion 11,5.1, 


Iti Fxcrcises 14 through 19, find the first five rerm.tr of the hinomiai! series which represents the given function in a 
neighborhood of 0. Give the radius of convergence in each case. 


14- (! 4- x)™ 


IS. (I + x)' 1 


i 


16. (1 - x) 
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Power series 


17. (] - x 7 )' 1 ' 



i9, a + J 


20. Estimate v'2 U\ finding a psirtial sum with a ■ \ 
of ;i binomial series which represents (I r) 1 
■ ti li neighborhood of ihc origin. 


/ji Exercises 2] tivrmigft .’*4. indicate turn von t-nuhi estimate f/nr gfocrc qjrurrJriy ftv using a suitable binomial .series. 
[>«u need i\oi catnputc on t^rimiafr.) to itlnsiraSe. Hxerriw 20 shows /ww v"2 could ftp estimated [rather 
inefficiently) i*si«g a binomial series. 

21* 22, v'5 2\, #2 24. ^1? 

In Exercises 25 through Ml estimate [ftp infegrcri by senes metfanfs. and find a txHmd f&r yvur error \ Ymt need not 
simplify you? answer*. nr put them in decimal ftinn.) 


25, 

sin x' dx 

f" i 

fu? 

ls - I. 

e" dx 

t 

27* j 

1 s 

.x 1 cos x 7 dx 

r 

29. 

1, *'' * 


,fl - I 

v‘ 1 ft k’ 1 d.t 

HiTif. Vlfv - x 4 

31. 

Verify Rq, tri? of Seel ton 1 1.5. 

1* 



32. 

Lise the definition 

nf Cl! fix) dx 

to show 

that if f 



ii.m.1 y itre continuous III fa. ft | u 

nd Iffa) - 




t for .ill x in | a. 

ft], liven 





2K. 


Si + xT rtx 


4 \;'i 


x 

\ n 


fijtjdi; — jjjt.Tc) tie < n l 


calculator exercises. 

33- Moil the .tbsnlLiir numerical tlillvnetitv belwcen 
Ihc estimate tar J' c* d*. min.u Simpsons Rule 
wi|li 41 20 Lind Integra ling the lirsl eight llUJl- 

msro icirtas (if ihc series for e' 

34. Repeat i■ h‘ rcisc 33 Ten f, 1 , uin, v d,i. hul using iln. 
first five mjmero terms of the series fur ms, \ 


35. Using the reliiEioji 11.31 and the HrSi five nonzero 
lernn-s of the senes M2). find the estimate oh- 
Mined for ir. 


exercise sets for chapter 11 


review exercise set I’l l 

l. Find the interval of convergence, inchidiug end- 
pointi, of the scries 


l ierwr '<* + S) ” 


2. Find an expression for the nth term ajjt - 
of a power series having a.s interval of con¬ 


vergence 
possible, i 


“l£i < 3. i. Many answers are 


3* Find the fourth Taylor polynomial T A {x f fnr 
ft*) = sin x itt jc, k 7 t/3, 

4* Approximule In < l 041 using tlve Taylor polyno¬ 
mial T,(x) for In x at x,, = I. and find a bound 
for the error. 
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5, a] Define the ru.itLent of an analytic function of a 

real variable. 

b) Find the Taylor series for xH I - x"J at x,, = 0 
in the easiest way you can. 

6, Line series long dfVtSKiirt to find the tirsr three 
terms of the series for (sin x )j?' nl jc,. D. 

7 , Use series malhods to find 

r “ 1 

hm- 

^ x — sin x 


8. Find lim, j, ,tl + l2/sun Ul . 

9. Use the binomial series expansion lu gi ve th e lirM 
five nonzero terms of the sarins for VI -l- x 1 at 
jc„ = 0 T 

10, Use series teehiikjurs to find j' sinVfU with 
error at most 0,00I. 


review exercise set 112 


I. Find 11 to interval of convergence* including end 
points, of the series 


i 

. i 


tlx 4 If'" 

n- r 


2. l-tnd ihe rad his of convergence of the scries 


It. Use series multiplication to Imd the In si four 
nonzero terms of die 1 a dm series for c L sin 2 jc m 

Xji = (I. 

7. Use series methods lo find 

cos jr - l 

lim-— • 

■ x sin x ' 


fit 4)“ ,v,t 

2- ( - 

3* Find the Fourth Taylor polynomial Td*T for 
f{x) = cos 2s Jit x„ = ir/4.. 

4. A pp mx im a la s Lull (11.1 j using the TajrlOr pn I yno- 
mial Tif.sl al r,. r 0. and find a bound for tSve 
error. 

5* Find the Taylor scries for x 'lait V m (I in 
the easiest way you can. 


8. Find lim, _ [(2.v I 3)/2jtf. 

9, Give ihe first f"iir terms of llie binomial series 

representing (1 \(2) 1 in a neighborhood of 

x <, = 0 * 

1(1. Use satias methods to estimate 

1 L — cos x' 

---- ax, 

X 

with error at most 0.001. 


more challenging exercises 11 


h\ Exercitem I through Ml, find the rodiii.v of vom'vr$?m:e of the jwtikk. 


i. I>- 

.. i FI - 


i . y 


e~ ■ n] 


y JL_ 

‘ r, tnir 


£il 4 I ifli" 

* - I 


y 


4 . 

































plane 


curves 
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Plans eurvos 


12.1 SKETCHING 
CONIC SECTIONS 



(hi-*) (ce) 


Sections 12.1 through 12.4 give a Treatment of ellipses;, hyperbolas, anti 
parabolas, complete with foci, directrices, eccentricities, vertices, major 
axes, and rotation of axes. Some instructors may tee] that this material is not 
essential for a calculus course. They may decide to assign it as outside 
reading, if at all, and spend the class time saved on subsequent chapters. We 
have tried lo write these sections to provide as much flexibility as possible, 
so that you may spend anywhere from zero to four lessons on this material. 


3 LESSON: 

2 LESSONS: 

3 LESSONS: 

4 LESSONS: 


Do only Section 12.1 on sketching with translation of axe*. 
This is useful for sketching quadric surfaces later. 

Do Section 12.L and either Sec I ion 12.2 on synthetic 
deli nil ions or Section 12.3 on rotation of axes. 

Do Sections ! 2.1, 12.2, and 12.3. 

All four sections. 


Section 12.4 on applications is especially suitable For outside reading, and 
we recommend that it tie left as such. 


Let two congruent right circular cones in space he placed vertex lo vertex lo 
form a double cone, as shown in Pig. 12.1. A plane can intersect (his cotie in 
three types of curves, f igure 12 l(a| shows the closed-curve type of intersec¬ 
tion, which is an higure 12.1(b) shows ihe intersection giving a 

two-piece, open-ended curve, which is a hy pertwia. The one-piece, open- 
ended curve in big, 12. He I is u parabola. The double-lettered figures are 
com pule r -draw n surfaces. 

In ihis section, we sketch these curves, starting with their equations 
with respect to carefully chosen x- and y-axes in she plane of intersection. 



Ci i lillifSic seehrirt 




i hk Hyperbolic ht'eiitm W i KiShsKiIu wdien 12.1 
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12.1.1 The ellipse The equation 



(D 


describes an ellipse, shown in Fig, 12,2. Selling * = 0, you see tliai ihe curve 
meets the y-axk at h and h, Setting y - 0, you find that the x-intercepts 
are a and a. Tf a - b, the ellipse becomes a circle, By translation of axes, 
you see that 



Example 1 Let’s sketch the curve 9* 1 + 4y z - 76, 
stiLimniN Dividing through by 36 , we obtain 



which is the ellipse shown in Fig. 12,3. The Jt-intercepts are ± J4 = ±2, 
and the y-intercepts arc ±vy - ±3. || 

Example 2 We sketch the curve with equation 

jt 2 + 3> " - 4x + fiy = —1. 

SOLUTION Completing the square we obtain 

U‘ - 4a) + 3(.y* + 2y) = -K 

(x - If + 3(y + \) 2 = 4 + 3 - 1 = 6, 

<jc - 2? , (y + l f , 

~r ~ + —2 — *> 

which is of the form (2), This is the equation of an ellipse with center 
f2 T -1), as shown in Fig. 12.4. |] 































400 


Plane curves 





12. 1.2 Ths hyperbola The equation 



f3) 


describes a hyperbola, shown in fi£. 12.5, To sketch (his hyperbola, proceed 
as follows. Mark ±a on ihc x-axis and ±b on the y-iixis. ! hen draw the 
rectangle crossing the axes at tEiose points, arid draw and extend the 
diagonals of that rectangle. The hyperbola has tEtese diagonals 


h 

y = ± — x 
a 


as asymptotes. The hyperbola crosses the x six is at ±u, bul does not meet the 
y-axts T for if x = (L then (3) reduces to y 7 = ~b 2 , which has no real 
solutions. IE you solve (3) for y, you obi a in 

y = ±b^{x z fa 2 ) - \ 


and 



_*__ b 

x 7 fti 7 "\ — l — - x 

0 


= 0 . 


Which shows that the lines y = ±(>/atx arc indeed asymptotes of the curve. 


y 
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If the negative sign in (3) appears with the other term x 7 la ' instead, as 



(4) 


then ihe asymptotes are still y = Mhfa)x, but now the hyperbola crosses the 
y-axis ni ±b and does not meet the x-axis. as shown in Fig. 12 b 

y y 




Esample 3 The hyperbola 



is shown in Fig. 12,7. |[ 

The device of completing the square again ear be used to sketch a 
hyperbola whose tenter is not at 10, OK 

E*junpU> 4 Let us sketch 2* 3y - 4x - 6y = 13, 


sotunois’ Completing the square. we obtain: 

2U ? • 2x) - 3ty- + 2yS = 13, 

2(x - If - 3ly + If -2-3+13-12, 

U ~ 0* (y + if _ 

ft 4 l+ 

which is (he hyperbola with center at (Ip — I ) and crossing the it-axis at Wg. 
sketched in Fig. 12,8. || 


y 

* f 
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12,1.3 The parabola The curves 

y = 4x 7 , y = -x 3 , x - {y\ x = -4y 

are psiryI tk> 1 with vertices ut she origin,, as shown in Hr, I2.M. The of 
the coefficient of the quad ratio term eon troll How fast the parabola “opens,” 
If the vertex of y = 4.v wore moved to (h, ft), the equation of the curve 
would become 

y - ft = 4fx - Jif 


As indicated in Chapter t, any poly non ial equation in x and y lhat is 
quadratic in one of the variables and linear in [he other describes a 
parabola. 






■* i 129 


Liumplr 5 Let us sketch 

3y + 4x' ? + 8x =5. 

soi.imoN Completing the square yields 


3y + 4U 2 + 2jc) = 5, 

3y + 4{x + \? s 4 t 5 = 9, 
3y - y - -4U + If* 
3(y - 3) - 4(x + If 
y - 3 = -SU + if 

This is the parabolEL with vertex at 
1-L3) shown in Fig, 12.KL || 


v y 
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SUMMARY L Aa cquarfort of (he form 

U - h? , (v - kf . 

+ = ' 

describes an ellipse with center at ( ft, k), j?[£■<£■/* pa^ the x-axts at ±« and the 
v - axis at ± b r where x = x h and y — y — it, 

2, Equation f if the form 

ix - hf (y - kf _ 
a 2 ~ h 2 

or 

U - hf iy ~kf 
a o 


describe hyperbolas with center ar {Kk). To sketch them* draw the 
rectangle wir/i center (li, fc) crowing at right angles the x-axis ar ±a and 
r/ie y-axts at zb. D-raw and extend the diagonals of (he rectangle, The firsf 
hyperbola crosses the x-axis at ta while the second hyperbola crosses the 
y-axis at ±/j- Both hyperbolas have the diagonals of ahr rectangle as 
asymptotes. 

3. Equations of the form 

y — k = c(.Jf — h} 2 


and 


x - h = dy - fc)- 5 


describe parabolas with vertices at (ft, k i. Mat 1 magnitude c\ controls /urn' 
fast the parabola dtpens." and the afagrt of c determines the directum in 
which it opens. 


EXERCISES 


In Exercises i through 12, sketch the uU'Cij curve* 


1- x' + 4y = IfS 
3, x 2 -4y 

5. 4x' - y v - = -3fi 
7, 2x’ Sy- +■ 4.v h IZy (I 

9. x 2 -4 r - 4y = 9 
11. 3*' - 4y* - 6x - 8y * 0 


2. .t v - 4y" = Ih 
4* x 4 y ' 

6* 5x' + 2y 2 = 51) 
tf* 4 j - 8x + 2y 5 
10. 4x + y a + fry = -5 
L2* - x s I 2y i 2x i Jly = —3 
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12.2 SYNTHETIC 
DEFINITIONS OF 
CONIC SECTIONS 

12.2.1 The parabola 


Example 1 
soiinidN 


Definition 12.1 A parabola is the lotus in the plane of oil points equidistant 
from a fixed tine f (the direclTixli and a fixed potnl F (the focus) not on the 
iirie, The point V on the parabola closest to the directrix is the vertex of the 
parabola, 

Figure 12.11 shows a parabola with focus I\ directrix C and vertex V. 
To describe ihe locus analytically. we choose axes through the vertex, as 
indicated in Fig, 12.12, so that die focus F has coordinates (p. f.l> and the 
directrix is (he line x — -p. IT (x, y) is on the parabola, Ihen the definition 
stales that 

v'jx p)^ + y 7 = ilp. 

Simplifying, we obtain 

lx - p) 3 + y 3 - U + pf. 
x ? 2xp + p* + y 2 = x 2 + 2xp + p 2 . 

y 2 = 4pjt (l) 

Equation <l) is ihc xftipit/tird form fur Lhc equation oF the parabola. 



I'Lir^bolu 


1211 



-*■ i 12,12 


Let’s find liic focus and directrix for y ? = 10.x. 

Here, 4p = 111 so p ■■ 5/2, The focus of the parabola is (5/2, 0) and the 
directrix is the line x - 5/2. We do not draw a sfceieh, for you learned to 

sketch a parabola in Section 12 1. || 

Of course x 2 4py is the parabola "opening upward" with focus 10, p) 
and directrix y = p. Similarly* x 1 ~ 4py is ihc parabola ‘‘opening down¬ 
ward" wiih focus (0,-p) and directrix y - p. 

Our work in Section 12.1 shows that an equation in ,x and y that is 
quadratic in one variable and linear in the other has as locus a parabola, li 
may he necessary to complete ;i square and translate axes to bring Ihe 
equation into standard form. 






















12,2 Synthetic dtlinitiors of conk; sections 
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Example 2 We shall sketch x ? + + 3y — 2. 

solution Completing the square, we obtain 

U + 2? + 3y = 2 4 4 = ft, U + Zf = 3y + ft, 

U + » a = -3(y - 2). x 2 = -4(j>y. 

This parabola has vertex at (-2, 2). This lime, p - With if, y-axes at 
i. -2, 2). ihe equation became x 1 = -4py, The focus is at (x, y) - (—2,1)* 
and the directrix is y = ■■}. The parabola is sketched in Fig. 12,13. || 

v y 



12.2.2 The ellipse Definition 12.2 An ellipse is the locus in the plane of all points the sum of 

whose distances From two loed points F, and F 2 (the f«ci) remit ins a 
constant value 2a (greater than the distance between the foci). 


Figure 12.14 shows an ellipse with foci F, and F-,. This ellipse may be 
drawn as follows: Take a piece of string a bit more than 2a units long and 
faster near the ends at F, and F> with staples, so that the length of string 
between the staples is exactly 2a, A pencil placed to keep the string taul as 
in Fig. 12.14 will then trace out the ellipse. 



r + s = 2(t 
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To describe an ellipse analytically, we choose axes as shown in Hg. 
12.15, so that the foci arc {—c, 0) and (c,0). Then, for (t, y) oti (he ellipse, 
we obtain 

VU - c?"+ y ? + V(jc 4- c) 3 + y- = 2a, (2) 

v'C'jc - c) 2 + y 7 = 2a — >/(x -+ cf + y s * 

x 1 - lex + c 2 + y 1 = 4a 7 - 4« v'Ijc + cV 2 + y i 

+ -I- 2^* + C 1 4- y\ 

4 is/{x + ep + y~ - a 2 + ex, 

« t (jc 5 + lex + e 1 + y z ) = « J + 2a 2 cx + cV T 

U 3 - trV + 0 V - a 4 - aV = n 3 (d 2 - c 1 ), (1) 

From Fig, 12.15, it is clear that we musl have a > t\ as stated in the 

definition, Therefore we may set 

b 1 — a 2 - c 2 , (4) 



Then Eq. (3) can be simplified (n become 

fcV + fl 2 y 2 = a 2 b 2 , 



(5> 


Equation {5) is the standard form of the equation of (he ellipse. The line 
segment from (—0,0) to (a, 0) in Fig. 12.15 is the major axis of the ellipse, 
and the segment from ('(),—6) to {Q,b) is the minor axis. 

Let us find the foci anti the lengths of major and minor axes for the ellipse 



= 1 * 


Example 3 
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sm.trrinN Here n’ = 25 and h : — 9. From Eq. (4), you obtain 

c 1 = a 2 - fr a . (6) 

Thus c 1 r: 25 9 16, so c - 4, The foci are (-4,0) and (0,4). "Hie 

length of the major axis is 2a 10. while the length of the minor axis is 
2b = 6. || 

Esomple 4 We study the ellipse 9x + 4y — 54x + 16y = —61. 
sorviwN Completing the square, we obtain 

9(x ? - 6x1 + 4(y- 4- 4y) = -61, 

9ix - 3f + 4(y + If = -61 + 4 16 = 36, 

(x - 3) 3 (y + 2f 

' —■ lr 



where we chose translated r,y-ax.es at (x,y) = (3, 2), TIet.s rime die nuijor 

axis of the ellipse is vertical. We should always take us tf lhe larger of the 
two numbers in the denominator when the equation is brought into standard 
form. (We did not bother to do tins in Section 12. L) 'Thus a~ = 9, 6 2 = 4, 
and c' - a~ b 2 - 5, so c - Vs. The foci are then (3,-2 - V'S) and 
(3. -2 l S). The major axis is of length 2a - 6, and the minor axis is of 
length 26 = 4, || 


12.2.3 The hyperbola Definition 12.3 A hyperbola is the locus in the plane of all points the 
difference of whose distances from two fixed points F\ and Fj (the foci) 
remains at a constant value of 2a (which must be less than ihe distance 
between the foci). 


Figure 12.16 shows a hyperbola with foci F, anti i-\. To determine the 
locus analytically, we choose axes as indicated in Fig. 12.17, so that the foci 


v 
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Example 5 


Example 6 


arc at i c„ 0) and U. 0). This time, a<c, which we ask you to prove from 
Definition 12,3 in Exercise !. For a point (je, y) on the hyperbola, we then 
have 

|V(jc “ c) 2 + y 2 ' - v(.x + c] 2 + y 3 | — 2ct. (71 

The simplification of (7) is similar to dial of (2); there is just a difference in 
sign, which disappears the second lime the two sides of the equation are 
squared. Jn Exercise 2, we ask you to show lhat F,q, (3) is again obtained. 
This lime c > a, so we set 

b* “ c a - d 2 (8) 


and obtain from (3) 


hV + oV - ftW 


or 



m 


Equation (9) is the standard form of the equation of a hyperbola. We 
discussed the sketching of the hyperbola* and in particular its asymptotes, in 
Section 12.1. 


The hyperbola 



has asymptotes y = ±(3/4 )jt. From Eq. (S). we obtain 

c 1 = a a + b J (10) 

so c = \fib + 9 = 5, The foci of the hyperbola are then £-5.0) and 
(5,0), |t 


The hyperbola 


5 5 

^+^ = 1 
144 2$ 


has foci on the y axis. For the hyperbola, you should think of a' as the 
number under the quadratic variable appearing with the positive sign in the 
standard form, (We did not bother to do this in Section 12,1 J So this time 
w" — 25 and b 2 - 144. From Eq. (8), 


c = s /a 1 + fir = v'25 + 144 = VTti9 = 13, 

Thus the foci are (0. 13) and (0. 13). The asymptotes are v = ± (5/12)jt, || 














1 7.ZA Ecfcantrlctty 
and directrices 


Tliem'ipi 12.1 


Example 7 


SOI ! THIN 

Example It 


12.2 SvnthFtii definrtkjrre of cOnks sections 
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For the ellipse and hyperbola, each focus has an associated line m directrix, 
iust as for I he parabola. Figure l 2.1« shows the foci F, and F, with their 
associated directrices t\ and f 2 * respectively, These directrices arc The lines 
JC — ± o -f .C. 


> 




We leave to Exercise 4 the demonstration of the following theorem. 

If F is u point on an ellipse or a hyperbola* then 

Distance from P to a focus _ c 

Distance from P to the associated directrix a 


Definition 12.4 The number 

c 

e = — 

(T 

is called the eccenlrkily of the ellipse or hyperbola 


( 12 ) 


Let's trod the eccentricity and directrices for the hyperbola 



We have a = 4 and c = 5, as in Example 5. Thus e - 5/4, and the directrices 
are the lines x = ± lh/5. |! 


For the ellipse 


25 9 


a 5 and c = 4, so e — da— 4/5. 1 he directrices are the lines x = 


±a 2 fc - ±25/4, | 

In view of i i l), 112), and Definition 12.1, you see that nil three conk- 
seel ions can be defined concisely as follows. 

























410 


Plane curves 


l 1 ! sample 9 

soi imims 


SUMMARY 


Definition 12.5 Let F be a point in the plane and fa ling not containing F. 
Lei e he any positive number. The locus in lhe ptane of all points P such 
that 

Distance from P to F 

--------- »=■ e 

Distance from P to f 

is 

1. a partalHilii if e 1. 

2- an ellipse if e < t. 

3. a hyperbola if c > 1. 


Lei's find the equation of the hyperbola with a focus at ( 1, 1) T associated 
directrix v = 1. and eccentricity 3/2. 

We use Definition 12,5, and we see thal a point (x. y) lies on the hyperbola 
if and only if 

At + If + <y - 2)- _ 3 
|y - I| 2 ' 

Squaring we obtain 

U + if + iy - 2) 2 3 4 “ j-(y - if 
or 

4z 2 - 5y J + Xx + 2y + II = (L || 


t. An ellipse is the plane focus n f points snefr that the jriim of (heir distances 
from two fired points (fnci\ remains constant. 

2. A hyperbola is the plane locus of points such that the difference of their 
distances from two fixed points (foci I reruuins cunsfcmf. 

3. Let a fixed point i \ focus ) and u fine / (directrix) not through Fbe given in 
jfic plane. Far u point P in the plane, let Pf'| he fJit 1 distance from P to F 
ured |PD| (lie distance from P to C. Let e > 0 (eccentricity) he given, The 
locus of all points P such that |PF|/|PD| - c is 

a) it para&ofa if e = l 4 h! art Wlipie if e < 1. 
c} a hyper hold if e > L 

4. The chart below gives other information abend the conic sections. 
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Type flf cirrve 


Standard farms 


Fd«B 


IHirrcrrix 


KnntHdlf 


Parabola 


y ; 4p. x, 

V' = -4 px t 
x- = 4py, 
»t 3 = ~4py 


(p. 0) 
(-p*0) 

Hip} 
(11, - pi 


K = -p, 
X = f>, 

y = -p. 

y = <j 


e = 1 


till ipKS 

ti ' is l he turner 
riumbu] in I lie 
denominator. 

c = sfP^V 


P 4 P 


P v 1 


(c. m 
(r& oi 


(0, f) 

(Cl, —c3 


jc = ti 2 /r, 

X = -fl'/i-. 


y = a 3 /a 
y = -u')c 


e = - < t 
a 


Ilypeibola 

«r k i he num- 
bui in she de¬ 
nominator of 
the pfHv term. 

c ' v'jj 3 > b 


£ . £ 


t, 


-fL + JL = , 


(c, 03 

C -c, 0) 


(CL r} 

(0,-c) 


i = a’Vc, 
x = ~a~ic t 


y ' a 1 I c, 
y -cVc 


t = — > 

Q 


EXERCISES 


L Show from Definition 12.3 that ace for a 
hyperbola. | Him, line ihc (net that the sum uf ihc 
lengths of two side; of a triangle is greater than 
ihc length uf ihe third side. 

2. Show iliitt Eg. (71 of I he text again Lauds In Eg. 
(3), pis asserted in the Icxt, 

3, Starting front Ihe equation 



for ail ellipse* prove thui Eq (11) of Che tent 
holds, (tun is, prove Theorem 12.!, [ffi'pcr. Using 
the equation of ihe ellipse and h' a " - t-\ 
express everything on tlie lefL in Eg. C1 I) in lerms 
of jt, a. and c. Squ:m .«mj show ihat it simplifies 
Ui c‘fu J Observe lhat ilte same compnpiiuin is 
valid lor the hyperbola, since two sign changes 
cancel each other. 


fn Exercises 4 through 9. find hie /net and directrices of (he runic section with the green equation. and sketch (he 
runit, sftOWfriJT dfu 1 ftfCJ imtS dirrvi rices. 

6, * J - l2y 


x y 

4, — + — = I 
9 25 


5. = , 

25 16 


7. jf 1 + 2* 4 2y 3 - «y 4 5 = 0 K. 3y 2 4 I2y - 4* J + 3 = 0 


9. y- 4.x 4 14y 4 57 0 


lfb Find the x -intercept of the line tangent to the 
parabola y = 4px ai a point {x n ,y n > on the 
parabola. 


11. hind ihc urea of she region hounded hv :m ellipse 
with major axis of length 2ti and minor auk uf 
length 2b. 
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l1. Find Hu: volume generated by revolving Hie re¬ 
gion in Exercise l i about the major usis hF the 
ellipse. 

In Exerrt.vev E3 fhiKjtigh IS. fi«d file equation ttf the 

txeefllricify e. 

13. f^ocus (0.0), directrix x -2, e 3 

15. Focus 10,Oh directrix x = 3. e « l 

i?. Focuh (—2. 21, directrix v — 3, e = 1 

19. Had the equation nf ihe ellipse with eerier ai the 
origin* fori al (±3. Oh and eccentricity U2. 

2 b. F-ind the equal ion of the ellipse with center at l he 
origin, foci at fO, ±11, and direct rices y = J 4. 

21. Find the equation nf the hyperhold with center at 
the origin, hx-i at i t-4. Oj. and directrices .i 2 . 

22. Find the equation of the hyperbola wilh center at 
lI k* origin, foci al t0. ±hi. Find eccentiicitv 2. 

23. Find the equation of the parabola with vertex at 
I he origin and focus al (3, 0). 

24. Find the equation of Lite parabola with vertex at 
the origin and directrix y ~ 5. 


secartti-degree curoe with rhe rirerr IWus, directrix, u«d 

14. Focus Ml, b), directrix y 4, e 1/2 

16. Focus 1-3,2], directrix x - \ r e =2 

1H. Focus f 2, 3), directrix x y cb <e 3/2 

25. Find the equation of Use ellipse wills eerier ju 
I 1*2), ii focus at i- 1, >!k and eccentricity i/2. 

26* Find i he equal inn of the hyperbola with center at 
{ L. -3), a focus iit {1. l>|, and ;i directrix at I l , -21. 

27, Find the equation of the parabola with vertex at 
( 5. 2) and focus at ( 5,41), 

2W. Find the equal inn of Hie parabola with vertex at 
she origin and focus at (I. I) 

2¥. The chord of a parabola that passes through the 
focus und is parallel to the directrix is the tutus 
ret.ium of the parabola. Show thal She lalus rec¬ 
tum of the parab<da y - has length 4p. 


12, J CLASS! FICATTON 
OF SECOND DEGREE 
CURVES 


In this, section, we shall Classify and Sketch the various types of plane curves 
rhat are described by a second-degree equal tori of the form 

Ajs' + ttxy + Cy 2 + £>* +■ Ey + F - 0, (1) 


where at least one of .4. fir. or C is nonzero. We shall see ihai each such 
curve can be characterized as either nn dfjpsc, a hyperbnkt, or a parabola. 


1 2.3.1 Rotation If ihc coefficient B of Jty in Eq. I 1 l is 0, then the curve can be sketched quilc 
of axes easily by completing the squares on x and on y and choosing translated 
coordinates; we shall do this in Section 12.3.2. In the present section, we 
show that by rotofing our tixex, we can "gel rid" of the term tfxy. 

LeFs choose a new set of perpendicular axes, an jr'-axis and a v'-axis. 
through the origin O of the Euclidean plane. Let the x'-axis make m ancle 
9 with the x-axis, as shown in Fig, 12.19, We take the same scale on our 
new axes as on our old axes. Each point of our Euclidean plane then has two 
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V 



types of rectangular coordinates, (jst, y| and (x'.y'L as shown, in Pig. 12,1^. 
We would like to obtain formulas For the -coordinates of a point in 
leritis of its x\y '' coordinates, and vice versa. The following equations are 
easily obtained from Fig. 12,20: 

X = X 1 cos ft - ysinfl, 
y = jc 1 sin ft + y‘ cos ft. 

For a curve with Jiq. ( l) p we ean use Eqs. (2) to obtain the equation of 
the same curve in terms of the Jt\y'-coordinate system. Substitution yields 

A{x r cos ft - y'stn ft) 2 + BU' cos ft - y J sin sin ft + y r cos ft i 
4- C{x y sin 8 + y* cos ftf + D{x r cos 8 ~ y’ sin 8) 

+ Efjc'sin ft + y'cos ft) + F - 0. (3) 

If the terms of 13) are multiplied out and collected, you obtain an equation 
of the form 

a'x* + Bxf + cy 1 + dv + uy + r = o» (4) 

where, in particular. 

A J = A cos' 8 + B sin ft cos ft + C sin' fl + 

B* - A(-2sifl 8 cos ft) + B(cos J ft - sin J ft) + 0(2 sin ft cos ft) ^ 

— (C — A)sin 2ft + B cos 2ft, 

C = A siir ft + Bi -sin ft cos ft) ■+■ C cos’ ft. 

Several interesting results can be obtained from the relations (5), In 
particular, we see that B - 0 if and only if 


(C A) sin 2ft + B cos 2ft - f). 
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or if and only if (assuming, ft £ Oi 

col 2 9 = ———. (6) 

O 

liquation (6) shows that to rotate axes so that the x\y r -form ot Eq. til has 
zero coefficient of x‘y'. you should rotate through an angle 0 such that 

. A - C 

2f? - cot —-, 

Ef B ? 0, I he re will he exactly one such angle 8 where t) < 8 < ir/2. 

From the relations (5L it is casv to compute directly (see Exercises 2 
find 3) that 

A r + C = A + C and B r? - 4 A'C =■ B J - 4AC; 

thal is, these quantities are mnurumts under rotation of axes. 

Let's summarize: 


Tkemtm 12,2 If the axes of r he Buelidetm plane are mated through an angle 9 as shown in 
Fiji;. 12,19 then the x r ,y f -form of Eq. (1) has zero os coefficient B' of x V if 


ecu 2ft 


A - C 

B 


Furthermore , A + C. and B 1 - 4AC remain invariant: that is A + C - 
A + C and B~ - 4AC = B fl 4A'C.. 


To employ rotation of axes., you need to find F.qs. (.2). First you find 
eot (A CMB. Sometimes 29 and 9 are angles such that sin ft and 

cos fl are familiar. If this is not (he case, find cos 2<J from cot 2fJ. and then 
use the relations 


sin 


* = v :i - 


cos 29 


and 


fi 


h 4 cos 29 




E’sample I Let’s eliminate the “trOsslerm xy" in the equation x ? - xy + v - 4x + 
5 = 11 by rotation of axes. 

sni irnoN Here A = 1, ft = — L and C = 1, so 


col 28 


1-1 
— 1 


= 0 


Therefore 28 - ir/2 and fl - W4. Fhe transformation equations (2) then 
become 




y = 


A *' + vS y 


x 
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12.3.2 Th* 
classification 


KiDinplc Z 


Substituting, we obtain 

-<*' - yT - IV - y’iU' + y‘) + + y') 2 - - y'> + 5 = 0. 

4. J_- jL 

Wc now obtain 

~jr' z + | y JZ - l4lx* + 2V‘2y' + 5 = 0 
or 

* r2 + 3y' 3 - aS.x ( + 4\ r 2y* + 10 - 0 
as an x'^'-equation for our curve with 0 for coefficient of jc r y r , || 


Section 12.3.1 lias, shown that in studying the curve given by Eq. 1.3), you 
can assume (by rotation of axes if necessary l that the equation is of the form 

Ax 2 + Cy 2 + Dx + Ey + F = 0 (8) 

where not both A ami C are zero. 


rASE I* If A — 0 and D ¥= 0, then upon completing the square on the 
terms involving y» you obtain ihe equation of ft parabola. Namely, you 
obtain 



(E74C) 

D 




Taking translated x,y -coordinates at the point 


/—E (£740 
\2C' D 



we write Eq. (9) as 



which describes a parabola having vertex at our translated origin and 
opening parallel to the t-axis. A similar analysis can be made if C — 0 and 
E * ft. 

If A and D are both zero, then Eq. (8) either has no locus, or has a 
straight line parallel to the x*axis as locus, or has two such straight lines as 
locus, Tf C and E are both zero, similar cases may occur, [l is natural to 
consider straight lines that occur in this fashion to be degenerate parabolas. 

Consider the curve x + 2jc + y - 3 - 0. Completing the square^ you ob¬ 
tain 


u + if = -ly -4). 
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which is the equation of a parabola having vertex at { 1,4) anti opening in 

ihe negative y-direetion + as shown in Fig. 12.21. 



f 12.21 


t 

\ 

y = 4 

2 1 


-4 *2 U 


[he cquat 
4 and y ~ 

v = -2 

ion v' - 2y 8 = 
-2, as shown in Fig. 


The plane locus described hv 
(y 4)(y + 2) _ 0 consists of the lines y = 4 

12,22. There is no real plane of the equation .t ; 4- Is. + 2 = 0 + for comple¬ 
tion of the square yields {x + l) 7 = —1, and a square of a number is 
[tonnegative. f| 


casi- 2. Referring again to Eq. (8), if A and C arc cither both positive or 
both negative, then you obtain either no locus, a single point locus, or an 
ellipse. Completing squares, you obtain 



MO) 


Taking translated coordinates at (— Df1A< -L720, Eq. (10) can be written 

i3i the form 


A[xf+Cm 2 = G. ( 11 ) 

By changing all signs if necessary, we can assume that A and C are both 
positive. If G < 0, there is no locus. If G - 0, ihe only locus is the 
translated origin (jqy}-(0.(». If <j>0. then (II) is an ellipse, which 
may be written in the form 


ixf ly) 2 
« £ + b~ 


(12) 


FKiunplc 3 We classify ihe curve x 2 4 4y* + 2x 24y 4 33 t). 

sonmos Completing the square, you obtain 

ix 4- l) 2 + 4(y - 3) z = 4 
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j y 



or 

U + If + Cy 3)~ _ 

2“ l 3 

This is the equation of an ellipse with center at (-1,3), as shown in Fig, 
12,23., II 


t‘ASE 3, Referring again in Eq. ({&). if A and C have opposite sign, then 
upon completing squares, choosing a iranslaled origin and renaming con¬ 
stants as in Case 2 + you can simplify your equation to cilhcr 



C 

n . -i ™ 1 

(131 


a ^ 

nr 

Iv l 3 ( J- 1 " 



H* ~ 

041 

or 

<xf iy) 1 n 
a a b 1 

05) 


Equations i I Vi and (141 give hyperbolas Equation ('If') has as locus the two 
lines v -(JtynK and y - -{hlu'\x. these two lines are considered to Form 
a degenerate hyperbola. 

Example 4 We classify the curve 

x 2 4y 2 + 4-.v + 24 y 4H (}. 

stunts Completing (he square, you obtain 

ix + 2)* ~ 4{y -3f - 16 

nr 

<* + If (y - 3) 3 

4- 2- 

This curve is the hyperbola sketched in Fig, 12.24, j 















418 


Plane curvftS 


12.3.3 Classification 
without reduction 
to standard form 


rJifnrfiH ( 2.3 


Fxdnipk' 5 

SGLL-TIOV 


12.3.4 A projective 
view of the conk 
sections 


y v 



You have been that if either A or C' in £> in Eq, (HI. you have a parabola, 
while you have an ellipse if A and C have Ihc same sign and a hyperbola if 
A and C have the opposite sign, These cases are easily separated by 
considering B‘ - A AC. Recall that S' 4. VC is invariant under rotation of 
axes (Theorem L2.2) If B - 0 as in Eq. IK) so that B 4AC - 4Af 
you see that 

if —4.AC - Cl, then A or C - fl; 

tf —4A.C < 0, then A and C have the same sign; 

if -4 AC > 0, then A and C have opposite sign. 

We obtain a( once: 

l Offliiffit'afion) The second-decree equciricm 

Ax 1 + Bxy + Cy z + Dx + By + F = 0 
represents a (pojsrfrj'y imaginary Of degenerate) 

if parabola if B ? - 4AC - 0* 

ii) ellipse if M - 4AC < 11. 

iii) hyperbola if S 4AC > 11, 

We clarify the equation 

lx 2 + 4xy + y* - Bjr + 7y - T= 0, 

Since ft - 4AC = 4" - 4(3)(1) - 16 12 - 4 > 0, you see that (he equa¬ 

tion describes a hyperbola. j| 

The Euclidean plane can be enlarged to form a prajective plain', and lhis 
projective plane provides an intriguing view of the distinction lietween an 
ellipse, a hyperbola, and a parabola, To form the projective plane, we adjoin 
to our Euclidean plane a tine ( df in/bifty. It is postulated that each line £ in 
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our old Euclidean plane intersects at exactly one point, che point at 
infinity on flit line f. (You should think of the point at infinity on a line as 
being a common point at both “ends 1 " of the line, Thai is, you may visualize 
a line in the projective plane as a “huge circle," which looks straight in you 
nearby, where you can see it. but which is in reality closed at “inUnity,"> It is 
further postulated that any two parallel lines of our old Euclidean plane 
have ihe same point at infinity, so there arc no such things as “parallel lines" 
in a projective plane. We have tried to illustrate tills in Fig. 12, 25, where wc 
show some parallel lines m the Euclidean plane that meet at P on the line 
t and another set of parallel lines in the Euclidean plane that meet at Q 
on . 

In real projective geometry, all conic sections (second-degree curves) 
look alike, and (he different appearance in the old Euclidean pari of the 
plane is just due to the way the curves meet the line i .. as shown in Fig. 
12.26 L'he ellipse docs not meet the line at infinity; it lies totally within the 
old Euclidean plane, and can he seen in its entirely bv a Euclidean bug. The 
hyperbola is cut into two pieces by the line at infinity, and a Euclidean bug 
can see only these two pieces. The parabola is tangent to the line at infinity, 
find a Euclidean hug see-’ only one piece whose extremities are approach mg 
parallel. 



:.i i yii cHinsc bl hypcrbithi Cl \ imatwln 12,26 



SUMMARY l. If mew x^y^ujees are obtained by rotating she old x,y-axes counterclock¬ 
wise through the angk 0, then 

x = x‘ cos tf - v' sir f). v = x' sin H + y' cos fl. 

2, Starting with Ax 2 * 4 4- B.vy + Cy 3 + Ox + Ey + F = 0, rmtodon of 

axes fftrnugh fl oirfr ihnf 


gives an 4r'.y p '«fwrtn'f?fl iri which die coefficient of x r y’ in tew. 

3 For the equation in So, 2. A + C and H' 4AC are hic^hunf.S under 
raidtian of axe*. 

4, the equation in No. 2 has ax locus 

a) an ellipse if B 2 4AC < lh b) a hyperbola if B' 4 AC > 0, 

c) u parafiola if B ? - 4AC = 11. 
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EXERCISES 


1- Fa prizes x.' und y‘ in terms of t and y for the case 
of rotLHtm.il of JILL'S shown in Fig, (2,]0, | HlMf. Y«u 
can solve Et|S. \2\ for X.' anti y\ hut it is easier to 
think of a rotation through the angle -fl r ] 


2. Show from Hqs, (5j ihjit A + C is invariant under 
rotation, as slhled in Theorem 12.2. 

3. Show from Hq*. (5) that ki' 4 AC is invariant 
under rotation, as stated «]i Theorem 12.2 


fn Etcttiifs -I fllrcugli **, obtain tin equation nf the ptwn k«t as in jr'.y^rrjc^dmfltes formed hy nnaiinc, axes mh r/iai 
flic coefficient of jt V is (l, 


4. xy = -3 j, jr - 3xy + y 2 = 5 

ft, 2 js j + V3iv + y" - 2x 2(1 7, x' + /ixy + 2y' - 4y = tti 

ft. x' + xy = 10. fffuti. Use Eqs, (7j.J 9. Hx 2 + 3xy + y' + x *= 12. [Hint Use Eqs. (7).] 

Jn Extreiics 10 through 15. use I'heotem 12.3 in eJas-iify the curve with iHe (jinwi cquafforr H/f n ((wiw.siMy fFHfigjnary 
or degenerate) eHipxc-, ftyperijofa, or parabola. 

1». 2a' - 3*y + y ' Ax + 5y - 311 11. *' + fixy + t)y 3 2x + l4y = 1(1 

12. 4jT 2xy -_ly= + Sjc - 5y = 17 13. fix* * 6xy + 2r - 5x = 25 

14. x ? - Ixy + 4x - 5y = b IS. 2* 7 - 3*y + 2y J 8y 15 

!*■ Can you think of a “list:” for the invariant A + C given in Theorem 12.27 

in Eierriicv I 7 through 10. mlair uxcx ai simplify the equation, complete squares. and the curve, ,slifJiving rhr 

i, Jr-totes, the ('.y'-tu®, und the i, y-fixes, That is. do lire complete fob. 

17. j J + 2xy + y’ - 2V2* + W2y *= 6 18. 2x 1 + 4xy - y s - IZv^jc = -0 

19. 3jc ' + -liy + jty 1 + 2 v'2a - L 2 V 2 y = -29 

20. For every real number t , the point (cos l, sin r> lies 
on the circle a ’ - y' ~ 1. Hie functions sine and 
cosine arc circular functions, ("an you think of u 
reason why (he hyperbolic sim- and the hyper¬ 
bolic cosine are called ” (i vjwriwiif /fuictfrm’”? 


12.4 WHY STUDY You may quite properly ask why we should bother to classify alt ihc 
CONIC SECTIONS? second-degree plane curves. After all. it is clearly pretty hopeless to attempt 
to classify successively all plane curves nf degree three, then all nf degree 
four, etc. The plane curves of degree one (the lines) are certainly important: 
they are the graphs of linear functions, and calculus deals with approxima¬ 
tion using these functions Fhe classification of the second-degree curves h 
classical and quite elegant, hut that is not in itself sufficient reason to include 
it in (his text. However, (he second-degree plane curves do have important 
physical applications. 
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12.4.1, Orbits in Consider a moving body that is subject only to a force of attraction toward a 
central force single fixed point. (The fixed point is considered to be the center of the 
fields system, Eind. an attraction of this type const!lutes a central force field, it can 
be shown from ihe laws of Newtonian mechanics that the orbit (path) on 
which the body travels due to such a force field is a second-degree plane 
curve, i.e,, either an ellipse, a hyperbola, or a parabola, having ihc center of 
the force field system as focus, For example, if you neglect the force upon 
ihe earth due to celestial bodies other than the sun. then you are in a 
central force field situation with center at the sun. The earth has an elliptical 
orbit about the sun. with Ihe sun at one focus of the ellipse. Orbits of all the 
planets about the sun are ellipses wiih a focus at the sun. Also, a satellite 
that we send up about our earth travels in an elliptical orbit. The smaller the 
eccentricity of an ellipse, the more nearly circular the ellipse, for fr - ti'—t ' 
yields {hja I = 1 - {cfai 1 = 1 -e 1 . The tabic in Fig. 12.27 gives the eccen¬ 
tricities of the orbits of the planets. 

12 2 ? 


PtoKt 

tkcentridly 

PariiLd 

Mean dHlanct 
frtirn sun' 

Mercury 

0.2056234 

87.967 d ays 

36.0 

Venus 

00067992 

224.701 day’s 

67,3 

Earth 

0,0167322 

165.250 days 

93,0 

Mars 

0.003.3543 

1.881 years 

141,7 

Jupiter 

0.04341 cm 

1 l .862 years 

483.9 

Saturn 

0,0557337 

29.458 years 

887.1 

Uranus 

0.0471703 

84.01 5 years 

1785.0 

Neptune 

0.0085646 

164.788 years 

2797-0 

Pluto 

0 2485200 

247.697 years 

3670.0 


+ Million- 1 . oE miks. 



12.2S 


12.29 



The orbits of comets about our sun arc of two types. Some comets have 
“narrow” elliptical orbits with the suti at a focus Shat is comparatively close 
to one "end” of ihc ellipse, as illustrated in FI ft, 12,28 (see Rsercise H, One 
such comet is Hatley's comet, which takes about 75 or 7b years to travel 
once around its orbit, and which was Iasi seen, when it came lu this "end” of 
its orbit near the sun. in 1910 Another lype of comet enters our solar system 
From “Outer space.” is attracted by our sun in accordance with the central 
force-field principle, and has such velocity lhat when it has passed Ihc sun, it 
continues oil and escapes into outer space again. Such a comet is traveling 
on a hyperbolic or parabolic puih while in our solar system, see f ig. 12,29, 
(The path will be a hyperbola with probability I, for in order for ii to be a 
parabola, the comet would have to enter our solar system in precisely ihc 
right way to get a solar orbit of eccentricity eJrticffy L) 
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12.4.2 Applications to Ihe second-degree plane curves have iniporiEint applications to reflected 
optics and sound energy waves (c.g., light anti sound). It has been found that when such a 
wave meets a reflecting barrier, the directions nF the wave as it meets the 
barrier and as it is reflected make equal angles with the normal to the 
barrier (we Fig, 12.3D). Fl the harrier is curved, then ihe normal is consi¬ 
dered to he perpendicular to the tangent line (or plane.1 of the harrier (see 
Fig, 12.31). 


kt' fle l 11 ii g 



*2.30 


RrJtccli ny 
harder 



rnn^cnl 

lint 


12.31 


The conic sections have special geometric properties that yield impor¬ 
tant applications for these physical situations. We state these properties 
without proof. Proofs are not dillicull, and are good exercises if you are inter¬ 
ested. 


Theorem t2.4 {Reflecting Properties of Conic Sections l 


1. (Ellipse and hyperbola) The lines /dmmg ra point (jc, y) on tin ellipse or 
hyperbola to she foci tnake equed n/igies with the normal to the curee at Ii, y). 
(See Figs. 1232 atul 12J3.) 

2. {Pqtabnla) 77ie line joining a point (_v h y) on a parabola to ifte foetts and 
the line through (*, y) pamlieJ to the njxi.s of the parabola make eq&iaJ ang/es 
wifh the normal to the parabola . (SVc Fig. 12.24.) 


jr 12.32 12.33 12.34 



>a 
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12,4-3 Application 
to navigation 


Consider the paraboloid formed by revolving the parabola y 2 r 4px 
about the .L-axis, If the inside of this paraboloid is silvered to reflect light, 
then the beams from a light source Lit the focus of the paraboloid will be 
reflected in rays parallel to the axis of the paraboloid (see big- I--35). This 
principle is used in a searchlight. Conversely, light emanating from a source 
al a great distance out from the axis enters the silvered paraboloid in 
essentially parallel rays, and is all reflected to the foe us. This principle is 
used in telescopes, such as the one at Mount Pol a mar in California, which 
has a parabolic mirror of diameter 200 in. The large antennas used in radio 
astronomy are also constructed in the shape of a paraboloid, and small 
parabolic reflectors are used in sending anti receiving radio and television 
signals over short distances. 

I et an ellipsoid be formed by revolving an ellipse about its major axis. 
If the inside of the ellipsoid is silvered, then light emanating in all directions 
from :t source at one locus will all be reflected to the other focus fsee Fig, 
12.3b). Definition 12.2 of Section L2.2 shows that the distance traveled from 
one focus to the other via refection is always the length 2 a of the major 
axis, independent of the point of reflection. Thus, sound that emanates in all 
directions from one locus of an ellipsoid will not only all be reflected to ihe 
other focus, but will all reach the other focus at she same rone. T his is the 
principle behind a “whisper gallery L ’ with walls and ceiling forming a porlinn 
of an ellipsoid; a whisper at one focus can be heard distinctly at a great 
distance at the other focus. 


hi World War 1, the following scheme was sometimes used to determine the 
location of an enemy cannon. Three observers would synchronize their 
watches, and then move to observation points A, B, and C with known 
coordinate locations. I hese observers at A. B , and C would note ihc precise 
time the cannon fired. Knowing the speed of sound, they could then 
calculate the difference of the distances from A and B to the cannon. For 
example, if die observer at A heard the sound three seconds before the 
observer at /?. then the cannon must have been about 33fHlft farther from B 
than from A, for sound travels ai about 1 ltil) ft/sce, Regarding A and B as 
foci, the cannon must lie on a hyperbola with foci A and B and 2a 330(1. 
Similarly, if the observer ai C heard the same firing two seconds before the 
observer at R the cannon was also on a hyperbola having B and C as foci, 
and where 2 a 2200. The cannon then must have been at the intersection 
of these two hyperbolas. 

The same principle used in locating the cannon iuxl described is 
currently used in 1.0 RAN (Lung-Range Navigation). This lime, radio 
waves, which travel at 18bdJOfl mi/sec, are used rather than sound waves 
traveling only E ION ft/sec, Consequently, time differences must be measured 
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very accurately, using sensitive equipment, in microseconds (millionth* of 
seconds). A master station at A transmits a signal pattern, and two Femote 
stations at B and C transmit the same pattern, but with a known time delay 
measured in microseconds. Equipment on board a ship measures the 
number of microseconds delay sn the signal patterns received from A and B. 
This locales the ship on a hyperbola with loci ai A and B, 'The delay in the 
signals received from A and, C provide another hyperbola, and the ship 
must lie on the intersection of these two hyperbolas. If all the equipment is 
in good order, a fisherman can determine his position using LOR AN within 
ahout 50 yards. 


SUMMARY I, Bodies fra tiding suhfvci onty to gravitational attraction of a single much 
larger body move in conic-section orbits, 

2. The reflective properties of conic sections (green m Theorem !2.4) moke 
them useful in optics and acoustics, 

3, The hyperfmta has important applications to ;i act gallon. 

EXERCISES 


t. Show that it the major axis of an ellipse h very 
large compared with the minor a sis, then the foci 
Of I lie ellipse are comparatively near I lie ■'ends." 

2. Show that the closest point on ars ellipse to & focus 
is the poinl nearest the focus err ltic end of the 
major axis, 

3. The apogee of HO earth suldlhc is its masimimL 
altitude above tire surface of the earth during orbit, 
and its perfgee is its minimum altitude during orbit 
Using Exercise 2 T argue thal for a satellite in 
elliptical earth orbit with major a sis of knglh 2a. 


we have 

2a (diameter of earth) t (apogee) + (perigee). 

4. Prove the reflecting property of ihc hyper hula. 

5+ Prove the reflecting property of the parabola. 

6, An ellipse and :s hyperbola are cyinforui if they 
have the same Foci. Using the reflecting pi’openies, 
give a synthetic proof thal cm ellipse is perpendicu¬ 
lar to a confocol hyperhiilu ai e?iL'h point of intersec¬ 
tion- [Hint. Show that the normals to the curves 
are perpendicular -il h point s>f Intersection,] 


12.5 PARAMETRIC Tn Section 3.4.2, we discussed parametric equations x = ft 11). y = ft(<h 
CURVES REVIEWED which ca in he viewed as giving the lo cation of a body on a curve at time t. In 
thin section, wc discuss sketching parametric curves, and then we review the 
formulas for the slope and arc length of such curves. We always assume that 
Ml) and ik(f) are continuous functions. In discussing the slope of the curve 
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and arc length. we attune further that h'fl} and exisi and arc 

continuous such a curve is ih smooth vtaw. 


12 . 5,1 Sketctiina Curves given parametrically can sonic limes be sketched by eliminating l lie 
and pararnetruin^ parameter j us obtain a I we hope, familiar) jqy-equation. 

Example t L et us sketch the plane curve given parametrically by 

x — cos t, y - sin f. 


son nnN Squaring am 1 adding these equal ions, you find lhal each point (x, y) of the 
curve lies on (he circle x~ 4 v = I shown in Fig, 12.37. You may view 
these parametric equations as picking up the taxis and wrapping it around 
and jj round this circle, with f - r) placed at (I, 0). '| 



12.37 



*■ 1 12.38 


Our next example shows that you have to be careful in sketching a 
Warning curve by eliminating the parameter to obtain an jr Y y-equation, The nature of 
i lie fund ions x = Jiff) and v = fcff) may have placed restrictions on x and y 
that are not apparent from the jr,y-equation, 

frAitni|]lc 2 Rliminjdion of f from the parametric equations 

X = sin |, y = sin r Y 


yields y .t. However. since - I v, sin r ^ l for all values of f, we see that 
the points of Ihe curve given by these parametric equations all lie on the 
segment of the line y .t joining l l, 1) and (l t 1). as shown in big, 12.3W. 
An object whose position ill ihe plane ai time t is given by these equations 
travels back and forth along thi^ line segment |! 

Sometimes a curve given by an equation in j; and y can be paramet¬ 
rised in terms of some quantity (parameter) arising naturally from the curve 
or from some physical consideration. Fur such a paramclrization to be 
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Example 3 

sonrnoN 


Example 4 
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accomplished, There must be a unique point on the curve corresponding to 
each value of I he parameter. The next two examples illustrate this idea. 

Lei s parametrize the parabola y - x~\ taking as parameter the slope m of 
the parabola al each point. 

At a point U y) on the parabola, the slope is given by tn = y' - 2x, so 
x tnf 2- Since v i’, we obtain the paramelrnation 

x ~ lm. 

y 

of the parabolae || 

Consider the plane curve traced by a point F on a circle of radius a as the 
circle rolls along the x-axis. Tins curve is eyefoid, We assume ihai the point 
F on the circle touches the x-iixis at the points 0 and ±2 mm as the circle 
rolls along, as shown in Fig. 12.3d, 

Let's parartieli i/e this cycloid in terms of the angle ft through which the 
circle has rolled, starting with ft - 0 when P is at (he origin, as shown in Fie 
12.39. 





We assume that fl is taken to be positive ns the circle rolls to the right. From 
Fig. 12.3'A you easily obtain 


x ~ aft - a sin ft, 
y = a - u cos a, 

as the desired parametric equations. || 

The cycloid discussed in Example 4 has some very fascinating physical 
properties. Let a point O he given in the fourth quadrant, and imagine a 
drop nf water placed at (0,0), which slides (without friction) along a curve 
horn I he origin (0,0) to Q, subject only to a force mg downward tine to 
gravity, as shown in Fig, 1,1,40, What shape should the curve have so (hat 
the drop slides from (0.0} to Q in the least possible time? (This is the 
hrachislQchnme prifbtem: the name comes from two Greek words meaning 
■shortest time ' ) Initially, you might ihink ihat the drop should slide along 
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the straight line segment foil ling i>) and 0, but after ;i I idle though! r it 
might seem reasonable thin ih-u curve should drop more steeply tut ftrsl, and 
allow (he ilmp to gain speed mure quickly, It can lx.' shown that the 
"smooth" curve (with no sharp corners) corresponding to the shortest lime 
is a portion nf :l single arc of an inverted cycloid 

x - ufl a sin ff, 

y - a cos 0 - a. 

gene ruled by a point P on a circle rolling on ihc under side of the .v-uxis. 
wilh P starting at the origin. The cycle id is thus the solution to the 
brachistochrone problem. 


+ i 12 40 



It can be shown that the inverted cycloid is also the solution of the, I 
tuulOchrOnv problem I meaning "same time" 1 ), for if ll drop oT water is placed j 
a I a point other than the low point on an arc of an inverted cycloid, the lime f 
required for it to slide to the low point of the arc is independent of the initial 1 
point where the drop is placed. 


12.5.2 Review of 
slope 


Now assume that jc ~ hit) and y = Mb both have continuous derivatives. 
Recall from our previous work that the slo^H' of (he parametric curve al a 
point corresponding to i\ is given by 


if dxfdl j 4 0 at l r , 


dy I _ dyfdt 
tfjc I, tlxfdi , 


HI 


Eiampk 5 Let us find the tangent and normal lines to the smooth curve x aw t, 
v ~ sin I at the point fs/5/2, l/2i corresponding to i } = w/6. 


soi imos, We have 


dy | dy/thl _ cos (tr/ft} _ v'3/2 _ 

dx[ „ ltl ' sin<Tr/6) -1/2 

file tangent line thus has x.y-equation y = — v3x + 2 a old the normal line 
has equation y = (l/vikv. \\ 
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E sample 7 
sm.imoM 


If dxidi Ls zero and dy/dt nonzero at t - [ lp then the curve has li 
vertical tangent at the corresponding point {x ti y,). It may happen that both 
dxidt and dyidt arc zero a I t ~ £, In that case n the slope is given by the 
limit of the quotient I L i as t — f, if ihe limit exists. 

If x = cos r and y = r. then 

dy _ dyidt _ —sin / 
dx dxfdt 2t 

Hie slope of I he curve when S ~ 11 is given by 

L -sin i . 1 tin i li 

Imn —-— = lim ~ --= —— j 

T’—47 2t ii -.n 2 t 

If Mil anti fct'O have derivatives of sufficiently high order, then it is a 
simple (bnl often lediousJ mailer id compute Ihe higher-order derivatives 
d~yfdx~, d’v/dx\ etc. I'or example, 

d'"y _ d(dy{dx) _ didyfdx} dt 
dx 7 dx dt dx 

d y hi f \ dxldy\ dy/d ; x\ 

dxfdt' tU = dt W ) ~ dfArigj 1 
dt dx (dxfdtV dxidt 

dx/d- y\ _ dy/d*jc\ 
dt ' dr 2 * dt a dr ^ 

rJi/iff? ' 

One does not memorize this result, but simply applies the chain rule as 
indicated in The first fine of its derivation when the result is needed. We 
illustrate with an example. 

Let us find ' : 'yfdx‘ the curve i cos f, v - sin r. 



We have 


Then 


dy 

dyidt 

cos t 

,/a 

dxidt 

-sin t 

d 7 y 

d(dyfdx) 

dt 

d%~ 

dt 

dx 


d( -col t) 

1 


dt 

dxidt 


esc £ t 

use 3 / 


dxidi 

■sin t 
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v = 



a i 


+■ i 




12.5.3 Review of 
art length 


Recall thEii if jc = k(f> and y - fcO) have continuous derivatives, then the 
arc length of the curve from 1 = 1, to f - is given by 


fidxjdtf' + (dyfdtY di. 


m 


and ds - v'{ dxtdi ) 2 3 +{dy/di ) 2 dt is the differential of arc JVwgfh- We may 
consider ds to he the length of a -short piece of tangent line segment to the 
curve, corresponding to a change dx in x , as shown, in Flip, 12,41, 

Ewiupk 8 ! el’s verify the formula (. = Zttu for the circumference i>l a circle whose 

radius is «. 

soiimnN We take as parametric equation for (he circle 

x = a cos r, y = a sin u for 0 ^ t ^ 2% r, 

Since dxfdt - -a sin t and dyldt - a cosi. we see from (2) thflt the length 
of the circle is 

C - ■ J{-a sin u + {a cos fj 1 dr 

Jch 

f±# j-2it 

fa~ 2 dt = a\ (1) dt = lira. \ 


SUMMARY l. A parametric curpe can ion?crimes he sketched by eUtmnaiing the parame¬ 
ter to obtain an x,y-equation, i?uf care must be taken to note any fez trie - 
dons on x and y imposed by the parametric equations. 

2, Jf x - fi{r) and y = fc(r t, then 


d y _ dy/dl 
dx dxfdt' 


3. The differential of arc length is ds - if {dxfdt? + [dyidl ) " dt and 
Art length = j ds = J \ f {dxfdt } 2 + idyfdtY dt. 
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Plane curves 


EXERCISES 


fit Exercises I through 12, sfcetdi die curve having the giuen parametric representation. 

E x - sin i. y = cos t for 0 sisir 2* x = 2 cos i„ y = 3 sin r for alt t 


tr tt 

3* x = tan L y= sec / for ~ < t <— 


4. x =* f \ y = t + 1 for all t 


5. x - r, y - f 1 for all r 
7. x = i - 3. y — t 2 + I for all t 
9* x - t - 1, y = In f for 0 < t < * 
11- x = t\ y = r -4* 1 for all / 


6. x = sin f. y cos 2i for 0 ^ f s 2 tt 

8, x - 3 cosh i, y = Zsinhf for all r 

10 . x = sin t, y = 1 + sin 2 i for all ( 

12, x = f. y — f' 1 for all f 


13, Parametrize the curve y - e* taking as parame- 17, A circular disk of radius a rolls along the x-axis. 


Find, parametric equations of the curve iraced by 
a point P on the disk a distance fj from the center 
of the disk, where 0 ^ b < a. Assume that the 
point P falls On the interval f(),al on the y-axis 
when She disk touches the origin, and take as 
parameter the angle through which the disk 
rolls from its position at the origin, (This curve is 
a trochoid. For b = a, we obtain the cycloid, 
while h ~ 0 yields the line y = a.) 


ter the slope m of the curve at {x, y). 


14. Parametrize the curve y = v'jc taking as parame¬ 
ter the slope s of Ehc normal to the curve at (x v L 


15. Parametrize the curve y v'x taking as parame¬ 
ter the distance d from (x, y) to (0,0). 


16- Can you parametrize the curve y — x by taking 
as parameter the distance from (xy) to (0,0)7 
Why? 


In Exercises IK through 22, find the slope of the curve, with the given parametric representation, at the point on the 
curve corresf^nding to the indicated value of the parameter. 

18, The cycloid x - aO a sin ft y = a a cos = wI4 


20, x - sinh r, y = cosh 21 where t = 0 


19 . * = f — 3c y - sin 2f where ( = 0 


21- x - e\ y - In (f + 1) where t = 0 

22- x - f - 3r + 3f ~ 5. y = 4(t — l) L where t ~ 1 

23. Find all points where the curve x oos It, y = sin f has a vertical tangent. 

in Exercises 24 through 26 , the parametric equations represent a curve which is the graph of a function in a 



25, x = sin 3t. y = e l where t = 0 


24. x = f, y = f - 2f- + 5 where t - ! 


26, x - In U + 3), y = cos 2l where t = ti 

In Exercises 27 through 29, find /fie length of the curve with the given parametric representation. 

27, x - f, y = t(2f + if" from t = l> to t = 4 28. x - U y = In (cos t) from t = 0 to t = ir/4 


29, x = o cof f, y — a sirf r from t — 0 to t jt, 1 - 


12.6 CURVATURE We are interested in I he rate at which a plane curve bends (or “curves") as 

we travel along the curve. We shall attempt to give a numerical measure of 
12.6.1 What is such a rate of turning at a point on the curve; this number will be the 
curvature? curvature of the curve at the point, T he more the curve bends at a point, the 
larger the curvature there will be. 
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Example 1 
Example 2 

Example 3 


A straight line does not bend at all We shall see that it is convenient to let 
the curvature of a straight line be zero at each point. || 

A circle “curves” at a uniform rate; we would like the curvature of a circle 
at one point to be the same as the curvature of the circle at every other 
point on the circle, and the same as the curvature at each point of any other 
circle of the same radius. This would allow us to speak of the curvature of a 
circle of radius a . \\ 

The smaller the radius of a circle, the more the circle ‘Turves” at each point. 
We would like the curvature of a small circle to be greater than the 
curvature of a circle of larger radius. || 

Let’s consider a smooth curve having a tangent line at each point. Let’s 
choose a point (x fh y n ) on our curve from which wc measure arc length s 
along the curve, so that (x 0 , y 0 ) corresponds to s = 0, as shown in Fig. 
12.42. Let <{> be the angle shown in the (igure, measured from the positive 
x-axis at (x, y) to the direction of increasing s along the tangent line. The 
rate at which the curve bends at (x, y) can be described in terms of Ihe rate 
at which the tangent line is turning as you travel along the curve at (x, y) and 
this in turn can be measured by the rate at which the angle d> is increasing at 
{x, y). We want our notion of curvature to he intrinsic to the curve set, and 
not dependent upon the rate at which you may be traveling along the curve. 
Thus it would not be appropriate to lei the curvature he the rate of change 
of per unit change in time as you travel along the curve. It is intuitively 
apparent that the notion of arc length is intrinsic to the curve set, and we let 
the curvature of the curve at a point be the rate of change of $ per unit 
change in arc length along the curve at that point. 



Definition 12.6 The curvature k of a curve at (x, y) is | drj>/ds\ where ^ the 
angle in Fig. 12.42 and s is arc length measured along the curve.* 


* Some tests define the curvature lo be the signed quantity buE we take a definition 

that specializes the notion of curvature for a space curve, which witl be introduced m Chapter 15. 
The interpretation of the sipn of d^/d.s’ is explained later in this section. 
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■Plane curves 


Example 4 Since the angle ^ along a straight line is a constant function of the are length 
s (see Fig, 12.43), wc have d<f>/ds = 0, and the curvature of a straight line at 
each point is 0* \\ 


v 




> A 


= 0 

—► v 12.44 


Example 5 Let’s measure arc length on the circle x 2 + y~ - a 2 in the counterclockwise 
direction, starting with s — 0 at (a, 0) as shown in Fig. 12.44. 

From this figure, you see that at a point (x, y) on the circle correspond¬ 
ing to a central angle of 8 and hence to an arc length s = you have 
$ - 8 + n(ir/2). (The value of n depends upon the quadrant of 8; for 8 in 
the first quadrant as in Fig. 12.44, you have n = !♦) Therefore 

IT 1 7T 

4> “ 8 + n— = - s + n- t 
Z a Z 

so 

1 

* = T" “ “ * 
as a 

Thus the curvature at any point of a circle of radius « is the reciprocal [fa of 
the radius, || 

The preceding example supports the following terminology. If a curve 
has curvature k & 0 at a point, then the radius of curvature of the curve at 
this point is p = 1/k. 


12.6,2 The formula Let a curve be the graph y = fix) for a twice-differentiable function /, and 
for the curvature let the direction of increasing arc length measured from y<>) he the 
of y = direction of increasing x , so that 


s 



Jl + fit)' dl 


(1) 
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For the angle tj> shown in Fig, 12.42 wc have 

tan<fr — f(x) 

at any point (x, y) on the graph. Thus in a neighborhood of (x, y), 

(fr - h + tan l f'(x) (2) 

where the constant b occurs since <f> may not fall in the principal-value range 
of the inverse tangent function. Since / is a twice-differentiable function of 
x, you see from (2) that $ is a differentiable function of x. From (l) you see 
that s is a differentiable function of x: in a neighborhood of a point where 
dsldx ^ 0 it can then be shown that x appears as a differentiable function 
of s. Under these conditions, then appears as a differentiable function of s, 
and by the chain rule. 


d4* _ d<fr dx 
ds dx ds ' 

From Eq. (2), 

d<f> I 

—— = ——— - f*(x\ 

dx 1 + (fix)) 1 1 v ' 

and from (1), 


(3) 


(4) 


Thus 


ds 

dx 


=Vl + (/’U)) 1 . 


dx _ _1_ 

ds /] 4- t/'(x)) 2 ’ 

and from Eqs. (3), (4)* and (5), 


(5) 


d<f> 


nx) 

ds 


[ 1 + (f M)T 2 


( 6 ) 


You can easily verify that dtft/ds > 0 where, when traveling along the curve 
in the direction of increasing s, the curve bends to the left Uj> is increasing), 
and dfbfds < 0 where the curve bends to the right is decreasing). 

rheflrem 12-5 The curvature of the graph of a twice-differentiable function f at a point (x . y) 
on the graph is gipevi by 


d± = 1 Hx) 
ds I[1 -i (f(x))T 2 


(7) 
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Example 6 

SOLUTION 


Example 7 


12.6.3 The curvature 
formula in 
parametric form 


(Geo/rtcf/fen/fy, difrfds is positive at a point if. when traveling along the curve 
in the direction of increasing s T the curve bends to the left T and dtftjds in 
negative if the curve bends ro the right) 

Let's find the curvature and radius of curvature of the parabola y = x 2 at 
the origin, taking as direction of increasing s the direction of increasing x> 

For fix) = x 2 \ we have 

2 

(1 4- 4x 2 ) m ' 
so 

I __ 

K 1(0.0) — *-■ 

The radius of curvature is p — 1/k = 1/2. i| 

Lei a curve have radius of curvature p at a point (x. vL Fhe osculating 
circle of the curve at (x, y) is the circle of radius p through (x h y) having the 
same tangent as the curve at U, y) and having center on the concave side of 
the curve. The center of this circle is the center of curvature of the curve ul 
(x, y). 

From Example 6, you see that the center of curvature of Ihe parabola 
y = x 1 at (0,0) is (0, 1/2), and the osculating circle has equation 

x 2 + (y - ^) 2 - J . 

This is illustrated in Fig. 12.45. || 


rw 

i + f r(x\fr 2 


y 



Let a curve be given parametrically by x = h(f), y = fc(f) where h and k 
are twice differentiable functions of L We have previously defined the arc 
length function 

,v(/)= |' Vfc'(u) 2 + fc'(u) 2 du. (8) 
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Theorem 12.6 


Example 8 


SOLUTION 


if ds/dt ¥= 0, then it can he shown that t appears as a differentiable function 
of s with 


(is y/wm* + (k'(0) 2 ' 

For the angle d> shown in Fig. ! 2,42 you obtain 

k r it) 

<t> = b + tan -1 )iV( - (10) 

as analogue of Eq. (2), so that <f> is a differentiable function of L Under these 
conditions. 

dd> d<f* d f 
ds dt ds 


1 - fc'(»fi"(n 1 

i + (fc'ftVWO) 1 ’ (ft'tf ’ JWW^WW 
h f m ,r u) - k'uwv) 

+ (fc'tofi* 1 ■ 


uo 


Formula (II) looks less cumbersome if we let 


x - — = Ji'(r) and y = — = fc'(f), 
dt dt 

and denote second derivatives with respect to ( by x and y. You then ob^ 
tain Formula (12) given in ihc following theorem. 

Let h and k he twice-dijJerentHihle functions. The curvature of the parametric 
curve x = h(t) t y = k(t) is giueri at a point corresponding to a value t by 


d<f> | 


-5?-. 

I 

* 

ds 


|(i- + y 2 ) v ’ 


( 12 ) 


Let's find the curvature of the ellipse .it = 3 cos t, y = 4 sin t at Ihe point 
(3.0) corresponding to t = 0, taking the direction of increasing s counter¬ 
clockwise lo coincide with ihe direction of increasing i . 

From H2), you obtain 

xy - yx 

K ~ (x 2 + y 2 f f2 

12 mTt - (—12 co$ 3 r)| 

(9sin 2 ! + 16cos 2 rjH' 





























436 


Plane curves 


Fur ( M corresponding to the poini t'J.tl * 1 ). y°ii obtain 


16 V2 64 16 ‘ 




U + {dyidxf? fl 

3, If nc = Mt) unci y = kUh Jften 

icy - yx 

K “ fcFTfpr 

where it -- dxfdL x ■ ti 'xfdr 1 . ami y tint/ y art r sirrirJaWy defined, 

4„ The radius of curvature p as a point ?v equal to 1 /«. 

5. The meidtErfog circle to u curve til tt twins in she circle with center am fJit* 

i tmeave side of she curve, radius p = 1/n. c<m^ ttmgcrtf to fJn 1 i‘Er^ , d i e- 


EXERCISES 


ia Exercises 1 (brough IU, find the curoatare « at (fie indicated point nf tin r <wvc having ihc ^iwn v.* -cquanau nr 
parametric erjHafmn*- 


I» y sin Jt at I tt/2. I) 


2. k\ I at < I, 1 1 


J* y = In * liI 11,S» 


4, x'v + 2xv' = 3 al( l. 1) 


x " y ’ f Hinf, The hvperholu tlelircs 



s as a function of y 
near (4, 6).] 


6( x = 4 sin t. y = 5 tans, f where / = 0 


7. The cycloid .t = ul0 sin 0}, y 


at 1 cos i where 0 = tt 


IS. A t-\ V i! ' Where J =' I 


^ x= ‘M - V at (X -41 


HI, x rah l, v sinh ( 
where t 0 


It. Give rate of change »i , ^utnen^ that it&Ufo al a iti the right, 

point of a curve is pqstrtoc it the curve hortd-s in 

the left as you travel in the direction of increasing 12. Discus', the curvature at the origin of the graphs 
s at the point, and is negariue if the curve hcruto of the monomial functions, ai" for integers tt > 1. 
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13. What is this curvature i>F the i^aph oF a twice 
differentiable Function sU nn indcclioil point on 
the graph? 

14. The osculating circle to n given curve at a point 
(x. v) has the same tangent line a net the same 
radium of curvature a* the given curve at Cjc. vb 

a'i Show (hat the given Curve and the circle have 
the same curvature k at {je, y). 

hi Argue from (a| lhat if bolh the given curve 
und (he circle are graphs of functions in a 
neighborhood of ii. yi, (hen these two func¬ 
tions have the same first derivatives and Ihe 
same second derivatives for this value a. 

15+ Prove I h ;11 the only twiee-tlifTcrcn liable functions; 
whose graphs have curvature zero at each point 
tin- I hose |nm: l khi having straight lines US. graph*, 

16. Find the equation e>F the Osculating circle to the 
curve y In a a( (1,0), 

17. Find the equation of the osculating circle to the 

hyperbola (a'/ 4) - 1y f9) = 1 :■ t the point 

(- 2 . 0 ). 


1H. Let (he graph v =■ / 1jc) of u twice -dilferenliable 
function f have nonzero curvature at a point 
lx, y). Show that ihe coordinate^, io+ 0) of ihe 
center of curvature of the graph at (x+y) are given 
by 


a = i — v 


,i > i.y') J 


= y + 


t + (y') 7 


The locus of centers of funxitarc t>f a giutw; cunv? is dee 
Cixilu/t of the HrurLV Ifir gjupji rurnf e, rat fmwlalf of 
this focus of centers of curtwluw. I While a curtv ha\ 
Onfv twu 1 evokitt* a ,single locus may have many inco- 
/ufeS. J.c.. ii muy /*e (fit 1 iftvjfute of iimny curies, as 
Htusiruted hv the next exercise, i 


|9. nt What i& the evolute oF a drde? 

b| What arc the involutes of a point! 

20+ hind parametric equations for ihe evoluic of (he 
parabola v x [ Hini. Use the formulas given in 
Exercise IH. 1 


exercise sets for chapter 12 


review exercise set 12.1 

f If von did Section 5 Z. 1 hid ripf Sections 12.2, 12.3, and 
1.1+ Sketch the curve x~ 4v J = lb. 

13- Sketch the curve 3a' + y ' I 2a t 4y -4.| 

1+ Find the equation of the conic section with locus 
13,2), directrix x = l, and eccentricity 2. 

2, lurid the foci and directrices of (he conic section 
with equal ion 2 jt + 4a +- y 2y h I - It, iintl 
sketch the curve. 

3, Classify Ihe curve as a [.possibly imaginary or 
degenerate) ellipse, hyperbola. or parabola, 

a) a' 3,iy + 2v‘ 3 a + 4y = 7 

b) A' 3 + 2 XV + y ' — 2A 4- 4y 11 
c‘) x " i 3a y F 3 it Hx + by = 0 

4, Sketch ihe curve described parametrically by a 
l 3 . y l 7 1. 


12.4. replace Problems 1, 2, and 3 hy these. 

1.2. Sketch the curve a + 4y - Hy 12. 

5 + Find dy/dx and d'yidx' at r = I if a = r. y = 
ri - 2i, 

6+ Paramairizt (he curve v = vtaking as. parame¬ 
ter die y-coordinate Is at each point on the curve. 

7+ Express ns an integral lhe lenglh of ihe curve 
x = sin r, y = r — 1 From I = 0 to ( = 3. 

H. Find l he curvature of the parabola y a'' at the 
poini 12, 4), 

9. Find the curvature of the curve a sin 2i, y 
cos 3t at the poini i = ir/6. 

Ii). Find ihe equal ion of the osculating circle to the 
curve v = cost at the point t<>. 1). 
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review exercise set 12,2 


[Jf you did Section 12,1 four not Sr.tiinn.<i t2.2, 12,3. tmd 12,4. fe.plm.e Problems I, 2 h and 3 hy (hew. 

1.1. Sketch the curve x [tlx + 4-y 3 1,2, Sketch the curve 2x" — y 1 _ 4x + by = 1, 

1.3* Sketch the curve 4x' -t y * + 3y = 


L. Kind the equation of die conic section with focus 
f-l. t). directrix y = 2. and eccentricity J. 

2. Find the foci, directrices, and asymptote of the 
hyperbola 4x 2 - Ibx — y" - 2y = - [ 1. and 
sketch the curve. 

3. Rolale uses, complete squares, and then slccl-ch 
the curve r' 2ry + v" + ^2* 3v2v - 4. 

4. Sketch the curve described parametrically by x = 

1 4 3 si El £, y = 2 - COS L 

5- Find dy/dx and tFyldx' at 1 tt/ 3 if jr = 
sin /„ y cos 2(, 

more challenging exorcises 12 


1, Consider ellipses tif I he Form, ix'/a') - 1• I y'(b') = 

S. where a is held constant and f' approadtes «. 
a) Vk'hat docs the linulim* locus of such ellipses 

approach as b approaches u? 
h) Whai js ihe limiting position of lhe foci as b 
approaches ci? 

c'i What is ihe limiting position of the directrices 
as h approaches a't 

dt Whal is the limiting value of Lite eccentricity? 

2. Answer Exercise I if a -■*> ^ while ft is held 
constant. rather than h -+ #, 

Answer Exercise 1 for die hyperbolas (x’/tt i - 
ly'ib'i ~ l if n is held constant and b 


■ft. Paramatrize the curve y t taking as 
Parameter the slope m of the curve at each point, 
7, Find die point tx,„ y..^ on lhe curve x t, y - 
it"' such that the distance from the origin lo 
fx„, Vi.1 measured along the curve is 42. 

K. Hud the curvature of the curve y sin x al the 
point where x = w/4, 

Hud the curvature of the curve x = r.y = 
l' + 2t al the point where ( = 1. 

1 It, rind [he equation of the osculating circle to the 
curve x 2 cost, y = 3 sin f ul the point f = 
* 12 - 


4. Answer Exercise l for the hyperbolas (x 2 /a J ) - 
(y J > = 1 if it Ls heEd constant and a —• 

5. Answer Exercise I for the hyperbolas firVa i 

= I if a is held constant and b —* 0. 

6. Answer Exercise 1 for ihe hyperbolas, (x^'a - 

ly'Vh'V = t if b i^ held constant and a —• 0. 

7. Let f be a twice d liferent table function. Show that 
|kUh| ^ \F(x)l where *(x) is the curvature of the 
graph at tx, f(x)\ 

I .cl /(*) 3 4x4 (x/21 : 4 - - - 4 (x/rtV 1 + Find 

the curvature of the graph where x II. 

9* Find the length of arc of the curve x = 
|J cus l L y u siii J ( for 0 i i 2 tt/3. 











polar 

coordinates 


















440 


Polar coordinates 


13.1 THE POLAR 
COORDINATE SYSTEM 

13.1,1 Polar 
coordinates 


We have used cartesian jl,y- coordinates so tar for rill our work in the plane. 
Let's look at a different coordinate system, and its relation to x,v- 
Coordinates. Choose any point O in the Euclidean plant as the pole for our 
coordinate system, and any half-tine emanating from O as the polar axis. It 
is conventional in sketching to lei the polar axis be a horizontal half-line, 
extending to the right, as shown in Fig. 13.1. We choose a scale on the polar 
axis, as indicated in ihc figure. 



Let P be any point of the plane, and rotate the polar axis through an 
angle 0 so that (he rotated axis passes through the point P, ns indicated in 
Fig. 13.1. (We let positive values of ff correspond to counterclockwise 
rotation). The point F falls at a number r on the scale of the rotated axis, 
and the ordered pair tr. 0) of numbers constitutes |inEar coord males for the 
point P. 

In a cartesian coordinate system, each point or the plane corresponds to 
a unique ordered pair fx, y) of numbers. A disadvantage of a polar coordi¬ 
nate system is that each point has an infinite number or polar coordinate 
pairs. As indicated in Fig. 13.2, if a point P has polar coordinates (/. &) it 
also has polar coordinates (r, fl 4 2n*r) for each integer n, Figure 13.3 shows 
that the same point F also has polar coordinates (—r, 0 + tt + Zmr) for all 
integers tt. All polar coordinates of a point fr, tf) different from O are of the 
form 


fr, 9 + 2uir) or (—r, 8 + tt + 2nir). 


Note that the pole O has coordinates (0, flt for every re Ed number 0, 


13.1 THE POLAR 
COORDINATE SYSTEM 

13.1.1 Polar 
coordinates 



I jet's simultaneously consider a cartesian and a polar coordinate system 
for the plane, ft is conventional to tel the pole be at the Euclidean origin 
{(Mb with the polar axis faffing on the positive x-axis. (We shall always 
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V 



follow this convention.} From Fig. 13,4. you sec that ihc cartesian *.y- 
coordimwes can He expressed in terms <ji polar r,tl-a>ordinates by (he 
equations 


i r cos ft 
y = r sin ft 


U) 


It also follows at once from the figure that 


r 1 = x 2 + v 2 , 
9 = tan 1 -, 


( 2 ) 


provided that you can seleel 6 such that -tt/2 < < j r/2. Equations (1) and 

(2) arc useful in changing from one coordinate system to the other. 

Example 1 From Eqs, (I), you find that The point with polar coordinates (r„ ft 1 ) 
(2 h 7 t/ 3> has cartesian coordinates 

(jc, y) = |2cos — . 2 sin —J = U, V5). 

From Eqs. (2), the point with cartesian coordinates (a. y) = (—v'3,.11 
has polar coordinates (r, 0) such that 

r 2 = ** + y 2 - 4 


and 



Since !) lies in the second cartesian quadrant, you easily see that 

f = -2, and the point has polar coordinates £>, fl) = £ 2 t Of course. 

Ehc point also has polar coordinates 


IT \ 


/ 5 tt \ 

2, ■ — + 2nrr 1 
ft f 

and 

r , T + ' 2 **) 


for all integers n. This also mav be seen graphically, as shown in Fig. 
13,5, | 


,v 
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Polar cdordmates 


to such a coordinate system for the plane. among the hrsl Hi huts you 
examine are the level couniindic curves of the system, obtained by putting 
the coordinate variables equal to constants. In a cartesian sysle.ni. a level 
curve is either a vertical line x = c or a horizontal line y - fc. In a polar 
coordinate system, a level curve is either a locus r ~ a, which is a circle 
about I he pole of radius a, or a locus 9 = (L which is a line through the 
pole, as indicated in Fig. 13.6. This suggests that polar coordinates might be 
useful in handling circles and lines through the origin. 



13.6 


The Rqs, (I > and (2) can be used to express a cartesian characterization 
of a curve in polar form, and vice versa. For example, you see immediately 
from Eqs. I 1 1 that the vertical line \ = c has polar equation t cos U - t, or 
r = c sec ft 


Esjuuplc i Let's sketch <hc polar curve 


r - a sin 0 



by changing it to cartesian form. 

solution if rs*£). our equation is equivalent So r = ur sin ft Since r ~= 0 if ft - 0 in 
our original equation, we see that our new equation actually gives exactly 
the Original locus. By Eqs* (U and (2), the equation r = arsing has 
cartesian form 


+ y " 1 = uy. 


or 




We see ihat the locus is the circle with center at (he point U. y) 
and radius al'2. as shown in Fig. 13.7, |; 


(0, a/2) 


Let's hnd the polar coordinate equation of the ellipse with r,y-equation 

x 7 + 3v 2 - 10. 

We use Eqs. (1 h anti obtain 


r’ctrsfl + 3(r~simftl 10, r £ (co6 z # +3sirrtfJ = 10, 
r’( t +2 sin ? fl) = 10. 


solution 
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*13,1.2 Conic 
sections in 
pol£r coordinates 


Kxumple 4 


13.1 The polar coord matt? system 


Thus 


I + 2 sin 1 0 

Wc describe equations i if Ihe conic sections m polar coordinates I .cl ;i conic 
section of eccentricity e have focus M the pole O and have the line v - >j 
as directrix, ax shown in Fig. 13.8. Using the notation of that figure, we have 


fp = earn. 


Now 


FP = r and f>F - q + \FP\ cm - q + r cos 0. 

Thus the polar equation of our conic section is 

r etq + r cos. 
or 


[ - v cos & 


P) 


From hq. {3), you sec that every equation of the form 


I — e tm fl 

where <■ > I) and e > 0, has as locus h conic section of eccentricity c and 
focus at ihe pole, for if you let if = eje, you obtain Rq, (3). 



The equation 


4 

l — cox 6 


Omit tins m.-aiiusi it yuu tiki nol Htiuly SectMjn 12 2 
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bus Eis- locus a parabola with Focus at Q and directrix at jc = -4. 

The equation 

__4^_ 2*2 

1—2 cos f? 1-2 cos i) 

has as locus a hyperbola with a focus at O and corresponding directrix 

i = ~2. |! 


SUMMARY 1. A point with the poiar coordinates t r. ^J uho lias as frtikf tuordbiuk-.v 
£/. # +■ 2 n-tf ii and £-r, ft + * + 2htt) for every mtegcr n 

2. The equation*? for changing from x,y -coordinates to p Hihr r,tf-coordinates 
and nice versa are 

x = r cos fi, r 3 = r* + y\ 


y = f sin 0, 
3. The pofar equahon 


0 “ tan 1 


y 

JE 


f = - f 0 J- <P > Q, £ > {( 

I — e cos fl 

ftflJ as locus a conic section of eccentricity e and focus at the pole. Tfw 
directrix is (he line x - -q, where q = r/r. 


EXERCISES 


In Hxen'ises I tfumigJi 8, find the eartejien owdinates of rite pwiftl* wflh the j-tL't-'n j>okr Lirurdinaiex, 


2. ((1,5*11/7) 3. (6, -iff!) 4. (3,5 ir/fi) 

6. (-1.2tt/3> 7. (-4,3it) 8. {- 1 , ll*/4) 

12, fEridi all jw>fujr coprdiftaJes of the pointe wirh the preen eorfesiarr coordinates. 

10. i-US} 11. (-2,-3) 12. (SI. —5) 

16. Find the (Hilar equation of the parabola \ ' Ki. 


1. (4, it/41 
5 + (-2.V/4) 
ft r Exercises 9 fhrwHg.Fi 
<J* (2.2) 

13. Show (hat the distance d in the plane between 
points having p^shsr coordinates (fi.w,) urn! 
( f 3r 0 3 ) is 

\f7^ 2r,T 7 cos (tf, #-3 ■+ r r ". 

[JfijK. Use the distance formula in cartesian form 
and tiqs. (1).] 

14. Find the polar equation of I he circle with 
If, (?) • (3 r 7r/4> as center and radius 5. 

15. Find the polar equation of Ihe line with ad¬ 
equation lx + 3y = 5. 


17+ Find the s.y-cquasion of the curve with polar 
equation r = 2u cos U, 

*IM, Kind Ihe polar coordinate equal ion t>F the 
parabola with foew at the pole and directrix 

x ■ —3. 

V I9. Find the eccentricity and directrix of the conic 
section with polar equal inn 

- 5 
2 — 3 uns tt 
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"20. Find the length of (he major axis of the ellipse 
with polar equation 


r 


1 — — cos, f? 


K 21. Find the length of the minor BXB of I he ellipse in 
Exercise 213. 


13.2 SKETCHING 
CURVES IN POLAR 
COORDINATES 

1111 Sketching 
Curves 


We furn now to the problem of sketching a curve given in polar form 
without changing hack to cartesian form. We limit ourselves to simple polar 
equations of the form r - /(0). where ftfl) usually involves just a sine or 
cosine function to the first power, You would like to plot points correspond¬ 
ing to local maximum or local minimum values of r. to find where (he curve 
is nearest to or farthest From the origin. 1 he technique is best illustrated by 
examples. 


Example I let's sketch the cardioid 


t = fl(l + COS 0). 


soinmoN Since it appears in the equation only in “cos ft'\ we plot points (rfi) 
“every 90V’ starting with § = 0. We mark in the li 90° lines" with dashes in 
big, 13.9. Of course, our curve r = a(1 4 cos rt) repeats itself after 0 runs 
through 2ir radians. 

We find that for 0 — 0, we have r = a(l 4 cos ft) - 2a; we mark this 
point on the polar axis, As 0 increases to it/2, cos 0 decreases from I to II 
and r decreases from 2a to n. T”his enables us to sketch the tinst-quadrant 
portion of our curve, as shown in Fig. 1 3.9. To establish the actual shape of 
the curve in the first quadrant, you could plot (r, 0) for a few more values of 
0, say 0 ~ ir/ft, ir/4. and tt(3. We shall not bother So plot these points, buE 
will content ourselves whh rough sketches. Note that r ^ 0 for all 0 since 
cos 0 =* -1. Thus we may always measure r along our positive rotated polar 
axis. 



Cardkml r = rn I -+ ctm in 
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As ft increases from nil to 77, we sec that cns ft decreases from 0 to — I, 
SO t decreases from a to (I; this enables us to sketch the second-quadrant 
portion of the curve. In a similar fashion, we see that r increases from (1 to a 
through the third quadrant, and from a to la through the fourth quadrant. 
The origin of the name cardioid for (his curve is dear from the shape of the 
curve. The arrows in Fig. 13.9 indicate the direction of increasing ft along 
the curve* || 

Fvample 2 Let s sketch the fmtr-ttraved rose 



t a sin 28, 


-►, 13,10 


I'lXUr-tea Vest ri'so: t ^iii 2ft 


SonrnoN We are interested in plotting points where r assumes maximum and 
minimum values, or becomes zero; this occurs every 9tT for 2fl. or every 45 11 
for ft, Thus we plot the curve “every 45V’ and start by marking the dashed 
rk 4y tinea” in Fig. 13,10. 

As 0 increases from 0 to ir/4. wc sec that r increases from 0 to a ; this 
gives the arc of the curve we have numbered I in Fig. 13JO. As 0 increases 
from jr/4 in rr/2. r decreases from u to (L giving the ure numbered 2. 

Now as 8 increases from tt/ 2 to 3 77 / 4 , we see Ihat r runs through the 
negflfrw values from 0 to and our curve therefore lies in the iL di agon ally 
opposite wedge 1- and forms the arc numbered 3 in our figure. You ean check 
that as 8 continues to increase up to 2 tt, you obtain in succession the arcs 
numbered 4 through 8 for each 45° increment in ft, The arrows on the ares 
indicate the direction of increasing ft. ,| 

Example 3 The curve with polar equation 

7 =8 

is a double spiral. This time the curve does nor repeat afier ft runs through 
2 tt radians, for r increases without bound us ft increases. The double spiral 
is shown in Fig. 13.1 l. Again, the arrows indicate the direction of increasing 

e. || 

h&nmple 4 The curve 


r - g0 4 2 cos ft) 
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is sketched in Tig. 13,12. Note that r = Cl when cos ft - -1/2, or when 
ft = 2W3 and ft — 4W3. At these values of ft, r changes sign from positive 
to negative and from negative to positive respectively; our curve goes 
through the pole O tangent to the rays ft = 2 it/ 3 and ft = 4ir/3. 



13.2.2 Intersections The problem of finding intersections of curves in polar coordinates is more 
of curves in polar complicated than in cartesian coordinates, since a poinl may have many 
coordinates polar coordinates. For example, ihe point with cartesian coordinates (je, y) = 
(0,-1) lies on the polar curve r - 3 + 2 sin ft, for the polar coordinate pair 
(l,3ir/2) satisfies this equation. This same point also lies on the- polar curve 
r = cos 2ft, since the polar pair {— 1, tt/2 ) satisfies this equation. Note fhElt 
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I *3TH pie 5 


solution 


the polar coordinate pair ( 3. ir/2) docs not satisfy the first equation 
r = 3 + 2 sin 0. Thus if we simply solve r } + 2 sin 0 and r - cos 20 
simultaneously for r anti 0. we would ‘’miss,” this point of intersection. We 
ill us (rale how one should find the point of intersection of these curves in the 
following example. 

Lei’s find all points of intersection of 


r - 3 + 2 sin (t and r = cos 2ft. 

First, we check whether the pole (7 lies on doth curves. Now 3 t- 2 sin ft is 
never zero, since l r5 sin 8 v t, so the pole docs not lie on even the first 
curve, 

We now try to find qoord in tiles (r. 0) which satisfy the first equation 
while coordinates (r, () + 2ntr) or ( r, (H nr 4 2 hit) satisfy the second 
equation; that is, we find solutions of either 

3 + 2 sin 0 = cos 2{0 + 2mr) 0) 

Or 

3 + 2 sin 0 - -cos 2(0 + w + Zjnr). (2) 


From Eq. (0, we obtain 


This yields 


3 + 2 sin fl cos (20 + 4inr) 

= oos 28 — I 2 sin 7 8. 

sin 7 8 + sin 0+1=0, 


or. solving by the quadratic formula. 


sin 8 


-t ± V] -4 

7 


which has no real solutions. 

Turning |p Eq. (2), we obtain 


3 + 2 sin 0 = —cos (20 + 2ir + 4mrr J - cos 20 
— 2 sin J 8 - I, 


which yields 


sin 3 B - sin 8 ™ 2 ~ 0 
















or 

(sin fi - 2)(sin 0 4 1) — 0. 

Since sin 0 2 is impossible, we Lire left with sin 0 * 1 or 6 = 3W2. Thus 

the point (1,3ir/2) is the only point of intersection of the curves, which are 
sketched in Fig. 13,13. | 


SUMMARY E. Wltcn piatting a polar curve r = f(&), plot those points where r assumes 
relative maximum or minimum tfeilues, or becomes zero. For example, 
r - A cos should he plotted in increments of 3Q a in 0. starting wirh 
0 = 0 * 

2. To (md points of intersection of [wo polar curves. Hud lrfl) saJiA-fying the 
fir.sf equation for which tome points (>, fi + 2nw) or (— r. fi + it 4 2mr) 
saiisfx the second equation. Check separately to see if the origin lies on 
both curvesi 0iaf is. if r can he zero. 


EXEflCtSES 


JVi Exercise; I through M. sketch (he euriv liaoing file giiMH polar equation. 


1. r - uii (Spiral of Archimedes) 

2. rtt a C Hyperbolic spiral 1 

3 . r = a sin (ThiCC-tcftVccI rnvcl 

4. r la cos lii S. r = 2a sin 0 

6, r' = a“ cos 2 6 (Lcmriiseaie of Bernoulli! 

7. r' = a' ■Hin 2fi H. r = a{l — cos Hi 


9 . r = ye" I Logarithmic spirat) 

10. r = 3 am 0 11. r - 1 + 2 sin 9 

12, r = 1 4 2 cos ft 13. r = 2 + 3 cm w 


14, r 


0 

a sin - 


15, r = y^1 + cos , 7 j| 


16, Find at] points of interseakui of the polar curves 
r = a sin $ and r - a cos H. 
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17. Find all points of intersect ion of the polar curves 18. Find :i|] points of intcrscclion of ihe polar curves 
r = a and r = 2a sin 26. r — a cos 26 and r = a(1 + cos #). 


13.3 AREA IN POLAR 
COORDINATES 


Let's attempt to find the area A of a region hounded by a polar curve 
r — f{$), where / is a continuous function, and hy two rays 0 S ] and 
= 0 2 , as shown in Fig, 13.14* 



fitt) 


-> \ 


13.14 


From Fig, 13.14, we see that the area of the dark-shaded wedge 
corresponding to the interval [fl, 0 + d() | is greater than the area of a sector 
of a circle having central angle dB and radius r min which is the minimum 
value of f{0) over the interval [0, 0 4 dB}. On the other hand, this area is 
less than the area of a sector of a circle having central angle d0 and radius 
fnmx- Since the area of a sector with central angle d$ and radius a is 


dO 

2tt 


TTt! 


\_ 

2 


a 2 dO, 


you see that you obtain from Fig. 13.14 


K^min)" do ^ area of the dark wedge ^ ^(r^V 1 dd. 

Since r = f(0) h a continuous function, the theory of the integral shows that 
the area A of the whole shaded region in Fig, 13.14 is 


A = 



r 


2(f(8)) 2 d0. 


(1) 


Fxuntpk' l Let's find the total area of the regions bounded by the lemniscate r = a ? 
cos 2 0 shown in Fig. 13,15. 
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solution By symmetry, wc may find the area of the lirst-quad rant portion of our 
region, and multiply by four. We thus obtain from (!) 


r 


tt/-I : 

-r 2 dO 

J 


r cos 20 dB = 2a~ 

I ir/4 


cos 29 do 


,r ! » 

" 4 Jo 2 a 

= 2a 1 - sin 2fll = a'(sin - a 1 (sin 0) = a' 
2 -Ip ' 2/ 


as our desired area. 


Example 2 Let's find the area of the region that is inside the cardioid r - a(l + cos tf) 
but outside the circle r = a, shown shaded in Fig. 13J6. 



A rtisu’s li^uru 



X 13.16 


solution We may double the area of the first-quadrant portion of our region. The 
area of the dark partial wedge of central angle d6 shown in big. 13*16 is 
approximately 


dO - K^n,J 2 d&. 


and you obtain 
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2 - - [ [a 2 ( l + cos 0)" - a J jdfii = f (a 2 + 2a 2 cos 9 + a " eos J tf - a 2 ) do 

2J (J 

7 J 2 / . A 9 sin 20\l Tr/3 

= a J (2 cos 0 F cos 0} dd = a sin 0 + - + — —— J | 


= a-{l + _ a"(0) = la 2 + 


TUI 


as the desired area. 


SUMMARY L To find the area of a region hounded by polar curves: 
step 1. Draw a figure. 

step 2. Draw polar rays corresponding to a small increment dO in 9. 

step 3. Write down the area of the resulting wedge, A wedge wdfi vertex at 
the origin , small central angle dd, and going oaf to r - f{0) has 
approximate area dA = lr ? dB = [fiOY dO. 

step 4. Integrate between the appropriate finite* 


EXERCISES 


1. Use integration in polar coordinates to find the 
area of a circle of radius a. 

2. Find the area of the total region enclosed by the 
cardioid r = a( I + sin 0). 

3. Find the area of the total region enclosed by the 
polar curve r" = a 2 sin 26. 

4. Find the area of ihe region enclosed by one leaf of 
the four-leaved rose r - a cos 20. 


5* Find the total area of the regions inside the four- 
leaved lose r 2a cos 26 hut outside the circle 
r = a. 

6, Find ihe area of the region hounded hy the portion 
of the hyperbolic spiral rff I where ir/2 ^ 6 it 
and by the rays 0 = ir/2 and 8 = tt. 

7. Find the area of the region in common to the 
circles r = 2a cos 8 and r = 2a sin 8 r 


13.4 THE ANGLER 
AND ARC LENGTH 

13*4,1 The angle tfi 
from the radius 
to the tangent 


We would like to find the direction of the tangent fine to a smooth curve. 
From Fig, 13.17, we see that if we can find the angle i/r from the radius 
vector to the tangent, then we can Hind the angle rf> that the tangent makes 
with the x-axis, for by plane geometry* 

$ = 9 F i0l (t) 

We shall show 1 that if r = /(0), where / is a differentiable function, then 


tan — 


r 

drjdO 


f(e) 

rm 
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if /'(ftMO. Figure I 3.1H indicates how formula (2) can he remembered At a 
point (r t 8) on the curve, take a small change in r as 8 is held constant, and 
then a small change in 8 as r is held constant; this gives the shaded 
'‘differential right triangle” with hypotenuse along the tangent to the curve, 
(Actually, one leg of this "triangle” is a circular arc.) For small dft the legs 
of the “right triangle” are approximately of lengths dr and ridO], which at 
once suggesls that 


tan i|f = 


rid8) 

dr 


r 

dr/dO ' 


For a careful derivation of Eq, (2), note from Eq, (1) that 


tan i(j — tan (tp - 8) — 


tan - tan 8 
1 + tan tan 6 


Now tan 4* = dyfdx y and from the parametric equations 


x r cos 6 = f{0) cos 6, y = r sin 8 = fid) sin ft 


you obtain 


tan 4* ~ 


dy 

dx 


dyjd8 r cos 0 + ( dr}d8) sin 0 
dx}d8 -r sin 8 4- {drjdO) cos 8 


(- 1 ) 


(4) 


Substituting in (3) the value for tan <f> found in (4), and putting tan 8 = 
(sin tf)/(cos ff), you obtain a compound quotient which you can easily show 
yields 

_ r eos"fl + [drjdd) sin 0 cos 0 + r sin"# — (dr/dfl)sin 8 cos 8 
-r sin 0 cos 8 + (drfdO) eos"fl + r sin 8 cos 8 + (drjd&)$m 2 8 


r 

~ drfdB 

Example I Let's find the acute angle (3 ihat the cardtoid r = a(l + cos 0) makes with 
the y-axis at the point (r, = (a, ir/2). 
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solution" From Fig, 13.19, we see that we can reduce our problem to finding the angle 
iff, for the angle 0 shown in the figure is then given by 0 = tt - (ft 
We have 


tan 0 = 


dridO 


flU + cos 


ft irj j. 


—a sin B 


tt/2 


Thus ij^ — 3tr/4, and 0 — -n — 3 , ir/4 = tt/4. 



-a 


,v 



From Fig. 13.20, you see that the angle 0 between curves r = fd$) and 
r = fi (0) can be computed by finding 


tan 0 = tan — <J>,) = 


tan i/lf 2 — tan tJb 
1 + tan tan 



13.20 



= fun 


mately ridft) 




13.21 


13.4.2 Arc length in In Fig. 13.21, we shade again the “differential right triangle" shown in Fig. 
polar coordinates 13.18. From this triangle, you obtain the estimate 


d$ = \/Jdr} 2 4- (rdfl)” = JidrfdB) 2 + r d9 


(5) 
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for the length of the tangent line segment to the curve. To find arc length, 
you may add lengths of tangent line segments, and from (5), you expect the 
arc length of a smooth polar curve r = /{</) from to (r 2 t ^ 2 ) 1° he 

given by 


f 'Jidrld&j 1 -4* r dO r 


(h) 


For a careful derivation of (6), simply note that the polar curve r = f(fl) 
is defined parametrically by 

x = r cos 0 = f(&) cos 0, 
y - r sin 0 = f(B) sin 9, 

and use the parametric formula 


Wc have 


ds = v (dxfdOj 1 + (dyidd) 2 dO. 


r " -/Wsinfl + f{0)cos 0, 
dB 

— = /{(?) cos 0 + f'(fl) sin 0, 
dO 


and you obtain, 

ds = JidxfdO ) 2 + (dyfdBY 


s (sin 2 fl + cosfl) + {f{t))y ishrO + cos 0) dO 

— dO IaA^) 

= vr 2 + (dVfdW do. 

Example 2 Let’s find the length of the spiral r = 0 shown in Fig. 13 J I from 0 tl to 
0 = 2 7T. 

solution The arc length is given by the integral 

pvV- + (drum 2 dO = [ 'JO 2 + T dO 

J(k 

- Vi + 9 2 + |ln (0 4- y/i + 0 2 )j 
= ttV1 +~4-tt 2 + ~ In (2 tt + yf 1 + 4it '). II 

Example 3 Let’s find the area of the surface generated when the eardioid r = 
a{ 1 + cos$) shown in Fig, 13.19 is revolved about the x-axis 
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HOLt/noK Our surface area is, given by 


|" 2 n-yd* - f 2 ir(r sin 0 Hr f fdr/dB) 1 dtt 

— f 2ira(] + cos 0)(sin flV/a^O + cos fly + a" sin 2 3 4 5 fldfl 

= 2TTfl 2 f (1 + cos GXsin 0>/2 ■+ 2 cos $ d$ 

Jo 

= 2 s/2 vet [ (1 +- coa 9) "^(sin 0) 49 

Jcl 


- -2V2™ 2 --{3 + cosfl)^ 
5 


32 


- -- 7TU 

J 0 5 


SUMMARY I, If 1 f(tf') is differentiable and 1 ff is the angle fmtn tfee mdkis vector to she 
tangent to she polar curve r = f{9), then 


tan# = 


m 


dridB f{*Y 

2. Tfrtf angfe 0 Jvitfettfl pofffr curves r ~ f,(fl) arid r “ /off#) af a point of 
intersection is giuert hy 

, tan da - ran th 

tan J3 - -- 

1 + tan , tan 4/ 7 

3- If r - f{a) is confinuoEtfiy differentiable, then the arc length of the ptdar 
curve from 0, to 0 n is 

s = I sIidr/49) 2 + r dil 

Jjj, 


EXERCISES 


I, Find the acute angle ihm the hyperbolic spiral 
r9 = u 1 nukes with the v-a>ti!i at the point [r, 9) 
fSa/tr, tt/2>. 

1. Find the liiijj.Il' that the polar curve r ■ 

2 + 3 sin 8 makes with the .s-nxis ill the point 
tf,9) = (2,0). 

3. Find all paints on the cardioid r til l cos ft) 
where I he tangent line is bori/oiiEiil. [Hinf, Use 
Etp (4).] 

4. Hnd all points on the cardioid r = u(t - L-ostti 
where the tangent line is vertical [Hinl. Use Eel. 
14).] 

5. Find the :in$Jc between the circles r = 2d 006 0 

and r = 2a sJn 9 at the point (>, #) (av2, nf4) 


of intersection, 

t>. Find the atij^le Imjiweuri die circle r = u arid the 
four-leaVed rose r 2a cos 29 at the point of 
intersect Sort (r. H) = (a, ir/6). 

7* Find the length of the parabolic spiral r = aif 
front 4 = d to fl = 2 it. 

H. Find the total length of the cardioid r = 
s{1 + sin <?}, [Hint, Evaluate the integral by 
mul tiplying Ihe 1 ntegTELiid by V2 - 2 sin Hf 
v'2 - 2 sin e,] 

9. E.cpiess as an integml the length of the polar 
curve r a cos 6/2 from fl - 0 lo t) = tt. 

10. Express as an integral the total length of the 
three -leaved rose r a sin 3fl. 
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IK Find the area of rht- surface generated when thu 
circle r 2a sin f+ is revolved atxuil I he s-nxis. 

J2- liNprciss as an integral rhe area of (he surface 
generated when the are of the spiral r M from 
tJ - 0 lo ft ?t is revolved about l he y-s«ds, 

exercise sets for chapter 13 


review exercise set 13-1 

K Fiiidi ah point coordinates of the point (-v'3, 1 i. 

i. Find ihe polar coordinate equation of ihe ellipse 
Ax^ + Vy 2 -- 1. 

,1, Find the x,y-eq nation or Ihe polar curve t ■= 

suv H + cos tJ 

4. SkeiL-h the curve with polar-coordinate equation 
r = u(l + 2:Sin d). 

review exercise set 13.2 

I. Find iili polar coordinates of Ihe point (t. It 

I„ Find the polar coordinate equation of Ihe hyper¬ 
bola r - y ‘ + 4 jc = 9. 

,K Find ihe j.y-cquHiimi ol the polar curve r = 

2 4 sin 2fl. 

4. Sketch ihe curve with polar coordinate equation 
r = a sin 2fl. 

a morn challenging exercise 13 

K Fly A is located nL (x v ) (1,1 while IIy B is nl 

t, t, 1), fly C is at < 1, I), and Fly D b, Hi (I. I k 

The hies all cthwI nl the same rale of one unit 

distance per unit time Ihe Elies all star! crawling 
ai the SEimc instant. with fly A always crawling 
directly toward B. B dirccily toward C. C directly 
toward D. and D directly toward A. 
uj Find lhe point at which lhe Pics meei- 
hi M' nw 11,mu. do the flies crawl before they meet ? 


I), | ui i be a twice -differentiable function. Show 
duil the curvature k of the curve r ftfli at a 
point (r. #) is given by the formula 

\_rny -t- 

* " [£ft«$F + (f «>!*]“ ' 


p. Find Jill points of intersection of r' a sin and 
r = afn?2. 

ft. Ficid the area inside r nil + ' sin fli and outside 
the circle r = a. 

7. Find the angle between r ti' sin a and t u/v 2 
at their firsi-quadranl point of intersection. 

». Find Ihe length of arc of the spiral r = e " from 
f) L) to ft = 2?r. 


5. Find all points of intersection uf r : = (l ait 2fl 
and t = fl/v'2. 

ft. Find the total urea inside the curve r a sin 2d, 

7. Find the angle bu i ween l he ctm Holds r 
a(l + cusS) and r ml! +■ c«« 0) at ihdr point 
of intersection in I lie upper halbplanc. 

8. Find the length til arc of the curve r = a cos (fl/2) 
from W = II lo f) = Hi'2. 


l 4 Find ihe polar coordinate equal ion of ihe path 
traveled hy fly A. Sketch the path, fffirtt. Find 
the angle if* m a point on this path, and solve 
the differential equation r = (tan tF) dr/t/dj 
L J i Find Hie length of ihe path iraveled by fly A. 

ei Whal physiological problem will Hy A en¬ 
counter as he travels the path round in (c) in the 
time found in (hi? 
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Space geometry and vectors 


14.1 COORDINATES 
IN SPACE 

14.1.1 Rectangular 
coordinates 


You know how to describe the location of a point in the plane using an 
ordered pair (x. y) of real numbers. You can describe the location of a point 
in space using an ordered triple (x* y,z)oi numbers. We set up a rectangular 
(or cartesian) system of coordinates as follows. Select some point of space as 
origin, and imagine three coordinate axes, any two of which are perpendicu¬ 
lar, through this point. Figure 14.1 shows only half of each of these jc-, y-, 
and z-axes for clarity. There is some difficulty in trying to sketch a space 
picture on a piece of paper. The plane containing the x- and y-coordinate 
axes is the x.y-coordinate plane , and the x>z -coordinate plane and y,z- 
coordinate plane are similarly defined. 



The three coordinate planes naturally divide space into eight parts or 
octaftfs according to whether the coordinates are positive or negative. 
Symbolically 

( + .+■+), (4,4,—), ( + ,—.+), ( + )* 

{“,+'* + )* ( _ R +1 _ )* +) S ( — 

The portion where all coordinates aie positive, that is, the ( + , 4, 4) part, is 
called the first octant. We have never seen any attempt to number the other 
octants. 

From Fi g. 14.2. it is clear that the distance from the origin to the point 
(x t y. z) is \x 2 + y 2 4 z 2 , Let’s turn to the distance from (x L , y,, s,) to a 
point (jc 2 , y 2 , z 2 ). At (x,, y^ z t ), take new Ax, Ay, Az-axes which are 
translations of our old axes to this new origin at (x,, y u z,}, as shown in Fig. 
14.3. Then 

jc 2 = 4 Ax t y 2 = y t 4 Ay, z 2 = z, 4 Az. 

Of course, the distance [rom (Ax. Ay, Az) to the new translated origin is 

d = V(Ax) ? 4- (Ay) 2 4 (Az) 1 . 
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Therefore the distance in terms of the old coordinates is 

d = V {* 3 - Jt,) 3 + (y;, - y,f + (Zi ~ Zif. (1) 

This is an easily remembered generalization of the formula for distance 
between points (jc LT y t ) and y 2 ) in the plane. 

The locus of all points U t y, z) a fixed distance r from a point (x lt z x ) 
is a sphere of radius r with center at (x t . y,, z,), From the distance formula, 
you see that (x, y> z) lies on this sphere if and only if 

•J(x - *,) 2 + (y - y,) 2 + (z - Zt) 1 = r 

or 

(x - x T } 2 + (y - yJP + (z - z^) 2 = r. (2) 

Equation (2) is thus the equation of a sphere. By completing the square, it is 
easily seen that the locus of any equation 

x 7 + y 2 + z~ + ax + by + cz = d 

is a sphere, if the equation has a real locus in space. 

Example ! Let’s find the center and radius of the sphere 

x 2 + y 2 + z 2 *- 6jc 4* 4y = —9 

and then sketch the sphere. 
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solution The steps for completing the square are 

(jc 1 - fix) + (y 2 + 4y) + z 2 = -9 

(x - 3) 2 + (y + 2) 2 + (z - ()) 2 = -9 + 9 + 4 = 4. 

Thus the sphere has center (3 t — 2. 0) and radius 2, and is shown in Fig. 
] 4,4 II 



14.1.2 Cylindrical 
coordinates 



You can also locate a point in space by specifying the x,y-coordinates of its 
position using polar r,8 -coordinates, and specifying its height by the z- 
coordinate. The point then has coordinates (r, 0,z) as well as coordinates 
(x, y 7 z). Of course, the coordinates r and 8 are not unique, being our usual 
polar coordinates. Such coordinates are shown in Fig. 14.5. As shown in Fig. 
14.6, the locus of r = a is a cylinder about the 2 -axis, for r — a has a circle 
in the x,y-plane ns polar locus, and there is no restriction placed on z. 
Consequently (a, (L z) is on the locus for all 8 and all z. For this reason these 
r, 61, z-coordinates arc called cylindrical coordinates. Since you know how to 
change from polar r, 6 -coordinates to x,y-coordinates in the plane, you know 
how to change from cylindrical to rectangular coordinates in space. Namely, 

x - r cos r 2 = x ? + y 2 , 

y - r sin 8, 0 — tan - 1 (y/x ) 1 

z = z, z = z. 


14.1.3 Spherical Another coordinate system in space that is sometimes useful is the spherical 
coordinates coordinate system, where a point has coordinates (p, <£, fl) as indicated in Fig, 
14 . 7 . 

The coordinate p is the length of the line segment joining the point and 
the origin, $ is the angle from the z-axis to this line segment, and 8 is the 
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same angle as in cylindrical coordinates. Note that Ihe locus of p = a is a 
sphere with center at the origin and radius a r as indicated in Fig. 14.8. This 
is the reason for the term, “spherical coordinates. Tt 

Since p is the distance from the point to the origin, it is obvious that 

p - = x* + y 2 + z 2 . 



m 

V 


14.7 


A 



14.0 



We need to express x, y, and z in terms of spherical coordinates. 

From Fig. 14,9* you easily see that 

x = p sin $ cos 0, y = p sin $ sin 0, z = p cos <#p, 

We shall allow only values of p where p > 0 and only values of where 

0 ^ ^ — TT. 


SUMMARY 


1. In rectangular coordinates for space , a point ha*’ coordinates (x, y, 2 ), 

2. The distance from (x t , y u z x ) to U 2 , y 2 , z 2 ) in rectangular coordinates is 

d = V{x 2 ^x ,) 2 + (y 2 - Yi ) 2 + Ua - *i)" * 

3. The rectangular equation of a sphere in space with center (x,, y H z t ) and 
radius r is 

(x - x,) 7 + (y - y,) 2 4 (z - z x f - r 2 . 

4. In cylindrical coordinates for space, a point has coordinates (r, 6 , z), where 
r and are die usual polar coordinates in the x*y-plane. 

5. Transformation from rectangular to cylindrical coordinates and vice versa 
is accomplished using die formulas 

x = r cos 0, r — %/x 2 + y~, 

y = r sin 0, and 0 = tan My/x), 


z = z* 


z - 2, 
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ft fn spherical -coordinates for a paint ira apace, 
p is the (jjjianK in the origin, 

<fj i.v the urtgfe from the positive z-axis to the ray from die origin* 
w here 0 — & — tt, 

() is the same angle us for cylindrical coordinates 

7. Transformation from rectangular to spherical coordinates is accomplished 
mittg the formulas 

x - p sin ^ ens 9, 
y - p sin tft sin ft, 

X - fj cos f/i. 


EXERCISES 


1, Sketch in space all Uy, x) satisfying the given 

cqufft'on. 

at x 2 b) r 3 t ) t = V 

d) y J = I c> x = y = 2 

2* While we Have defined neither n line ™»r a plant- 
in space, use your geometric intuition lu find the 
desired point. 

■dl Tlie [WJint such tfial ihe line ScjjjTtent joining il 
to i 2, 1. —4) is bisected by and perpcndicnlnr 
to i lie plane x 0. 

hi l'he [’■(lint such tltat the line segment joining il 
to (—I, tr. s'2) has ihe Origin as midpoint, 

cl The poirn such Lhar the line segment joining it 
in (—1, 4. -31 has 1 1.2, —3) tts midpoint, 
dj The point in the plane y ~ 2 that is closes l u> 
the point i - 1. — 3. 2). 

3. Let (-1.2. I ) tie chosen as origin for i v.iv.Ar- 
c 00 rdinales, Express each point in terms of these 
new irans filled coordinates, 

a) (1. -2, I) b) (-3.4.0) 0 ) (5, -1.2) 

4. Find the distance between the given points, 

al (■ 1.0.4) and d.I.ft) 

h) (2. -1.3) and (». t.7) 

5. Find the equation of the sphere with coaler 


j-J.2,4) and passing through the point 
(2,-1,5). 

to Find the equation of the sphere having 1 — 1.2,ft) 
and 11, i>. O’) as endpoints of a diameter. 

7. Find the center and radius of Ihe given sphere. 

a) x J + y 2 +■ i. ‘ - 2x +■ 2y = 0 

b) jr + f y r - to - 4y + Hz 4 

8. Find rr/f cyfimlrical coord in ales of the poinl 

CM, a 

9 . Sketch in space the locus of ft tr /4 in cylindrical 

coordinate* - 

Id. Sketch in space ik* locus of r 2 in cylindrical 
Coordinates. 

1!.. Sketch in space the lotus of * + y 3 
12. Sketch in space die locus of x : + 2 ' = 4. 

(3. Find xy, 2 -coordinates of (he point with the fol¬ 
lowing spherical coordinates. Lise a figure rnthei 
than ihe transformation equations, 
a) (2, ir/4 .—it) h) (0, 3 jt-/ 4. Wb) 

C) (4, rr/2. 

14, Find pi^.@-«M>rdinatcii for Ihe point with ihe 
following 1 . y,z"Coordinates, Use a figure to find 
l he nnswerfi, 

a) (1,0,0) h) (0.11,-4) 

C) (1.1,1) d) {-3, -4.5) 
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15. Find transformation equating for spherkal antr- 
dinates p. ifa, ynd W in terms ot rectangular coordi 
nates jc, w and z, [Him, Use a figure.] 

1 ftr a) Express tht: cylindrical coordinates k f>, and z 
in terms «i the spherical coordinates p, d> 
and ti. 

In Express the spherical coordinates p, and # 
in terms of the cylindrical coordinate* r, it, 
turd 3. 

17. Sketch in space the locus of Jj ir/4 in spherical 
coordinates. 


It!. Find I hi. volume: of lit it&uOei described in spheri¬ 
cal coordinates by 2fips5 and 0 ^ ^ ^ ?r/2. 

1H, Describe in terms of x.y.z-coordinates ad points 
in space wh^rL- 1 Kl- cylindrical r-ccMzrdinate is 
equal to the spherical p-coordinate. 

2IL f ry in visualize the surface described in spherical 
coordinates by p = M for 0 ^ fl s 2ir it h s not 
realistic in ask you in sketch this surface. 

2E Find ihc spherical coordinate equation for x i 
y' + z~' 2 S by using the transformation equa¬ 

tions. 


14.2 QUADRIC A quadric surface in space is the locus of a polynomial equation in ,t, y, and 
SURFACES z of degree two. As an aid in sketching such surfaces, examine (he curves in 
which [hey sn terse cl planes parallel to the coordinate planes. Note ihal 
.x - jt„ has as Jueus in space a plane parallel to [he y,:-coordinate plane, 
Similarly y = y n is a plane parallel to (he x*z-coordinate plane, and z - z u 
is it plane parallel lo the x„v-coordinate plane. The coordinate planes 
themselves. ,v = 0, y = d, and z = 0* arc especially useful. Each such plane 
meeting a quadric surface intersects it in an ellipse, hyperbola, or parabola. 

Cyfrrufent If one of ihe variables x r y, or z is missing from the equation. then the 

locus is a cylinder. A cylinder in space is a surface ibuL can be generated by 
a line that moves along a plane curve, keeping a lixed direction. The parallel 
lanes on the cylinder corresponding to positions of the generating line are 
the ekTTttfftfs of the cylinder. To illustrate, suppose the variable x is missing in 
an equation F i jc, y, n) = 0, if (a, b, <) lies on Ihe locus, Ihcn so will (x.ij, c) 
for all r; i.e,. the line through in, h. i l parallel to the x-ftxis Consequently, 
the locus is a cylinder with elements parallel to the r-axis anti meeting the 
y t £-plane in ihe curve TT[i,y.z) U. Similar results hold jf y or z is 
missing. 


Example 1 The cylinder 



I 
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l-.llmth: I'i FiulLlt . ’ . ■ I 

tr tr 


Example 2 


in space meets ihe x,y-plane in an ellipse ami has elements parallel to t tie¬ 
r-axis. This eilipnt: cylinder is shown in Fiji. 14.10- || 


FtlluMiC fylimflU - 4/1T 



14.10 


(;if Atlisl’jJ fj^Ltfir 


(bS Computer general eU! liyure 


The parabolic cylinder z ' — 4py is sketched in Fig,. 14,11 


14.11 


As for second-degree plane curves, the device of completing squares 
and choosing a new origin can often be used lo simphfv the sketching of a 
quadric surface. We assume that this now causes you no difficulty, and the 
examples that follow start with equations where the completion of squares is 
unnecessary. These examples exhibit some types of quadric surfaces. 


Example 3 Consider the surface with equation 



If this surface is cut by a plane x = x u for -a < %< u. an ellipse is 
obtained tor a circle if b r). This is clear upon substitution of x u for x in 
the equation. The closer * H , is to -a or a. the smaller the elliptical section 
obtained. Similar results hold for a plane y = y„ if -b < y ty < b, arid for □ 
plane z z ( , if c <• z (l This surface is an ellipsoid, and is sketched 



u i Atlisi's Ei^Uiu 


in Fig. 


14.12. |1 



U 12 


llht Comiwter ^ncraicd lig.ijre 
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Example 4 The surface with equation 



is an etUi7tic paraboloid if a/ f> and a circular paraboloid if a b. The plane 
i Zi. does not meet the surface if r u < 0, meets the surface in a point if 
j(j - It, and meets the surface in an ellipse if 2 t> > 0, The planes x = jc m and 
v _ v,.. meet the surface in parabolas, Tilts surface is sketched in Fig. 
14.13, || 



hllintk hirithakiitl , - +■ •... 

rn h~ 


14.13 


Hfperfcutfc Psntbotcid ; = jr* - 
tu) Artist* fljgiuc 


r 

73 



lb) Computer jimkiinUiid figure 

14.14 


Evumpte 5 The surface with equation 



is a hyperbolic paraboloid, and is sketched in Fig., 14.14. This es not ari easy 
sxirface for a person without artistic ability to sketch, The plane I = 2 n 
meets the surface in Ft hyperbola that “opens' 1 in the ^-direction if z M > fi 
and in the x -direction if z n < 0, while the plane z = 0 meets the surface in 
the degenerate hyperbola consisting of two intersecting lines. A plane 
x ~ jc £f meets the surface in a parabola “opening upward” while a plane 
y =■ Vd meets the surface in a parabola “opening downward.’* |i 


HKaiiiptc (V The surface with equation 



is an d/i'pJir cane {a circular cone if a = b). Putting t = 2 U > you obtain an 
c Eli plica I section, while the planes x = js (> and y = >'<> yield hyperbolic 
sections. The surface is sketched in Fig. 14,15. || 
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is a hyperboloid of /tew .slips' and is sketched in Fi^. 14 16. We leave llsl an 
exercise the discussion of sections hy planes parallel Lo the coordinate planes 
(see Exercise I). I 


Example 8 The surface wiih equation 



tii j Arl ist’s tifturc 


tb.l i nenpi 11 l- i i i.-i : m .:,1 
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We conclude with an example with specific n Lint hers rather than a. f\ 
and c and where it is necessary to complete squares. 

Example 9 Let’s sketch the surface -16*’ + 4jr - z 2 - Hy 4 4z = 0. 
soiimoN We complete squares ami arrange our equation as follows: 


— 16*'’ + 41 y J - 2y) — (a ? - 4i> - 0 

t bx- + 4(y - l} 1 - (z - 2'f = 4 — 4=0 

4{y - l) 2 = 16x a 4- {z - 2f 

4y' — 16*' f i 1 where * = *„ y = y 1,2 — z — 2. 

In Fig. 14. IS, we lake x.y.i-axes at fO, 1,21. Setting x - 0, you see that 
the y,z -plane meets the sue face in the two lines f - H-2y, Setting y - 0, you 
obtain only die locus U. y n z \ - (0.0.0), Setting z = 0. you obtain the two 
lines y - ±2x in the JLy-plane, Planes y - c meet (he surface in elliptical 
sec I ions. The surface is the double elliptic cone shown in Fig. 14.18. I| 



SUMMARY L, A n equation containing only nvn of the three space variables x, y, 2 has ns 


loi~us a cylinder with the axis of the cylinder parallel to the axis of the 
miraing LWtahJV To illustrate* suppose x and y a re present in the equation. 
The cylinder intersects the x r v-coordinate plane in rite eurt4? gtUeM by the 
equation and is parallel to the z-uxis. 

2. Quadric surfaces are best sketched by determining the curves of i/lterit\:fa>n 
of the surface with planet x - x (i . y - y (> . nr z - z it . Start by sketching 
the trace curves in the coordinate plants, x - 0, y = 0, and z — 11, See 
Figs. 14,10 through 14,17 far the poraible types of surfaces r 
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EXERCISES 


i. Describe the curves of intersection of the hyper- 2. Describe the curves of intersection of the hyper¬ 
boloid of two sheets in Example 7 with planes boloid of one sheet in Example 8 with planes 

parallel to the coordinate planes, parallel to the coordinate planes. 


In Exercises 3 through 17, sketch the quadric surface in space having the given equation, and give the descriptive 
name of fhe surface as in Figs. 14.10 through 14.17. 


3. y- + JT - 4 = 0 
6, xz - 1 - 0 


9, 36x 9f ~ ^z 2 = 0 


12 . 



15. x 2 4y 2 + ibz 2 = 0 


4, x 2 + 2x + y 2 = 0 
7. 4x - y 2 + 2y + 3 = 0 
X 3 V 1 

io - j-V +z +1 = 0 

X 2 V 2 

13.-— + x- X = 0 

4 9 

2 2 2 

10 . 

4 25 9 


5- y-z= 0 
8 . y 2 - x 2 z 2 ~ 0 


11 . 



14, 2* 3 + 3y 2 + 4 z 2 - 24 = 0 


17, x 3 - 4y 4- z 2 - 8 * 0 


14,3 VECTORS AND 
THEIR ALGEBRA 

14.3.1 Vector 
notation and 
terminology 


We start out with notation considerations. In this chapter, you will want to 
be thinking in terms of the first, second, or third coordinate of a point. This 
suggests changing notation for coordinates to index the coordinate position. 
We often write 


(a lt a 2 ) 

(JC| T JCt) 

ftfl, ^2? t*;l) 


in place of (a, h). 
in place of (x. y), 
in place of (a, b, c), 
in place of (*, y, z). 


As you work with more coordinates, lengthy notations such as (a,, a 3 ) 

are time-consuming to write, and may cause printing problems if a number 
of such notations appear in a single formula. We shall often use a single 
boldface letter a to denote such a point (a is a a j. The number of coordi¬ 
nates will always be cither explicitly stated or clear from the context. For 
example, the point a in space is (a^ a 2 , a 5 }, the point b in the plane is 
(h M 6 2 )t die point x in space is (jc t , x 2 * * 3 ), etc. We suggest that in your 
written work, you use d with an arrow over the letter in place of the 
boldfaced letter. This is vector notation , and points correspond to vectors, as 
we shall explain. We use a boldface zero for the origin; for example, in 
space 0 = ( 0 , t), 0 ). 
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Vet'tor 
terminology 


Each point a in space (or the plane) yields a numerical magnitude, the 
distance V«r + a 2 " + a/ from 0 to a, and a direction, the direction from 0 
to a. In the terminology of classical mechanics, any quantity that has 
associated with it a magnitude and a direction is called a vector. Let’s use 
this classical terminology, and consider (a T , a 7 , a T ) to be a vector in space as 
well as a point in space. In vector terminology, 0 is the zero vector. The 
vectors 

I = ( 1 , 0 ) and ; = tt), 1 ) 

are the unit coordinate vectors in the plane, while 

i = (L 0 , 0 ), / = OX 1 , 0 ), and k = ( 0 , 0 , l) 

are the unit coordinate vectors in space. 

We emphasize that the mathematical definition of a vector is identical 
with the definition of a point; each is an ordered collection of real numbers. 
The names “vector" and “point" indicate different geometric interpretations 
for such a collection* If you ask mathematicians to show pictorially the vector 
( 1 , 2 ) in the plane, they will draw Ihe arrow indicating length and direction 
shown in Fig. 14.19. On the other hand, if you ask them to show pictorially 
Ihe point (3, —2), they will make the large dot shown in the figure, just 
indicating a position. 



14.19 


In summary, each triple a = {a } , a*. a,) is both a point in space and a 
vector in space. The length of vector a, denoted by ]a\, is Vaj + a ? 1 + a^ 2 . 
The number a f is the ith component of the vector Any vector of length 
l is a unit vector; in particular, i = (L0,0), j = (0, 1,0), k = (0,0, 1) are 
Ihe unit coordinate vectors in space. The vector 0 — (0,0,0) is the zero 
vector. Similar terminology is used for a vector a = (u,, a 2 ) in the plane 
















472 


Space geometry and vectors 


Example I The vectors a = (0. 1) and ft = (1/2.V3/2) are both unit vectors m the 
plane. I.| 


14.3-2 The algebra You are aware of the importance of the notion of addition of real numbers 
of vectors Addition of numbers on the liite has a generalization to addition in the plane 
and in space, which is of basic importance in analysis. Addition in space or 
the plane is usually phrased in the language of vectors. We shall follow this 
convention. 


Definition 14-1 Let a and b be vectors in space. The sum of a and fr is the 

vector in space defined by 

a + b = fflj + h 5 , Hj + h 2r a , + bj), 


Fhe analogous notion of sum holds for vectors in the plane. Note that 
vector addition is defined only for two vectors with the saiFie number of 
romptments, 

Example 2 You have (0, —1,3) -l- 14 + 2,—6) = 14, t, -3), \\ 

Let's sec how to Interpret vector addition geometrically, in terms of 
arrows. We make our sketches in the plane, but similar arguments hold for 
vectors in space, 

There are two ways I hat you can arrive at the arrow representing a 4 ft 
from arrows representing a and representing b. One way is to find the 
diagonal of the parallelogram thai has (0,0) as a vertex and the arrows 
represented by a and h as sides emanating from (0,0). As indicated in Fig, 
14.20, the diagonal arrow of the parallelogram that starts at (0,0) represents 
the vector a + b. 


y 
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.ScaJa re 


For an alternative me I hod to represent a + ft, choose the point (a,, ti 7 ) 
as new origin, and draw the arrow representing the translated vector b. I his 
arrow starts at the tip of the original vector a and goes to the point wilh 
translated coordinates Cfr L . bj. The tip of this translated vector b then Tatis at 
the same point as the tip of the desired vector a + b emanating from the 
original origin. (0,0), as shown in Fig. 14.21. It is worth noting that 
(he vector h in Fig. 14.20 and the translated vector b in Fig. 14.21 have 
l he name length and the $ume directiaiu 



1421 


Lei's turn now to another operation in the vector algebra. When 
dealing with vectors in space Uir the plane), one often refers io a real number 
as a scalar to distinguish it from the vectors. As our second algebraic opera¬ 
tion involving vectors, we define the product of a scalar r and a vector 
a - la,, « :t aV) in space. 


Definition 14.2 The product r£ of the scalar r and the vector a is the vector 

ra ~ (ra 3 , ra ?t raj. 


Again, the analogous no I ion holds for Ihe product of a vector in the 
plane by the scalar r: 

Ln space, 2(3, -1,4) = (6, -2,8). || 

Note that for every vector a - la lT as, a-i) in space, you have 

a = (d 1a d 2f tfj) 

= £11(1,0,0)+ ajCO, 1,0) + M0,0, I) 

= d|f + a 2 j i , 


Eviimpfc 3 
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x 14.22 


Parallel 

vectors 


Example 4 


Example 5 


Similarly, in the plane 

b = ib u b 2 ) = b t (i,0) + fr 2 (0,1) - M + b 2 j. 

Such i, y, t expressions for vectors are used extensively. We shall use this 
notation, wherever it is not too cumbersome, to indicate where we are 
thinking in terms of the “vector interpretation” of the ordered triple or pair 
of numbers. 

From Definition 14.2, you see at once that for any real number r and 
vector a = ap + aj + you have 


\ra\ — [rail + raj + rajc| = V(ra,) 2 + (raj 2 + (ra s ) J 


= %/r 2 ■ \fa^T a 2 2 + a* 2 — IH ■ |a|* (1) 

Thus if you wish to describe ra in terms of length and direction , Eq, (1) 
shows that the length of the product ra ls |r| times the length of a. Figure 
14.22 indicates that you should consider ra to have the same direction as a if 
r > 0, and opposite direction if r < 0. 

Note that nonzero vectors a and b are parallel if and only if b = ra lor 
some real number r. Thus m is a vector parallel to a of length |r|-1«[ and 
having the same direction as a if r > 0, and the opposite direction if r < 0, 

The vectors a = i - 3/ and b ^ 21 - 6/ in the plane are parallel and have 
the same direction, for 2i - 6/ = 2(i — 3/}, However, c = 4i - 3j and 
d = 2i - 1 j are rmt parallel, || 

Let |a| = 5. Then 

13a| = |3|- \a\ = 3*5 = 15, 

and 3a has the same direction as a. However, - 7a has the opposite direction 
to a, and 

I—7a| = 1—7|-|«1 = 7-5 = 35. || 
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We may now define lhe difference a — b of vectors a ant! b by 

a — In = a + ( — 1)6; 

we have already defined vector addition and the product ( 1)6, Since 
b + (a — 6) = a, you sec that a - b is lire vector which, when added to b, 
yields a . A translated coordinate representation of a fr, starling from the 
tip of ft as translated origin, therefore ends al (a^a 2 }, as shown in Fig, 
14,23, 



translated origin 

a - b (Translated) 

(f/i, tf-jt 
- >■ x 

t-hi. a 2 - ft s ) 


14.23 


In summary, vector addition, subtraction* and multiplication by a scalar 
are easy to compute; you simply compute Ihe corresponding numerical 
operations in each component. 

We list some algebraic laws that hold for vector algebra. These laws are 
easy to prove. Their demonstration is left to the exercises (see Exercise 12). 

Theorem 14,1 For all vectors a, b , and c in space or ihe plane , find n/f scafars r and s. the 
following ft/ws hold. 

a) (a + ft) + c = a + (ft + c) (associativity of addition} 

b) a + h = b + a (commutativity of addition) 

c) i'(so) = ( rs)a (associativity of multiplication by scalars) 

d) (r +■ s)a — ra + sa {a right distributive law) 

e) r(a + b) = ra +■ rft (a left distributive law) 


14.3.3 A physical When studying motion, a physicist may use a vector to represent a force , 
model for vectors Suppose, for example, that you are moving some object by pushing it. The 

motion of the object is influenced by the direction in which you are pushing 
and how hard you are pushing. Thus the force with which you are pushing 
can be conveniently represented by a vector, which you regard as having the 
direction in which you are pushing, and a length representing how hard you 
are pushing. If you double the force with which you push, the force vector 
doubles in length; this corresponds to the multiplication of the force vector 
by the scalar 2. 
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Suppose thai two people are pushing on an object with forces ihat 
correspond ro vectors u and ft as shown ill Fiji. 14.20. It can be shown ihat 
I he motion of the object due to these combined forces is the same as the 
motion that would resuh if only one person were pushing with a Force 
expressed by a vector that is lhe diagonal of the parallelogram with arrow 
vectors a and b as adjacent sides (see Fig. I 4.20). Thus this resuifanf force 
terror is precisely the vector a + b 


14.3.4 Perpendicular It is very important tor us to know when two directions are perpendicular. 

vectors There is a very easy criterion for this in terms of vectors. Any three points in 
space not all on the same tine determine a plane, Imagine that Fig. 14,24 
gives a picture of such a plane determined by three points, (0,0,(1), 
and bd- The vectors a and b of Fig. 14.24 arc perpen¬ 

dicular if and only if the Pythagorean relation holds, Ihat is, if and only if 

H ? + 'M 1 - d* = !<. - fr|% (2) 


i if,, h 2 „ 



r/j {, I 


14.24 


By definition of Lhe length of a vector, you see that this is true when 


a, 2 4 a 2 “ 4 flj 2 1- b| 3 + + V = L u, - fc,} s 4 (d 7 - b 2 f 4 («, b-,) J . 

(3) 

Squaring the terms on [he rightband side of 13) Etnd cancelling, you obtain 
the condition 


0 = -2^,^ - 2 Unb : - 2 


or 


u,b| 4 a ? b 2 4 a^b-n = ft r 


Perpendicular Thus the vectors a and b in space are perpendicular if and only if 

condition 

djfr, 4- a 2 b 2 4 = 0* £4) 

Of course, the corresponding result with just tw r o components holds for 
vectors in the plane. 
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EvUmpk A 


The unit coordinate vectors i = If +■ 0/ and / = 1M + 1/ in the plane are 
perpendicular, for 

i * Q + 0 * 1 = l). 


Also, —r + 3/ + 21 and Si - j + 41 are perpendicular in space, for 

-1 5 + 3 - (-1) + 2- 4 =-5- 3 + 8 = 0. || 

Exinniptc 7 According let condition (4>, the 7,ern vector 11 is perpendicular to ei/C-ry 
vector in space. This is why il is convenient to think of II as having all 
directions, rather than no direction, 


SUMMARY Formulas, are giuepi for vectors en spare, huf are equally valid far vectors in the 

plane , 

1. Each paint a — ran a iso be considered as a peefm hatting 

direction from _(fir origin la the paint (a,, an, a q ) and /ength |rt| = 

v'o? + a 7 1 2 * * * * ■fa- 1 7 '. A unit isecior has fength 1. The zero twetor is 

rt = (0. 0 f OT 

2. Addition of vectors is giuefi hy adding corn's ponding coordinates, rhar is, 

a + ft = (fli, a 2 ,a 3 ) + (b^h^hy) — (a, + h Tl a 3 + b ir a 4 + h j. 

3. Multiplication of a vector a hy a scalar (retd Plumber] r is Riven by 
ra - r(a u a 2 . ad = (raj, ra ? . rad, 

4. Two nonzero vectors a and fr are parallel if b - ra for same scalar r 

S r Two vectors a and b are perpendicular if a ( 1^, Hr a^h, t a y b^ = 0, 

ft, in space, the unit coordinate vectors are often written 

i = (1,0.0). j = (0,1,0), 1 = (0,0, I), 

so (ti L , d z , = a,r + uj + a-^k. I pi the plane, one uses just i - (1,0) 
and i = UK 1). 


EXERCISES 


1. Lei a - 2f - j am! h = -If - 2/ he vecinn; in 
(he plane. Sketch. Uf,mg arrows, the vectors a. b. 
a + A, a - h. and -(4/3'lw. 

2. Let a i + 3/ - 21. b = 4i - k. and t = 

••3f i i 21 he vectors in space. Compute the 

following, 

a) 3* b> -2 c c) a + 6 d) 3* - 2e 

e) a + 21ft - 3r) 0 3(«* - 21) 0 4{3« + 5b) 


X Lei a - 3* - 2/ + 21 and b - -1 + 4/ ■+■ 1 
Compute each of the following. 

ft) M h) |a 4 b\ c) |-2n| d) £1 - 3ej 
4. Determine whether each ill the following psi irs of 
vectors is parallel, perpendicular, or neither. If 
l wo vector* are parallel, state whether they have 
the. same or opposite directions, 
a) 3f — / and 4i + 12/ in the plane 
hi -2f + bj and 4r — \2j in (he plane 
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c> 3f - / and 4i i 3/ +- 2ft in space 
dl 2i 1/ + Jc and Rf + 2j — ItfJk in space 
c) v'2l + v 18/ - v'Kfc anti 21 + ft/ 4t iai space 

5. If possible, determine <■ sn thal thu vector 2i + cj 
in the plane is parallel to the given vector. 

a) 4f + ft/ b) — 5r + 3/ e) 3i d) 3/ 

6. Jt possible. determine c so that the vector rf + 
2/ — Jt is. perpendicular to ihe given vector„ 

a) j — 4ft b) l- 3* e) -51 + / + 2k 

7. Find a unit vector in space parLLlIcl to i - / + 3lt 
ami having Ihe same direction, 

8. Find iwo unil vectors in rhe plane perpendicular 
to 3i - 4jr 

9. hind two unit vector* in space thal arc nol paral¬ 
lel and each of which is perpendicular to 21 + 
j + lit. 


10, Show (hat 11.-5), (9, -11). and (4,-1) are ver¬ 
tices of n right triangle in (he plane, 

11, Show that ft, 1.4), ( ,1,-2. 4), (-4,2, ft}, 

mid i 2. I. fO are vertices of a parallelogram in 

spate. 

12, Show that, Inr all Vectors a = ii,f + U*j + « .If, 

6 = h|i + b z j + b^. and r = c a l + c 2 f + ri It, 
and till scalars r and *. the following relations 
hold. 

a) la f 61 + * = a + (b 4 

til a + b = b + o. 

c) r(.vq) = (rs)w 

d) (f •(■ vio = m I mi 
cl r(a 4 fcj = ra + r.fr 


14,4 THE DOT 
PRODUCT OF 
VECTORS 

144.1 The dot 
product 


Let a - £i,i + a 2 j t u^i and b = fc t i + b 2 j + bi* be nonparallel and non¬ 
zero vectors in space. Yon can view a and fr geometrically as arrows 
emanating from the origin, as shown in Fig. 14,25. The vector a gives the 
direction for a line through the origin, labeled L1 the line along a” in Fig. 
14.25. Similarly, the vector b gives the direction for Ehe line along b, These 
iwo intersecting lines in space determine a plane, as indicated in Fig, 14,26. 
The points in this plane are precisely those points jr - jc,) (hat ean 

he expressed in the form x ta + sb for some scalars f and s. 



14.25 


14.2fi 
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14.4 The dot product of vectors 



14.Z7 


In Fig, 14,27,, wt lake the plane in Fig, 14.26 us the plane of our page. 
We are interested in finding the angle 9 between a and b as shown in the 
figure. To find & we apply the law of cosines to the triangle shown in that 
figure, and obtain 

d~ = |at ? Hh |ir - 2|a| |Aj eos ft. f 1) 

You can easily compute d\ n|. and M in terms of the components and b f 
of the vectors a and fr. so you can use (1) to find cos 9 in terms of these 
components, You have 

tl : - (h^ - a t i- + f frj - a 3 ) a + 

while 

\a\' = a.,'' + &2 + ay ! 

and 


|fr] ? = + bJ + b/. 


Substituting these quantities in (lh squaring out the terms (6, ^V ? in d 2 , 

and cancelling the terms a,~ and h 4 2 from both sides of the resulting 
equation, you obtain 


so that 


2a 1 h l 2a : hj 2 — 2hi| |fr: cos 9. 
fli^i + agfe 4 


cos fl = 


( 2 ) 

(3) 


The numerator in (3) is familiar; you saw in Section 14,3,4 that vectors fl 
and b are perpendicular if and only If u^b, + +■ = 0. Note that 

this is consistent with (3); the vectors should be perpendicular if and only 
if 9 ~ wf2 or 9 - 3ir }2 so that cos 9 — 0. The number fl, b, + diJn + a 
appearing in (3) is so important that it is given a special name, the dot (or 
scalar, or inner) product of a and b. (The result of this product of a and £ is a 
sctfJarJ From (3), you obtain 

h i f j i + b 7 + = |a| |b| cos 6. (4) 

Note that if either a or b is 0 so that 9 is undefined, then a| or |b is zero, and 
Eq. (4) still holds formally. 
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E<AiUU|l1C l 

SOLUTION 

Kumple 2 

wiiimoN 

Example 3 

SOLUTION 


14.4.2 Algebraic 
propartias of the 
dot product 


Definition 14,3 The dot product «r - h of a and, fr is 

u * b - + (1-2^2 + (5) 


Equation |4) shows ihat a-b \a\ jfrj cos 6. where 6 is the angle 
between a and b . 

Of course, this same work could be done with vectors in the plane 
having only two components. The notion of the dot product is defined for 
any two vectors having the same number of com pone nts- 

We compute a ■ b for the vectors 

a = i — 4/ + 3 k and b — fir — 2/ — t. 

You have 

a b~ + (-4)(“2) + (3)(-l) — 6+8—3 = IL || 

Let's find the angle between the vectors a - i — Aj and b — 3i + 2j in the 
plane. 

You have 


0 


-■ , S3-" r 


mm~™ 


—5 

TfJu 


ltW.65 D . || 


Let’s Find ilie angle ft that the diagonal of a cube in space makes with an 
edge of the cube. 


We may take as Our cube ope with a vertex at (he origin and with edges 
falling On the positive coordinate axes, as shown in Pig. 14,28, Then I. /, and 
k are vectors along edges of ihe cube, while a vector along a diagonal is 


4 = f + / + k. 


You have 




I 

t *71 


— cos 


1 

75 


:== 


54,74°. || 


Theorem 14,2 below lists some of the algebraic properties of ihe dot product. 
Wc observe the usual convention that an algebraic operation written iti 
multiplicative notation is performed before one written in additive notation* 
in ihe absence of parentheses. For example, 

a * b + a ■ f = (a ■ b\ + t o J e). 























14.4 Thw dot product of voctots 


481 



14 2B 


1'heomii 14.2 i Properties of (he dot product i Let a, 5 tirnf c be vectors with the same number 


tif cOmjWnem.!f and let r be cl sertftfr, Then 

a) a • a > 0 amt a * a = Q if and only if a ~ i\ ( nonnegariue property ) 


(cimunutaqLie properly i 


h) a • b = ft - a 

c) a ■ (A + c) = it b 4 fl ■ c 

d) (ra) fr *-{rb) ~ da b) 


(distributive property) 
l famiotfcMiuiis property) 


e) a-a - |*| 2 

f) a-b = 0 if and only if a and ft are perpendicular 


l length property t 


f perpend tctdrtr property l 


Properties (a) > (1>K (c), and (l£i are proved easily from the formula in (5) 
for a - ft in lerrns of the components! of a and of b, Illustrating wilh the proof 
of fa). you have, for vectors in spaa:. 



and this sum t>f squares is 0 if anti only if each a, ~ (1. that is. if nnct only if 
a II. We leave she proofs of (b). (c), and (d| to the exercises (see Exercises 
14. 15. and lb). 

Properties (c) and Cf) are really restatements of previous definitions in 
ihe notation of the dot product. We defined she length of a vector a in spate 
10 he Ju^ + o 2 2 + a j = Ja * a. and we also defined a and ft to be 
perpendicular vectors if and only if a ■ ft a i b l + n,b y + a,F; ; , = d. Recall 
lhal we defined (he vector ft to be perpendicular to every vector. 

The properties of the dot product ate very important, and all sorts of 
consequences can be easily derived From them. We shall give a geometric 
illustration. 


Example 4 Let’s show that the sum of the squares of the lengths of the diagonals of ll 


parallelogram is equal lo the sum of the squares of (he lengths of (he sides. 
(This is the pdrufMogHini relation) 
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solution We take our parallelogram with a vertex at the origin and vectors * and ft as 


coterminous sides, as shown in Tig. 1-I.2 1 ). "Hie lengths of the diagonals are 
then Iff + h\ and a ft|. Using Theorem I4.2 T you have 


Id -t -ft \ | a “ i| J = (ff + ft) - iff + ft) 4- ta — ft) * ta — b) 


- ii'ii + 2ff ■ ft ► ft ■ ft <■ a - a - 2 a * ft + ft j ft 

= 2 Uai + 7{h'h\ 

= 2|ap + 2[ft| 3 . 


which is what we wished to prove. You may think that we have used only 
property (e) ot Theorem I 4.2, hut we also used properties (b), (c), and (d) as 
we ask you to show in Exercise 17. | 






14 . 4.3 Vector Lei a and ft be vectors in space with ft / 0. Then 

projection 



Eire unit vectors in the directions of a and ft. respectively. We shall write 
such vectors as 


in what follows, although we have not formally defined division of a vector 
by a scalar. 

In Fig. 14,30, wc again imagine that the plane containing both a and ft 
is the plane of (he page, and show the angle (t between a and ft In the 
figure, wc have also labeled the vector projection nf a onto ft. This vector has 
the direction of ft if H is an acute angle, and the direction of -ft If if is an 
obtuse angle. The length of this projection vector is the distance froitl (he 
origin ft to ihe foot of the perpendicular dropped to the tine along ft from 
the lip of the vector a For the figure, this length should be \a' cos ft. so (he 
vector projection should he 
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\4,4 The dot product of vedora 


The number 


a ' ft 

a (cos fi) - h i 


IH 


as the |>igncd) length of the vector projection, To summary: 

the vectfit projection of a onto ft is [(a ■ ftl/|ft|'' |ft, for ft # II The component of 
a along ft is the number \a *ft)/|,ft|, fw ft f # 

l v: 3 ntph 5 Lei's find the vector projection of a 2t / + onto ft = f - 3/ — fe find 
the component of a along ft, 

dilution The vector projection of a onto ft is 


d ■ ft 

w 


ft 


2 + 3-3 
1+9 + 1 


= —(i 


t , 2 . ft , 

-k “it _ n J 



The component of a along ft v- 


Ksiimple ft 


b _2_ 

|ft| v 11 




If ft is a unit vector so that |ft| L then the vector projection of a onto 
ft lakes the simpler form 

in - ftlft- 

A physicist mav be interested in finding the components of a force vector in 
the coordinate directions. For a force vector F in space and the directions 
given by /. y. and k. these components of F along f, / r and £. are 

!.F ■ i). IF-ft, and {F*fcT II 


SUMMARY 


L Lef a and ft he vectors in space or the plane. The dot {or scalar) product of 
a iMd ft in the number 

a - ft - tf|ft ( + a 7 h ? + 

2. The dot product of a and ft is described geometrically by 

a ■ ft = a| |ft| cos 0 T 

where & is the angle between a and ft. 

Algebraic properties of the dot product are listed err Theorem 14.2 of 
Secflpn 14.4.2. 

4. The cecTw projection of a onto ft if ft t 0 is riic vector 


and the number (a ■ 6)/h| is the component of a along ft. 
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EXERCISES 


Jn Exercises 1 (Jinnigfr 4, find fin? angfc ftetWCn! rhr net 

1+ i f 4/ and -Hj + 2J 

2 * M + 2 j - 2k and 4/ + L 

3< n Ji mid ft = f — ft 

4. d = 3i + 4/ and ft = -I 

5. Find (he angle BAC of the triangle with vertices 
A(2, 31, B(-l, 11. and C(5, *)). 

6. Find ihe angle ACEJ of the idanglc with vertices 
A (0. 1. (A 0(2, 3, 0), and a 1 „ 3.4). 

7. Find rhc- angle between die line through < 1, 2, 4 1 
and: (3.4, IJ| am! ihe line also Ihrougjh <-1.2, 4} 
that passes [ tiro ugh <3,7. 2) 

fk Find two lines in rhc plane through l 1,-4) ihai 
iniersccl the line y -2.t + 7 at an angle of 45". 

9- Use vector methods lo show ilia! the diagonals of 
a rhmnhus (parallelogram with equal sides! are 
perpendicular. |Hint. Use a figure like Fig. 14.2d, 
and show that (0 + ft) ♦ \# ft) ().] 

10. Use vector methods io show that the midpoint of 
the hypotenuse nf a right triangle is cquidistEtni 
from (he ihree vertices. {■Ufitfc See Fig. 14.31. 


tnrs 


Show thiii 


fl + ftl 

ti ftl 

2 

2 h 


It. Show l hat the vectors a\ ft > |ftja and Wft - | h « 
arc perpendicular, 

12. Show ihat the vector 

|a|ft 4 Iftio 


\a\ + (51 

hisecis the angle between a and ft. 

13. Show lhat hit a, ft, c. ihc equation 

4 (1 a ■ c. 

where o j 0, need not imply b c. 

1 4. Using the formula for ihe dot product, show ihas 
a * ft = ft * n 

for all a and ft in space. 

15. Using lire formula for the dot product, show that 

u ' (ft + c) a ■ ft t a 

for all <1, ft. c in space. 

16. Using the formula for ihe dot product, show that 

(ra) ■ ft = a ■ Oft) r(a ■ ft) For :ill 4 and ft in 

space and all scalars r. 

17 + Find where properties ibl. (c)„ ami (d) given in 
Theorem 14.2 were used in the proof of the 
parallelogram re hi ion in Example 4. 

In Exercises iff ihmugft 22, /ind the vector pm/Vciiroi of the first uecionm the second vector, and the component of the 
first Lierror tiffing the Kecprttf. 



74.31 


la I (- 3/4 4 * 00 j 39 . j nn Jy -i- 4 fc 

211. 2f - / on 21+3/ 21. 3i + / - 2k on 4J + 2] + 7k 

22. n -I + J + 3* on ft 31 — 2jf + ft 

23. E.et q and ft be vectors with ft^rt and let e he the 
vector projection of n onto ft. Sluiw cha! a c is 
perpendicular 10 ft. 
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14.S THE CROSS 
PRODUCT AND TRIPLE 
PRODUCTS 

14.5.1 Review of 
2*2 and 3x3 

determinant's 


Exjuttplc I 


A squat* matrix is a square array of number*. For example, 



is a 2 x 2 (read 'two by Two”) matrix, and 



0 4 
1 0 
*“4 5 


is a 3 x 3 matrix. Haeh square muirix has associated with il ft number, called 
ihe detfnru/ianf of the muirix. The determinant is denoted by vertical lines 
rather lhan large parentheses on ihc sides of the array. The determinant of a 
2*2 matrix is defined lo be 


The determinant of a 3 x 3 matrix is defined in terms of the determinants of 
2x2 matrices as follows: 


CJ t 

a 2 

tl) 

K 

6. 


C| 

C 2 



16 2 

h 

[hi 

- (It 

fi.3 

4 H, 

6, 

M 

lc 7 

C, 

ICl 

c* 


C i 



( 2 ) 


Formula [21 is easily remembered. The coefficients of the three determinants 
on the righihand side oT (2) are the entries of the first row of the original 
3 x 1 matrix, with alternate plus and minus signs. The first determinant on 
the right hand side in {2) h the determinant of the 2 x 2 matrix obtained bv 
crossing out the row and column in which the coefficient a, appears in the 
3 x 3 matrix. The second determinant is obtained by crossing out the row 
and column in which ct : appears, etc. 


You have 


7 —2 

4 3 


7 ■ 3 - (-2)4 - 21 4- 8 = 29, 


For a 3 x 3 illustration. 


2 

3 

5 


2 

6 

1-4 

6 

J-4 

2 

-4 

2 

6 

= 2 



- 3 


+ 5 , 

<1 



0 

3 

i 

3 

] 3 

1 

o 

3 









= 2(6 - 0) - 31-12 - 6) 4 5(fl - 2} 

= 12 4 54 - 10 = 56. || 

The only facts you need lo know about determinants for your work 
with this text are given in this theorem. 
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Theorem 143 


14.5.2 The cross 
product of vectors 


Example 2 


liXiimpk 3 


If either the second row or the third row of a 3 x 3 matrix is the same as the 
first row, then the determinant of the matrix is zero. If the second and third 
rows of a 1 < 3 matrix ane interchanged. rite detenu f nan/ of the new matrix 
differs from the determinant of the original matrix only in sign. 

You tire asked lo prove Theorem 14,3 in Exercises 7 and ft by 
computing that 


a, 

a ; 

a l 



a, 

a 2 


fl c 

c Ll 


= 

ll 

b x 

K 


c, 

^2 

Cj 



a | 

a 2 

a* 



«1 

a 2 

a> 


aj 

a 2 




frl 

hi 

h. 

= - 

T| 

c 2 




r, 

c 2 

Cj 


ri. 

b. 

^3 


Lei a - G|i + a 2 j + fl 1 lc and b = b,* + b 2 J + h^k be vectors in space. 


Definition 14.4 The cross product a x b of a and h is the vector found by 

computing a symbolic determinant as follows: 


X b - 



f 

J 

it 


An 

a s 

\o t 

ffi 

/ + 

fl| flj 

— 

a l 


a. 

=■ 


i — ‘ 



h, 


l>s 


b 3 

b* 

1*! 

& j 

h, ^ 


(3) 


This cross product ts atso known as the vector product, for a x b ts a vector 
quantity, 


j 

/ 

k 

1 


-2 1 


1 3 

1 


3 

-2 

3 


= 

3 4 

i — 

/ + 



-2 

3 

4 



1 2 

4 

-2 

3 


= -Hi - 14/ + 5ft. 


If a = 31 - 2j +■ k and b ~ 2 i + 3/ + 4k, then 

« x fc - 

You easily find that 

i x / = 

0 1 0 

- Oi + 0/ 4- k = k 
and that / x Jt - / and k x i = f || 


f 

/ 

£ 





1 

0 

0 

10 £J L M 

0 


1 0 

“ I |j — | 

j 4- 

0 

i 

0 

ll o1 lo 

0 


0 3 
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The important geometric properties of miy vector are its (engfft and its 
direction In Fig. 14.32. we take the plane determined by the lines along « 
and ft as, the plane of the page of the text, and shade the parallelogram 
having a and ft as two edges, We claim that the length \a x ft| is equal to the 
area of this shaded parallelogram. Let's compute the area to verify this. 
Referring to Fig. 14.32, 

Area - |length of taaseKallitudel 
= |n| * ft - |u| ■ |ft| sin fl. 



14,32 


Therefore 

(Areal' — |ai|* |ft|’ sin - # 

= 'np-16j {! - cos 2 #) 

- inf lh| a — (M - S*| cos &f 
= a" ‘ Iftp - (a ■ M" 

= {a, 1 4 a 2 2 4 H 3 2 )(h|- + b 2 1 + by') — (d,i3| 4 tufti 4 a^l?*) 1 , 
A bit of straightforward pencil-pushing shows that this all boils down to 
{Area)- - (a 2 h\ — ayb 2 ) 2 4 (u,b, — 4 ia t b 7 a : h,') J 


o 2 

ay 

i 

a i 

41 

3 

fr 2 


+ 

ft ( 

ft> 

4 


But this is the square of the length of the cross pn>duct a x h. so (area) - ’ - 
a x h|“ and area = |a x ft|. This shows that 


Length of a x b 


|a x h| - { Area of parallelogram) = |a| ■ lft| sin fl (4) 


Finally, you want to know the direction of a x h. First, let's see that 
a x ft is perpendicular to both p and ft, and therefore perpendicular to the 
plane containing the parallelogram shaded in Fig. 14.32, We need only show 
that u -( fl x ft) Ct and b ■ (a x ft) 0. Referring to Eq. (3), where a x ft L 
defined, you sec that 


a ■ (ft x ft) = ai 


tin tt 3 

ft-? ft I 


a i 






<h 

ft ! 


a-i 

ft. 
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Bill this is clluliI. to the determinant 


S? [ U -2 a j 


a i 


^2 


Ul 


= 0 T 


which is zero since the first and second rows are ihe same (Theorem 14,3), 
Thus a T In x fr) - 0 and a is perpendicular to a X b. A similar argument 
shows That !>■(.« x In = 0; This lime the determinant has its firs! and third 
rows the same. 

Von now know that a x h has length jaM&lsmtf and direction 
perpendicular to the plane determined by a and b There are two vectors of 
ihis length perpendicular to the plane; one is the negative of (he other. One 
of Them is a x ft. and the other one is -t« x frl, which we claim equals x a. 
Let's see why this is SO. 

The symoblic determinant used to find b x a is the one used to lind 
q x b with ihe second and third rows interchanged. Theorem 14.3 ihus 
shows at once that 


b x a - - fa x b). 
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Let’s summarize what we have done and a bit more in a theorem. 


TAhkiii M,4 The vector a x b has length giuen (>y 

■a x = □! ■ lfr| sin fl, 

where # satisfying 0 ^ 6 ^ ?r is the angle between a and b. The direction 
of d X fe in perpendicular to both a and b in the direction in which thy thutnb 
of the right hand points as the fingers curl through 0 from a to b This manner 
of describing the direction of a x (i in known as the ^jigJilJiartd rule," and is 
illtrsiYafed in Tig. 14.33. 

The only part of the theorem that we have not proved is the “righthand 
rule” part. We shall not prove this; you can easily illustrate it using 


14.33 

J X / = A, / X k = i. 

and 

A x i = 


Example 4 

which were shown in Example 3- 

3n Example 3, you saw that 

i x / = k, / x k = 1. 

and 

fc x i - /. 

(6) 


Therefore, from (5)* 

j x i - -k, k x f = -L 

and 

i x A - -j. 

(7) 


You can remember (6) aitd (7) by writing the sequence 


L /. fr, L /* k. 
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14.5.3 Triple 
products 


Example 5 


The cross product of two consecutive vectors it] lefl-to-righl order is the 
next one to the right, while the cross product in right-to-left order is the 
negative of the next vector to the left. f| 

Equation (5) shows that taking cross products is tim a commutative 
operation. However, it is irue Lhal 

a x (i + e) » a * 6 + a M € f8) 

and 

(fca) x b ~ a x {kb) = kia x (9) 

for any vectors a b. c in spate and any scalar k. You can easily prove (Wi 
and (9) as exercises. 


You now know two ways of taking a product of veciors a and fr in space. 
You can find a j b. which is a scalar, or a x b. which is a vector. It is natural 
to try to multiply three vectors, a. b. arid c. in space. The product a Mb cl 
makes no sense, for a is a vector and b * t is a scalar. However, a x lb x cl 
makes sense, for both a and b x t art* vectors. I'll is product a x i.b x c) is 
the tripfr sector product ft is most easily computed using lilt formula 

q x ffr x c) - la - c)fr - ta * bJe, (10) 

which we ask you Eo establish in Exercise 24, In Exercise 29, you are asked 
to convince yourself that 

a x (b x c) f I a x b) x c 

unless a. b. and c art carefully chosen. That is, the triple cross product is not 
associative. 

If a - 21 - 3/ + 4k while b -3 i — J — 2k and c -3i - 5j - k, then 

a x (bxc) = ia-c)b («*b)c - 5b + c = 12J - 107 - tl*. || 

The product «-(b x c) also makes sense, hut the answer this time is a 
scalar. Consequently a'ib x c) is called the triple scalar product Let a, b. 
and c he as shown in Kig, 34.34. The vectors arc coterminous edges of a box. 
shown shaded in (he figure. For such a box, you have 

Volume - (area of base) (altitude}. 

Using (lie vectors and angles shown in lag. 14.34, you see that 

Volume = (area of baseh|aj cos <M. 

Now the area of the base is |b x c|. by (he last article. Therefore 

Volume = |fe x r| * \a\ cos 
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U & f 


|ill CO 1 - f'l ' 



14 34 


But h x c is perpendicular to the base of the bos, and */> k the angle 
between b x c and a. Therefore 

|fr x e| ■ a\ cos 4> - o - Ifc X £>. 

If the order of A and c is reversed, you obtain 4 - (c x ft) - -a ■ lb x c), hot of 
course 1 he box given by a. c, A is the same one as that given by a, A, e. 
Therefore you have the formula 


Volume = |a - (A x c)| 


( 11 ) 


There is a very easy way to compute rlbx <L Form [he matrix having 
1 he vectors a h. and e as the first, second, and third rows, respectively, Then 
a ' lb x c) is the determinant of this matrix. To see why this is true, note 
that, if a = fl t J + a z j + a ,k Emd d = d,i + d 2 j + d^k, then a - d = 
dyitt + d ? a 7 + d T a.i can be found by formally replacing the i. /\ and k in the 
expression for d by n L , aj, and ti lh ncspectively. If you do this for 


i j k 

d = b x c = h| bn b 3 

L X C 2 Cy 

to form a j d = a - (b x <)„ you obtain 

a, cfn hi 

a ib X c) = A, f ? 2 h< 


( 12 ) 


c ( c t 

t sample 6 Let us find the volume of the box in space having as coterminous edges the 
vectors a — i — 2 j + k, b = 2t + 3j - 2k, and e - -1 + 3 / - 2k. 
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SOLUTION 


SUMMARY 


We have; 


a ■ ib x c| ™ 


1 

2 

-1 



1(0) - (—2)(-6) + K9J = -3. 


Therefore, 


Volume = ]a * (b x c)| = |—3| = 3. 








ft 2 
b 2 

C2 


A, 

hy 

t'l 

f 




a-. 


fi 


/ * 


2 r a x b = 


b L 


a, ay 


Ail 

Ca- 


+ 


1 i 


b 2 1 

e 2 l 


3. The rrem pmcfucl n x fr has length |a * -b sin H-'fitre fl is she angle 
between a and b. This length equals the drew of the parallelogram hatting 
a mul b as adjacent sides, 

4. The direction of a x b is perpendicular fo fhe pfane of a and b anti in fhr 
direction given by the rigtahand rale, illustrated in Fig. 14,33. 


5, For arty vectors a, b, c m space and any scalar ft. 


a st b = -h X a, 
a x (b + c) = a x fr + a x c, 

(iai st fr = a X {kb) - fcifl X bh 

6 i x j = k, i x k = h h x t - /, while j xi- k. k x / = i. i x k 

= -/ 

7, The triple scalar product a ■ lb X e) and the triple vector product a x 
lb x el tire most eastiy computed using 


and 


et -lb X cj = 


Q 1 

fr| *2 


fl 1 

by 


c , r 2 Cj 


a x it x fl = (a 4 c)b — i,o j bk:. 


K. |(n ■ fc x e)| is the w/ume of fhe box having a, b, and c us coterminous 
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Space and vectors 


EXERCISES 


fu fcMfiffS 1 IftfOiiffh 6, find Jhr: iiidicuted determinant 


1-1 31 

-3 E> 


(1 

-3 

1 « 

2. 

3. 


1 5 CM 

0 7 

5 

1) 


5. 

3 

3 

4 —2 

13 I) 

6. 

2 

1 

-5 

3 

3 

4 


2 

-1 3 


-2 

3 

7 


7. Show hv direct compulation th.il 



tt, Ji 




«! 

il, 

£U 

a) 

if] u_. 


- U. 

b) 

ft, 

ft- 

ft. 


r, c-f 

£\ 



0, 

<2 : 

tt , 


In Exercises l > through I 1, find ax ft 
9. a = 2i — / + 3k. ft 14 Zf 

10. a -51 + i 4 4k. b = 2i 4 / Ik 

11* a = -i + 2j 4r 4k. h = li - d/ HA 


8. Show hv direel computation chal 


£l| 

ilj 

EE i 


(il 


iii 

ft L 

ft. 

ftl 


C, 


e i 

C, 

L 'l 

Cl 


hi 

ftj 

ft i 


12. Find the: area of the parallelogram in space with 
etigtji a = i 4 i + k and b - 21 + 3/ — 2k by 
computing l ax ft!. 


hi Exercises E3 rJifTirijjft 16. find dif area of the paraMefogrtmi helling /he L|dLCfj vectors ti.\ eJgev If Shi' . :(rjrw are in 

Off pknf. regard them as (wmg in spate with rhe r^fficimi of k being zero. 


13* —j + 4 j and 21 + 3j 

15* f i 3j 5k aikd 2f + 4j - A 

17, Find ihe area of ihe lriunjt]c hi the plane with 
vertices ( I * 2 K (3.-1), and (4,3), [Mint Take 
translated coordinates with translated origin 
(-1,2). Tile triangle irt&y be viewed ns half a 
parallelogram ] 


14, —51 4- 3j and r 4 Ij 
16. 2i - j + k and i + 3/ - A 

18. Find the area ol the parallelogram in the plane 
hounded by llte lines x — 2y = 3, y 2y - 8. 
2x 4 3y l, and 2x + 3y -5. 


In fTjuTicsc.v ] k| und fimJ a L ift x f}anda x ift x 


19. a i +21 3li. ft 41 J 4 2Jfc, f M * k 20. o -f + j + 21, ft = i 4- A, r 31 2/ + 5k 

In Exercises 21 and 22. fired .rlic whtmc of the Inm having the nivem vectors as nitefnirnoux tdms. 


21. -i + 4/+ 7fc, 3J 2 / A atidl 41 4 2A 

23, Hnd the volume of tile Ee train'd mu in space with 

Vertices ;il 

I 1.2*4), 12, -3,0). (—4,2* —I). 

and (0,3, -2) 

24, Let « a,f 4- a 7 / 4 u,A, b = h,f 4 ft,/ + ft.,A. 
and c = C|i 4 i\j 4- c-JL Verify that a * 
(ft x c> = m * c)ft - iu « ftjc ( i his dull problem 
involves merely .i lot til ledums algebra J 


22, 2t 4 j - 4Jk. 3! / + 2A. and i r 3/ - HjA 

formula, similar to that in the fmii-inJiug exercise, 
for the computation of (dX ftjxc 
2b. Use die results of Lxcrcises 24 and 25 to express 

in x ft) x if k Js in each of ibe forms hfl + Aft 

and re (■ id for scalars fi„ A. r, and s. 

27. Show i hni for any vectors «. ft in spate, you have 
u L iu x, ft) = (l, 

28, Show (hat I x (i x At A. white (I x ii x A (I. 
illustrating thal the eross product is not associa¬ 
tive. 


25. Use (he properties of the cross product lo Imd ,t 
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29. Consider the Irrple veLjnr products a X it Y- f 1 
anti Id x frj x € far vectors a. fr, and c in space. 

iii Arnue geometrically ihm a x l> x cl is u vec¬ 
tor hi the plane containing b and c 


hi Ar^rn.' geometrically (hid in x M x c is a vec¬ 
tor in I he plane containing a uni I t> 

ci Use (a) and (hi to argue Thai the cross pro due I 
is not associative. 


14-6 LINES 

14-6-1 Parametric 
equations for 
a line 


You arc probably accustomed to thinking of a line as being determined by 
two points While lilts is perfectly correct., if wifi also he useful for us to think 
of a fine as bein% determined by one point on ike line and the direct ion of the 
hue. Of course, (he direction of a line can be specified in term* of a nonzero 
vector. Figure 14.35 shows a line tn Ihe plane that passes through the origin 
and has a direction given by the direction vector d = d t i + d z j. Clearly, for 
any vector * = x,M x-J along this line, you must have 


(X| T -iCj] — t 

for some scalar n. (We are using subscripted variables x, for x and x, for y + 
since il makes the structure of ihc analysis clearer ! Conversely, for each real 
number f, the point is on the line. 



1435 



l(f| . fl.. . ff..) 
if.uisiiiu‘,1 in n. in 


i As i - A> i lAh'ii) 


14.36 


Jumping up one dimension, let («,, a 3 , £f q t be a point of space and let 
4 - d ,i + d : j ■+■ t/ijk be a Vector different from the zero vector. Wc wish to 
describe the points on the Sine through having direction given by 

d. If you lake as translated origin, then from Fig. 14.3b you see 

that the point translated (Ax,, Ax*) should be on the line if and only if 

(A*i. Ax 7 _, Ax J = id 

for sonic i. This vector equation can be revrriiten by components as 

A.t, = td u 

Ajfn =f fd ?T 
A.Tt. = tdn.. 


( 1 ) 
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Kx simple 1 


Recall that if translated {A*,, Ax 2t Ax 3 ) is old (x^ x 2f x$) f then Ax t = x t — 
for i = 1*2, and 3, Equations (1) then take the form 

Xj — <i] = d]f, 

X'j tij = (2) 

x 3 — — d 3 f* 

Let’s summarize this discussion in a definition. 


Definition 14.5 Let (a h u 2 , a 3 ) be a point and let d = dj + d 2 j + d 3 k be a 
vector. The line through (a t , a 2 - a 3 ) with direction d is the set of ah points 
(x, y, z) such that, for some scalar U 

x — a, + 

y - a 2 4- d 2 U (3) 

z = a 3 + d 3 t. 

The Eqs, (3) are parametric equations for the line, and 1 is the parameter. 


Parametric equations for the fine through (-1,0,2) with direction d = 
2i — 3/ - k are 

— l + 2(, y = — 3l, z = 2 — t. 

For example, putting r= 2, you see that (—5,6,41 is on ihe line, || 

Of course, if a line has direction 4, then it also has direction rd for any 
nonzero scalar r. 


Remember, if you to find parametric equations of a line , you should 

always find a point on the line and a direction for the line , and use 
Eqs. (3). 

Of course, for parametric equations of a line in the plane, one simply 
uses (3) with the last equation dropped. 

It is sometimes helpful to think of the parametric equations (3) as 
giving a rule for picking up each point t of a Euclidean line (a r-axis; see Fig. 
14.37), and putting it down in space. The whole 1 -axis, that is. the whole 
Euclidean line, is picked up and put down, with the origin 0 of the line put 
down at (#!* a r , a 3 ) + While the Eqs, (3) do not “bend*’ the line as they pick it 
up and put it down, they may ‘‘stretch” it if |4|^ I, for the point 1 is put 
down at 


(a i + d lt a 2 + d 2t «■* 4 d 3 ) s 


a distance of |4| from (a r , a 2 , 


14,37 

>/ 


- 4 


-J 
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14.6.2 The angle 
between 
intersecting lines 

Parallel and 
perpendicular 
lines 


Example 2 


SOLUTION 


Example 3 


SOLUTION 


A physicist usually thinks of the parameter t as representing time. 
Equations (3) can then be viewed as giving the location at time t of a body 
traveling along a Itne in space. For this reason, we sometimes refer to 
(a u a 2t a^) as the point on the line when t = 0. 


One nice thing about parametric equations for a line is that the direction of 
the line is easily found from the equations. Naturally two tines are parallel if 
they have parallel direction vectors, and are perpendicular if they meet and 
have perpendicular direction vectors, Of course, two lines in the plane either 
are parallel or intersect, but this need not be true in space. 


Definition 14,6 The angle between intersecting lines is the angle between 
their direction vectors. 


Let’s find the angle between the lines 




in the plane. 

Direction vectors for these lines arc d = 4i + / and d'= — 31 + 12/. Now 
d * d f = — 12 + 12 = ()„ so the vectors, and therefore the lines, are 
perpendicular. |l 

Let’s find the acute angle between the lines 



which meet at the point (-2, 3, —4) in space. 

Direction vectors for these lines are 

d = 2l — 4/+ It and d* ~ ~i + 2/ + 3JL 
Now d ’ d r = — 2 -8 + 3 = -7. We change the direction vector of the first 


14.6.2 The angle 
between 
intersecting lines 

Parallel and 
perpendicular 
lines 


Example 2 


SOLUTION 


Example 3 


SOLUTION 


line to -d = -2 i + 4 j — k to obtain a positive dot product, corresponding to 
an acute angle 0. Then 


(-d)*d l 1 1 


(-d)*d l 1 1 


'!-d|-l<f'| Vi i/u vV 


|-d| - |(f[ V21VT4 Vf.' 


Therefore, 
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Example 4 


14.6,3 Line 
segments 


[f {if,. a 2l tj,) ilirI (i 1 ?,, b ? _, fr-i) arc two distinct points, then taking (u 1t u. v u d 
eis translated origin, you see that 

d = b - a = (fti - it t} l + a 2 )j + (K ~~ &.%)& 

is a direction vector for the line joining these points, Therefore 

x — a, 4- (fjj a i Mi 

y = q 2 + (^3 - ( 4 ) 

z = Ctj !{fr 3 — 

are parametric equations of a line that passes through (it|,a : .Uii ivhen 
i - l) and (b M fr>, frj when i = 1 . 'this shows how to find parametric 
equations for n line given by two points. Of course, the first two equations in 
(41 are used for a line in the plane. 

Paramelrie equations for ihe line in the plane determined by the points 
( 2 ,- 1 ) and (• L U) are 


or, equivalently. 


x = 2 — 31. y = -1 + l. 

x = 1 + 3! f — -t |i 


We now describe analytically the tine wgmem between two points 
(id,, and (ft,, in space (or Ihe plane! Again, let's take 

(ili, «!. fj.,1 els translated origin, so that (Jf, + b,. h ,i becomes after translation 
ih ( — fli, f> 2 ^ by a 1 1- The point which is translated (Ax. Ay. A? I 
should be on ibe Sine segment if and only if 

(Ax, Ay, A*) ~ tib - a) = f(h, - a w h 2 a : , h % - aj 

for some i such that lists 1, as indicated in Fig. 14.38. Since At - 
x a,, etc., you see that (x, y, z) should he on this line segment if and only 
if, for some t where 0 ^ t ^ 1, 

x - a, = t(ki - 

y - a 3 = t{b 2 - d 3 h (5) 

z - At = - n-,). 


tUUKllllea 1^1 Cl] , J'jj — n'Ji-, >1; ti-A> 
...-T 

li • (i^i , h-> , 

1A*. Av, Ar I 


U/| . fr_., a A ) 


IranstMliiJ 1(1. It. Ql 


14.38 
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In particular ( = ' should give the point hallway between and 

(h u b 2 ,h x )\ Let s sum marine isi n definition 


Definition 14.7 Lei («,, d Jn fl,) ami ifr , t (j,) he two points in space (or the 
plane}. The tine segment joining them consists of alJ points (x, \\ z) such 
that, for some value of i, where 0 ^ t ^ t, 

x = ct, + ffr, a |}t, 

y = tij + (hj — a 2 }t, (6} 

z = ti y + (6* - %)r. 

The midpoint of the line segment is the point 

/ci j + b t a 7 + 6 3 a ml + 

\ 2 T 2 ' 2 )' 


h.xu.mpie 5 The midpoint of the line segment in space joining ( 1.3, 2) and {3,1. - H is 
{L 2 r 1). The point (x, y, 2 ) one-third of the way from (-1.3„ 2} to {3, L — U 
is obtained by putting i = ] in Lqs. (b) for the given points. Tor example, 

*=-] + 4(3 - <-[)) = -1 +i=i 

Computing y and z similarly, you find that the desired point is (ju^, I), | 

SUMMARY L A line in the plane or space is determined hy a point on the line and a 
vector d parallel to the line. 

2. // u line goer though a poit\t (a,, a-,, a p and has direction giutn fry the 
nonzero vector d = d,f + d- 7 J + diJf. ilirn parametric equations for the 
line are 

x = a, + d,t, 

Y = a i +■ d 2 U 
z - + dd 

Afi values of the parameter t give all points on the line. 

3, Parametric equations of r he line through (u tl a,, ad and (b,, b±, h>) are 

x = £t, + (fr t — £t|)t T 
y = ci 3 + (fr ; “ ai)h 
z - a, + (fr* - 

I'he firs; two equations are used for « liae in (he plane. The points obtained 
fry restricting t to the intmiai! tl t s; I make up the line segment joining 
(<J B , d?. (Jj ami (fry* b ? , fr 3 ), The midpoint h obtained when r — C 


















498 


Space geometry and vectors 


EXERCISES 


L Give parametric equations for the line in 5 he¬ 
ptane (hrough (3, — 2i with tlireeiioil d = — Si + 4/. 
Sketch the line in an appropriate figure. 

2. Give parametric equallOnS for I he line through 
( L 3, (I) with direction d 2i j 4k. Sketch 
in an appropriate figure. 

3. Give parametric equations for the line through 
<2. - 1. fii with direction d -I + 4fc 

4. Consider the line in the plane with parametric 
equations x 3 + 4t, v = 2 - 3l. 

;ii Find a ili reel to n vector for the line. 

hi Find the point oil the line whose it-coordinate 

is U 

e) Find (he poinl on the fine whose y-coordinate 
is Ur 

5. Find parametric equations for the line in the 
plane through l5, I I and perpendicular to the 
line with parametric equations x 4 2i t v 

7 + f. 

6. For each pair of poinLs, find parametric equations 
of (he line containing (hem. 

a) (—2, 41 and (3, - ] j in the. plane 
hi (3, li,(Vi and (ll, 3. U in space 

7^ Find the acute angle between the following pairs 
of intersecting lines. 


fjf = 3- 4f 
ly 2 + 3( 

f jc = 5 - { 

1 y = 7 + 2l 

fx = 2 -4i 

bj J y -I - ( 

l r 3 +Si 


and 


in. I he plane 


and 


x = 2 - i 

y = — \ -x 2t in space 
2=3 


8, Find the acute angle (hat the line r = (, y = (, 
i = i in space makes with the coordinate axes, 

9, Let a line in space pass through (he origin and 
make ancleh of tt. jl. and y with the three positive 
coordinate axes Show that oos’o' + eos 3 j3 + 
Ci'ts'-y = l, 

ML Find parametric equations for the lint: in. spftcc 
through ( 1,2, 3) thai is perpendicular to each of 
(he two lines having parametric equations 


x - - 5 + 3c, 

< y = 2, and 

z 3 — r, 


JE ‘ 1 “ 

■ V a 2 b 3L 
z 3 4 t. 


IL Find the midpoint of llie line segment joining Lite 
pair of points. 


a) t-2. 4) ami t,3. -iy in the plane 

b) {3, - I, (S) and (0. 3, - ll irt space 

12. hind (he poini in the plane nri the line segment 
joining I • 1.3i and 12,51 that is twice as dose to 
( 1.31 as to f2,5 l 

13. Find Ihe poinl in space on the line segment 
joining l -2.1,31 and {(). -3. 2> that is one fourth 
of lhe way from (-2, l,3l to if), -3, 2). 

14. Let fa |t n r > ad and ft,, b : . M he any two points 
in space. Show ihiit the line segment joining (lie 
points consists of all points (Xu j 3 , where 
i, = (1 - iltel, + tb, for 0 j i s l n i = I, 2.3. 

15+ Find the cosines of the angles that the direction 
vector of the line 

x = tt, + d,h 


v ft, + J : t. 


x = rti + d..i 


makes with Ihe vectors J, j. and k a In rap else 
positive coordinate axes. There cosines are 
called the direction cosines of the line. They are 
usually denoted hy 4.™ r», cos £i. and Cos y, 
respectively (See Fttfrise <>.) 
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147 PLANES 

14.7.1 The equation 
of a plane 


Let (<i|. «-r. tii) be chosen us translated origin, and let's, for the moment, use 
subscripted variable notation. ITie line with parametric equations 

Tj = dj + djt, x 3 = tt 2 + tf-L x, - fl 3 + dyt 
can be charade rtaed si" I he set of all points (x L , x 2 , x.J such that the vector 


x - a = I.X| - (H|V 4- (x 2 - a 2 )f + (x 3 - ojfc 


is pflrtJk’f to the direction vector d = + d ? f + of ihc line, Let’s 

consider now the sei of all (X| T x 2 .X 3 i such that the vector 


jc - 0 - Ui - H|W + (x 7 - a 2 )j + (x., - a-Jft 


is perpendicular to a vector d - d,i + d,j + d,Jt, where not ail d, are zero, 
These two vectors arc perpendicular if and only if 

d 1 (* 1 - tti) + - aj + di{Xi - a 3 ) = 0. (1) 

Let's try to see whether this concept gives some familiar geometric 
configuration in space, and lei's also look m the similarly defined locus with 
equation </,i. jx, a,) + d 2 {x 2 a 2 ) h in the plane. From Fig. 14.39* you 

see that all such points in the plane lie on a line through lu t , that 

is perpendeeuar to d, and from Fig. 14,40, you See that all such, points 
(je,,jc : , r-j in space lie in a plane through u, h a ,k This suggests the 
following definition. 


*;i 



a nonzero vector. The plane through a-,, it ,) with direction vector d is 
the set of all points lx, y, zS satisfying 

d 1 1" jc — a,) + d 7 {y - ttj) + d 3 (z - u,} = 0. (21 
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Space geometry and vectors 


Example I 

SCJI.1TTHHV 


Example 2 


We warn to emphasize (hat the direction associated with the plane in 
Fig, 14,40 is die direction of a nmtnat (perpendicular) vector to the plane. 
Please remember: 

a) To find parametric equation,? of a fine, you want to know a pains an the tine 
and a (parafief) direction veetor for the line. 
hi* To find an equation of a plane, you want to know a point in the plane and 
a (normafl direction nectar for the plane. 

Let's lind an equation of the plane in space thui passes through (-L2. M 
and has the normal direction vector d = 1 — 3/4- 2ft. 

Equation (2} becomes 

IU “(-!)) + (-3)(y - 2) + 2(z I) - 0, 

or 

*-3» + a*=-5. i| 

Of course, if d is a direction vector for a plane, then rd is also a 
direction vector for Lhc same plane for all nonzero r. 

Just as in Example 1. Eq. (2) etui always be rewritten in the form 

di.t + d t y + = c, 

where e = d,ai + d 3 fl 2 + d A u- A is a real number. Let’s show’ now that every 
linear equal ion of the form d,jt + d-,v + d^z = c t where not all d* are zero T 
indeed has as locus some plane in space. We may suppose that d s ^0. 
Choose any numbers a? and a> and fel 


c d 2 £i 2 djC j 



Then d,rj, + d>« 2 4- d a a a = c. Now for any point (x;y. z) such that 
d i x 4 fCy 4- dji = r, you have the iwo equations 

rfi* + d 2 y + d^z ~ c, 

d|U, 4- d 2 a a 4- d :i ti* = r. 


Subtracting, yt>u obtain 

dj{x - ft]) 4- d 2 {y - fla) + dj(z - %) - 0, 

Thus ( x, y, z ) lies on the plane through (« L ,« 2 . with direction vector 
d = d,f + d 7 f + d,ft. 

Dropping back, to two dimensions, the set of all (jt, y) in lhc plane such (hat 


Ox + I v = 0 
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should In; a line in the plane, This line eon lairs (0,0) and has as normal 
direction vector d =? Of + 1/ - /. Thus ihis line is simply the x-axis, Of 
course, iL is clear that the sol u lions of y - l) are precisely the points 
(«. 0 >. || 

KxuniplL" 3 As in Example 2, it Es easy to sec (hat r = 0 is the equation of the plane in 
space through ihe origin that contains the x- and v-coordinate axes, that is, 
the x,y-coordinate plane, |! 

You can easily check that the following definitions coincide with your 
intuitive ideas of parallel amt perpendicular. 


Definition 14,9 Two planes in space are parallel if direction vectors tor the 
two planes are parallel. The planes are perpendicular if their direction 
vectors are perpendicular. The angle between two planes is the angle 
between their direction, vectors, A line and a plane are perpendicular if a 
direction vector for the line is also a (normal) direction vector of the plane. 


14.7.2 Computations The following examples illustrate a few of the many types of problems you 
can now solve. Remember: 

a) To find parametric' equations for u fine, ytm want to fain tv a point on f/ie 
line and a {parallel) direction vector of the line. 

bf I'tj find an equahem of a plane, von want to know ci point in the plane and 
u tfiumuif} dfrecttfin rector for the plane. 

Fxumple -1 ! el s find parametric equations for lhe line in space passing through the 

point 1 1,2,— 0 and perpendicular in ihe plane with equation 

3.t + 5y — z = 6. 

sun. ir no hi You know a point (1,2, I) on the line, and you need a direction vector lor 
Ihe Sine. Since the line is to be perpendicular in the plane given by 
+ 5y x — ft. you see that d = 3i f 5 j k is a direction vector for the 

line. Thus the line has parametric equal ions 


X - 1 +■ 3ft y = 2 + St, z = -K - t || 

Example 5 Let’s find all points of intersection in space of the plane with equation 


3* + 5 y - z = -2 


and the line with parametric equations 


x^-3 + 2t, 


y = 4 + t, 


?“-] - 3t 
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solution 

If (X >\ z) Ik'S on both the line and the plane, then, substituting, you must 
have 

3{—3 4 It) 4 5(4 4 rj - (-1 - 30 = —2, 

hnumple ft 

so 

|4r = -14 and t - -1. 

Thus ihe only point of intersection is (—5. 3, 2), 

Let 7 ? find the acute angle B between the planes Jt - 3y + z 4 and 
3 jc 4- 2y + 4z = 6. 

solution 

Direction vectors for the planes are 

d = i 3/ 4 it and d* = 3f 4 2/ + 4 k. 

Now d ■ d f — 3 — 8 4 4= 1, so 

d-d 

c on tf = , 

id - Id 

l 

vnvSS" 

Therefore 

* = “ s ‘(tttts) 

E&aiirph- 7 

- 86.79°, II 

Let’s find the equation of the plane in space that contains the points 
!,L -1, U, (2.3, —4), and (0, 1,-2). 

SOLUTION 

rn find the equEition of a plane, you want to know a vector normal to the 
plane. Taking a translated urigin at tl. — 1, 1), you see that 

(2.3,-4) - 1) - (M.-5) 

and. 

fO, 1,-2) -fK-l. U = (-L2.-3) 

are vectors in the desired plane, A normal vector to the plane must he 
perpendicular to Ixith of the vectors; their cross product will be such a 
vector. The symbolic determinant 


i J * 

I 4 -5 
-I 2 -3 


= —2 f + 8/ + fifc 
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14.7,3 The distance 
from a point to 
a plane 


Example K 


shows that i - 4/ '3ft is a direction vector for the plane, Since the plane 
contains: die point (I, — K 1), 

x — 4y — 3z — 1 

is: the desired equation II 


Let d ,jt + d 2 y + da = c he the equation of a plane in space, and let 
(rti.flj.a j he a point in space. We would like to find the distance from 
(a^a^ad to the plane. This distance is measured along the line through 
(oi*flita 3 ) and perpendicular to the plane* since this gives the shortest 
distance- This line has direction vector d - d,i ^ d : j + d-jfc, so parametric 
equations of the line are 

x = fl 1 + y = a ? + d 2 r, z - a, + d y f. 

Substituting, you find that the line meets I he plane when 

d,(fli + fi,0 + + d ; f) + — e, 

or when i = f„ T where 

_ c — d,tf| — d 2 ti 2 — ti,a 3 

d/ + d>- +- d a 2 

(Recall that not ail d, can be zero, so d, t d 7 J + dy '?HU Thus the line 
intersects the plane at the point (a, + a* + and the 

distance from (a,, a 2 , a.d to.this point is 

\ d 2 + ti^to 2 + <fj 2 t<> 2 - IfdVdi 2 + d 2 ~ + 


Substituting the value you found for i v , you obtain 


lr - i T 0i - d.a 2 - d s Bj| 


Vdi 2 *• d , 2 H- dp = 


Midi + d 7 tl- : ■+ d^cii ~ £ 


d, 2 + d 2 2 + d y 2 M2 ' 7(1}'+ d,- + d*" 

as the distance from the point to Ihu plane. 

Of course, the same derivation using two components gives the formula 

Id,a, + d-,*!-. - c\ 

vV + P 

as the distance from (dj, fl ; ) to the line 1 d 2 y r. 


Let’s find the distance from the point I— u, h, 2) to the plane with equation 
5a - 2y + t = 2. 

The preceding shows that this distance is 


|-45 - 12 + 2 - 2|_ |-57l _ 57 

v'25 + 4+1 = 75tT " v'30' 


SOLUTION 
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SUMMARY 1. A plane in determined try a paint in the piane and a normal ( perpendicu¬ 


lar } twcror. 

2. The plane through (« L ,ti 3 , rt,1 tiutf hauing direction vector d^i l d 7 j + 
rtomid to fhr plan# has as equation 


di(x - at) + d 2 lv aj) + dj(z a,) - 0, 


3. The equation d\X + *J 2 y -I- d x z — c, where not all J, are zero t fids av focui 
in spat* a plane with d t t + d 2 f I- d 3 k ax normal vector. 

4. The Jiire d|i + d 2 y = c fit the plane lias d t i I* d 2 j ax normal vector 

5. P/artes are parallel if their direction vectors are parallel „ arul perpendicular 
if these Mfififirs nre perpendicular. The angle between two planes Is the 
angle between (herr direction vectors. 

ft. The distance from a point (a ( ,a> T aO to the plane d t Jt + d ± y + dez - c 


d |CT| + dj U j + tl ■; C.J 3 c| 


V5? +■ d 2 + dy 1 2 * * 5 6 

Similarly, fhe distance from (a, + a z ) to rite line d t x 4 d 3 y ~ c in the plane ix 


l^a, + d 2 a 2 cl 


^ d i + do 


EXERCISES 


2. Find Bn equation far the plane through M, 3, HI 
and with direction vector / +■ 4fc. 


1. find the equation of Ilia plane pasting through 
the point t ■ -1.4,2) anti having direclkin vector 
i - 2/ + k. 


a) x 3y = 7 and 2s l- 4y = I in the plane 

h’l 3 s. + 2y - — 7 mi'll (it + 4v = 2 in the plane 

c) 3* + 4y z ~ 1 and * 2y « 3 in space 

dj 4* - 7y +■ z = 3 and ,3s + 2y + 2? = 17 in 


3- Find an equation of the plane passing lluough 
[3 t 1,4) and partiltcl to the plane with equation 
3* - 2y + 7z = 14. 


space 


4* Find an equation of the plane passing ihrough 
£ 1.4, ■ 3S and perpendicular to the tine with 

pa rame trie equations 


7+ Find piLnimelrLc equations of the line that is per¬ 
pendicular to Hhc phme with equation t - 2y 4 
4 3 = 3 and passes* through the point t I. 1,0). 


8. Find the i i iter section of the line 


a 5 + r, y = - ,U. z = -2 + 4t 


x = 3 - It, y 4 + l + 2 = 2t. 


a ltd the plane with equation 


5. Find an equation oF the plane passing through the 
origin and perpendicular to (he line through the 
points (—],3.dJ and i2, 4.3) 


J )„ As in ["’.sample 7, fmd the equation of the plane 
that contains (1,0, 1). ( L2,l». and {0, 1.3). 


x 3y + 2z = -35. 


6. Find the angles between the following pairs of 
lint's Of pi a lies. 


10. Find an equation of the plane that passes through 
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I he unii coordinate points (1,0.0), {0, 1.0), and 

(o.o. a 


11 * Kind the equation of the plane through ( 1,4,2), 
(1.2.-!). and (3, —2,0). 


12, Kind parametric equations of the line nF intersec¬ 
tion of l he plane* x - 3y + £ 7 and 

3* + 2y + 2 - - I. 

13, Find the equation of ihe plane iKir<»u|L'.b (-1,4, li 
that contains the lines jc - - I 4- 3f, y '4ft, 
2=2- It. and x -5+1. v=4. z = 2 + 7(. 

14, Show ihfii the equation of the line in lhe plane 

through two distinct points and (ft L , b 2 ) is 

given by 


x v l 

a t a j. I 

ft, ftt, 1 


= o. 


| Hint. Do trot cx.p4tn<l the determinant, Inn argue 
chat a linear equal km in. a aiid y is obtained, and 
that the equation is satisfied if (x„ y) (a,,aj) or 
(x, y) = {b lr Ml 


exercise sets for chapter 14 


ravlflW exercise set 14.1 

1. a) Find the distance between (—1,2,4) and 

(3. 8. -2), 

hi Kind ihe equation of (he sphere having 

(!.—3, 5) and < 3,5,7) as endpoint* of a. 
diameter. 

2. □.) Sketch the locus af the cylindrical coordinate 

equation r = 4 r 

b) Kind spherical coordinates of the point 

fx,y,x) = (0, 1,-1). 

3+ Sketch the surface 

x 1 v ‘ 

— + “ = 1 + x\ 

4 9 

4. a| Kind the length of the vector 2f 3/ + 1c, 

h) Find fj so that the vectors l - + 3k arid 

4i + 2/ — 7Jt are perpendicular. 

5. Kind the angle between die vectors 2f — 3/ + Jc 
and —/ + 2j + 3ft. 

6. Find the vector projection of 


IS* Use the method suggetded by Esc rose 14 to find 
the equation of the line in the plane through 
(1,-4) and £2.3). 

J6. Find ihe distance from (he point ( 1.3) to the 
line with equation 3x - 4y = 5. 

17. Find the distance from ihe point (.1.3, I i to ihe 
plane with equation 2x + y + £ = 4. 

1H, Find the distance in the plane from the point 
(2, -1) to the line with parametric equations r - 
3 f. y 2 t 4t. [Hint Obtain the x,y-equation 
For the line bv eliminating t from ihe parametric 
equations.] 

19. Find pummel Hu equations For the line of intcrscc 
lion of Ihe two planes x + y — 2l = 7 and 
3x + y - z ~ -2. 

2(1. Give an alternative derivation oF the formula for 
the distance from the point (a,, a,, u-j to the 
plane d t x + d..v + cf,3 = t\ by finding the abso¬ 
lute value of the component oF ihe vector from 
(ui, n_. a,) to a point <x. y. £> in ihe plane along 
Ihe normal vector d,l + d 2 j + djt. 


2f - 3j + ft 

On 3f - 4k. 

7, Find ax ft il « f + 2jf 3k and ft - 4f — / + k 

8-, Find Hie volume of the bo* in space having the 
vector* I - 3/ + fc. 2f - 3/ + 2k r -3( + 5/ - 2k 
as coterminous edges. 

% If a = f - 2j + k, ft - 2i + 3/ - k. ami c = 
4f 2/ r 2k, compute (a X ft) x c 

HI* Kind parametric equations of ihe tine through 
(-5,1,2) and (2. 1,7). 

11. Find parametric equations of Ihe line pei|>e milieu- 
lar to the. plane * - 2y + 3x = # and passing 
through the origin. 

T2. Find tile equation of the plane pacing through 
( 1,1,4) and perpendicular lo the line x = 2 + r. 
y = 3 - 4l, z = -l + 2t. 

13, Find (he distance from ( 1,1,3) to the plane 
li + jl - 2z a 4. 
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14* Classify I(il- given planes as parallel, perpendicu¬ 
lar, or neither parallel nor perpendicular. 

a) x - 3y + 4z - 7, — 3x H- y + 2z = 11 
h) 2x + y + 3z = 8, 4x + 7y — 5z = - 3 

c) -4* + 6y - 122 =7. 2* - 3y + 6z - 5 

review exercise set 14*2 

1. a) Find c so ilia! the distance from (c, -2,3) to 
0*4* — 5) is 15. 

b) Find ihe center and radius of the sphere x 2 + 
y 2 + z" — 2x + 4z — 4, 

2* a) Find cylindrical coordinates of (x n y, z) - 
(t, -v'3, -2). 

b) Find rectangular coordinates of (p. <£, 0) — 
(3, 5tt/6, 3tt/4). 

3* a) Sketch the surface z - y~ + 1. 

b) Sketch the surface 

y/4 = x 2 J4 + z 2 /9. 

4. Let a = I — 2/ + 3k. b = 4i — / + 2fc, and c - 
2 f - 3fc, Find s such that a + sb is perpendicular 
to c. 

5* Find the angle between the vectors i — 3/ + k 
and 21 — / + 2fc. 

6* Find the vector projection of 3i — 4j + 2k onto 
i — 2j 4 k. 

7* Lei a and fr be perpendicular unit vectors in 
space. Simplify each of the following as much as 
possible from this data. 

a) {a x 5) ■ a b) (a x fr) x a 

c) a x (fc x b) 

more challenging exercises 14 


15* Find the point of intersection of the line x = 
2 — t, y = 4 + r, z = 1 3i, with the plane 

x - 3y + 4z = - \. 


H. Find the area of the parallelogram in space having 
as adjacent edges 1 + 2/ - k and 2i 3/ + 4jL 

9. Find the volume of the box in space w f ith one 
corner at (—1,3,4) and adjacent corners at 
{0,-1,2), (3,-1,4), and (-1,2*-!)* 

10. Find ail points on the tine x = 1 - 2f, y — 

3 + 4l z = 2 - r, whose distance from (1.6, 3) 
is VT§. 

11. Find parametric equations of the line through 
(“1,5,2) and (3,-1,4)* 

12. Find the equation of the plane through (—2,5,4) 
and parallel io the plane 3x - 4y + 7z = 0. 

13. f ind the distance from (—2, 1) to the line x — 

4 + r, y = 2 - 3f in the plane, 

14. Find the point of intersection of the line x — 
4 + r, y = 3 r. z = 2 + 3f, with the plane 
2x + y + 3z - -3. 

15* Find the equation of the plane containing the two 
lines 

x = 2 + f, y — -1 + 2t z = 3 - 4t, 
and 

x - 2 - 3f, y — —1 + 4i, z = 3 - f 
that intersect at (2, - L 3), 


1, Find the distance between the planes x — 2y + 
3z - 10 and 4x — 8y + 12 2 =— 7. 

2, Find the (shortest) distance between the lines x = 
1 t, y = 2 + 3 1, z = — [ + 2f, and x - 4 + 2f, 
y = —3 + f* z — —2 + 5r. 

3* Find the equation of the plane containing the 
intersection of the sphere with center 01,2.4} 


and radius 5 with the sphere with center (L — L 3) 
and radius 3. 

4. Find the shortest distance from the point (—1*4. 8) 
to the line x = 7 + (, y - 4 - 3t, z = -2 — 2f* 

5- Find the shortest distance from the tine x = 
7 - 3i, y = -5 + 4(, z = 6 + It, to the sphere 
x £ + y 5 + z 2 = 9. 
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6, Consider the parallelogram in the plane having 
a = d|i + a 2 j and fr = h,i + h ? j as coterminous 
edges emanating from the origin, as in Fig. 14,32. 
Show that the area of this parallelogram is the 
absolute value of the determinant 

a l a 2 \ 

h x *> 2 r 

7. We motivated consideration of a - b by finding the 
cosine of the angle between two vectors a and fr. 
For an alternative approach, suppose we had sim¬ 
ply defined, with no motivation* 

a ‘ b = (ci|f + a 2 j + a } k) * (bj + b 2 j + fi n fc) 

= H|ifi| + a 2 b 2 + a*£j 3 . (1) 

The properties (a)-(d) of Theorem 14*2 {Section 
14.4) are easy to show from the definition (1). One 
then attempts to define the angle ft between the 
vectors n and b by 

a * t) 

ft — cos —j=— . 

\a ■ a\b - b 

But one must first know that 


in order for this definition to be meaningful. 
This inequality is known as the Schwarz inequality, 
and is usually written as 

\a -ft| == ||a|!l|b||» (3) 

where ||a|| is simply another notation for \a\ 
Vo-fl, used to avoid confusing the length of a 
vector with I he absolute value of a scalar, Prove 
the Schwarz inequality (3). using just f 1) and 
properties (a)—(d) of Theorem 14*2, [Hint, Use the 
fact that (a xbi* \a Ah) ^ 0 for all values x 
by (a) of Theorem 14,2. and use the quadratic 
formula] 

ft. Continuing Exercise 7, prove from the Schwarz 
inequality the triangle inequality 

11° + *11 ^ I«II + |ft| 

for all vectors a and b in space, [If you draw 1 a 
figure, you will see that this inequality can be 
viewed as asserting that the length of one side of a 
triangle is less than or equal to the sum of the 
lengths of the other two sides; hence the name*] 


a * b 

l\Za ' a 'Jb • b 


( 2 ) 
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Vector analysis of curves 


15,1 VELOCITY AND 
ACCELERATION 
VECTORS 

15.1.1 The position 
and velocity 
vectors 


y 

+ 



Let x - h(t) and y = k(t) be a parametric representation of a smooth 
curve, so that h r and k 1 exist and arc continuous. You may view these 
parametric equations as giving the position of a body in the plane at time t 
The vector 

r — jcJ + yj — h(t)i + k(t)f (1) 

is the position vector of the body at time f. This position r is illustrated in 
Fig. 15,1, 

You can view Eq. {1} as describing a function / that carries a portion of 
a t-axis into the x^y-plane, so that 

(x, y) = fit) = {hit), k(t)). 

Such a function, having as values points {which may also be regarded as 
vectors) in a space of dimension greater than one, is often called a vector¬ 
valued function. 

A change At in t produces a change Ar in i\ where Ar is as shown in 
Fig. 15.2. The vector Ar is directed along a chord of the curve. Let the 
notation Ar/Ar be understood to mean the scalar 1/Al times Ar. Then 

Ar A* Ay . 

— = — i + — J. 

At At At 


Taking the limit as Af — 0, we define the vector derivative by 


dr Ar 

— = hm — — 
dt t—<) A* 




( 2 ) 


Note that dxfdt and dyldt exist, since we are assuming that x = h{() and 
y = k(t) arc differentiable functions. 

Let’s study the vector drfdt. The iirst things you want to know about a 
vector are its length and direction. From Eq. (2), 



From the formula 



for the arc length function, you obtain 
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so (3) yields 


dr _ ds 
~dt “ Jt * 


(5) 


Now ds/dl has the physical interpretation of the instantaneous rate of 
change of arc length per unit change in time as the body travels along 
the curve, so ds/dt is the speed of the body along the curve. Turning to the 
direction of dr fdt the limiting direction of Ar as At —■ 0 is tangent to the 
curve. Consequently drfdt has direction tangent to the curve in the direction 
given by increasing f. You can also see this from Eq* (2), since the “slope" of 
the vector arrow drfdt is 

dyfdt _ dy 

dxfdt dx' 

which is the slope of the tangent to the curve. Thus, at any instant, the 
vector dr fdt has the same direction as that in which the body is moving, and 
magnitude equal to the speed of the body. 



■> i 


15,3 
Example 1 


Definition 15.1 If r = h(t)i + k(t)j is the position vector of a body travel¬ 
ing on a smooth curve, then 

v = ‘^ = h'U)i + k'(l)j (6) 

dt 

is the velocity vector {or simply the velocity) of the body at time /. 

Figure 15.3 illustrates the situation just described, 

If the position of a body at time I on the circle % 2 + y 2 — I is given by 


then 


r — {cos f)i + (sin t)j , 

v = — = (—sin f )i + (cos t)j. 
at 


Note that the speed of the body is constant, namely 


Speed = |u 


dr 

~dt 


= \tsin 2 t + cos 2 t - 1 


Since v is tangent to the curve x = Mr), y = MO in the direction 
corresponding to increasing t, you sec that, for |u| £ 0. 

1 


I 


v 


(7) 


























512 


Vector analysis of curves 


Example 2 


is a umr vector tangent to the curve in the direction of increasing t: Since 
|c| = dsfdt, you obtain, from (7), 

ds 

dt 

which is a compact description of I he velocity vector v as tangent to the 
curve and of magnitude dsfdt, 

Exactly the same analysis can be made for a smooth space curve 
x = h(/), y = k{t) f z = g(f), 

where hit), kit), and g(r) all have continuous derivatives. The position 
vector is 


r 

and the velocity vector is 

v 


hfOi + k(t)j + g(r)fc. 


dr dx. dy dz 

— — i + j + y—lr 

dt dt dt dt 


(9) 


( 10 ) 


Since the direction of v is determined by the limiting direction of a chord of 
the curve corresponding to a vector A r as At —*■ 0, you again see that v is 
tangent to the curve and points in the direction given by increasing t. A 
small change dt in t produces approximate changes dx in x, dy in y, and dz 
in z, so the approximate change in arc length is: 


ds = 'J(dx) 2 + (dy) 2 + (dz) 2 = ^f(dxfdt) 2 + (dyfdt) 2 + {dzfdtf dt. (11) 


(A rigorous demonstration of (11) can he given just as for arc length of 
parametrically described plane curves, which was treated in Chapter 7.) 
Thus (11) gives the differential of arc length for a space curve: the length of 
arc as a function of measured from a point where I = is 

s(/) = [ y/(dxidif + idy/dl) 2 + {dx/dtf dt. (12) 

Jlo 

Once again, the length of the velocity vector is the speed, for 

---—-- ds 

M - J(dxfdt) 1 + idyldt? + (dzjdtf = —. (13) 

dt 

The unit tangent vector # is again given by (7), and (8) is still valid. 

The space curve 


x = a cos L 


y - a sin f. 


z = t, 
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ties on the cydinder x 2 4 y 2 - a 2 . This curve, which is a he/ix, is sketched 
in Fig. 15.4. For this helix, 

r = (a cos f)i 4- (a sin t)j 4 tk % 

u - —(a sin f)i + (g cos t)f 4 ft, 

ds 


— = |u | = vV eos 3 f 4 a 7 sifT/ 4 l = V<r 4 L 
dt 

The length of one U tum" of the helix is therefore 


i 


2tt 


\ tr 4 I dt = 2WV 1 + 1 



>' 15.4 


15,1.2 The acceler- Definition 15,2 Jf the position vector of a body at time f is r = 
ation vector h(f)i + k(t)j t where h and k are twice-differentiable functions of r, then 


dv 


d'x ti ~ y 
i 4 —4 j 


( 14 ) 


dt dl dt 2 ' dt 7 

is the acceleration vector (or simply the acceleration) of the body at time r. 

As in the case of the velocity vector, you would like to know the 
magnitude and direction of the acceleration vector. From Lq, (14), you 
obtain 


M = V(h"(r )) 2 + (fc"(r)) 2 . 


(15) 
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15.1.3 


We leave discussion of l he direction of the acceleration vector a to the next 
section. It depends on the speed and rate of change of speed of the body, 
and also on the curvature of the curve. 


Example 3 


For a body traveling on the unit circle with position vector 

r = (cos f)i -+ (sin t)J» 


you have 
while 


V = (-sin r)j + (COS 0/\ 


Note that 


a = (-cos f)i - (sin t)j. 


v * a = sin i cos t - cos I sin f = 0. 


Since v is tangent to the circle, this shows that a must be normal to the 
circle. Exercise 2 shows that, whenever |v| remains constant, as in this 
example where \v\ = l, the acceleration vector a has direction normal to the 
curve. |] 

Of course, for a space curve, 


a 


d~r d~x . d~y , d 2 z 

~~r— — l + —~T J d —~r k 

dr dt dr dr 


(lb) 


Example 4 For the helix in Example 2. 


so 


a = — (a cos t)i _ (a sin t)j , 


a\ = s a 2 cos 2 / -f a 2 sin 2 / = a, || 


Differentiation The previous sections have shown that the differentiation of a vector can be 
of products of accomplished by jusi differentiating each component of the vector. If a and ft 
vectors are differentiable vector functions of / in space, then you can form the 
products a * b and & x ft, Using properties of the dot product a * ft, you see 
that a change At in f produces a change 

(a + Aa) * (ft + Aft) — a * ft = a * ft 4- a * Aft + Aa r ft 4- Aa - Aft — a ■ ft 

= a * Aft + Aa * ft + Aa * Aft 


in a* ft. Thus the derivative d(a* b)fdt is 


d(g^b) 

di 


lim 

At-^U 


/ Aft Aa 

r a7 + a7 


. Aa 

ft + T* 

At 



= a 


dh da „ da 

— +-ft + — 

dt dt dt 


*0 


db da 

— a * — + -r- * ft, 
dt dt 


( 17 ) 
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SUMMARY 


which is the familiar formula for differentiation of a product. Similarly, 


d(a x fe) 
dt 


db da 

« X — + — X k, 

dt dt 


(181 


Since the cross product is not commutative, you should note that while 

dia ■ t) db . da 

—;— = a ■ — + b * — T 
dt dt dt 

ihis formula with * replaced by x is not valid for the cross product, for 
(dafdt ) x b - -b x (da/dt). We ask you to differentiate some products in 
the exercises. 


Assume that you have parametric equations x - h(t) T y = kit) of a plane 
curve , or x - h(l), y = fe(i). z = R<<) for a space curve, where all the 
functions of r arc twice differentiable. 

\. The position vector to the curve is 

r = h{f)f + k(t)i fora plane curve . 
r = + k(t)j + zink fora space curve. 

2. The velocity vector is 

dr dx d y . , . 

i! = - = —H —- J for a plane curve, 
dt dt dt 

dr dx t dy dz 

v - — = ■— i + -r / + — k fora space curve, 
dt dt dt dt 

3. Hie length of the velocity vector is 

w -Spefd along the curve. 

4. The distance traveled along a space curve from t {) to t is 

5. The direction of v is tangent to the curve pointing in die direction corres¬ 
ponding to increasing t , 

6. The acceleration vector is 


a 



a 


d 2 T 
dt 2 


dr 

dt 

dt? 

It 


d * t d 11 v 

—- i + / for a plane curve , 

dt * 2 3 4 5 6 dr 2 


d 1 *. ^y . 

di 1 ' r dC 1 



for a space curue. 
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7, For differentiable vector functions a and ft of t itr space. 


da 

—Z— = *' ~r + ' ft 

dt dt dt 


mtd 


d(a k ft} dh da 

——. -- = V X — 4- — X 

dt dt dt 


EXERCISES 


L J jet r(f) he Ihe pcjsitiori vector from ihe orjG.ui to a 
poinl {t. v i = (ftf)J, l) on ii smooth curve, 
Sh«w that if \ is ihe art length along the curve 


be a Mwice-diffcrentmhjc" curve. Show that the 
Force is always perpendicular to the direction oi 
motion iF and only if (he speed of [he body is 

In Exercises .1 ^trough 
die indicated time r„: 

JO (hr velocity vector of the body, 

3. r = 2ri + pi I)/ al 4, = Cl 
5. r (si n t)f -i (cos 20/ at r„ it 

7. r = (In rtf + (ooshli - I ))J at t 0 = 1 

*. r n//W 4 a fr)i a| („ 1 

It r = rt + 17 - ft + Ili ai i„ = 2 

f + l i - I 

13, r = i I--/ + rk n\ I,, ■ 1 

t t 

14, Had the. length of the space curve i 24 y - t' 
z = —t\ from l (} to t = 2. 

IS* Find the length of (he twisted cubic jc = 3r, 
V = 2l\ z 34 fmm i = 0 to t = 4. 

16, Let a 4i — (3( + I )j end A Qni Cj in the 


ftefined as usual, then dr his t. where t is the 
unit tan pent vector Co the curve in the direction of 
increasing 4 

vector F then F = mp where a is- the 

constant, | Him. The speed is constant if and only 
if n ■> n |n| is constant. Differentiate d ■ t' as a 
product of vectors. J 


4. r = f3i + I lf + t f at f„ E 

4* r e" 1 ! 4 f / at j., 0 

4* t = (e r sin r}f 4- (e 1 cos t)j at i M = tl 

Hi. r Ur (sin 01/4-(In (cos i)}/at in tt/4 

12, r = v'i (sin t)j H (t»s f)£ at /„> = 0 


plane. Illustrale 117} of the lex.i by computing 
i(fo ■ b'yjdt in Iwo ways, 

17. Let ti = 3d - (4t + t)/ 4 t'k ami ft 

(r - 21 f + Sr; ftrli. in space. Illustrate F.sj, 
I IS) of the il-ki by computing * b)fdt in two 
ways. 


In Exercise 2, use it\c fact that, if a body i s rra.i»Jmg sub/cri la a force 
acceleration vector and m is the moss of the body. 

2. I.el the path of a body, moving subject io a force. 


I 3. i/it 1 fsnitiiM vector r at time i of o fttkfy piiutmp on n clime is giuert Find the fattuwmj* at 
Id fire speed of the (tudv, ei j/h- acceleration vector of jfie body 


15,2 NORMAL AND 
TANGENTIAL 
COMPONENTS OE 
ACCELERATION 


[.et r = Mm + k{t)j be the position vector of a plane curve and lei Ji(f) and 
fc(n he twice differentiable functions. It is fruitful to examine ihe compo¬ 
nents of the acceleration! vector a ui a point fjc, y) in the direction tangent to 
the curve and in ihe direction normal to the curve* First we do a bit of 
preliminary work. 


















15.2 Normal and lanpntial COmptmants 


517 


15.21 The direction 
at the acceleration 
vector 


V 

* 



156 


At a point {jc, y) on a smooth curve, let tb be the angle from the positive 
di-asis lo the positive tangent d.s-ajns, as shown in Mg. 15,5, For the unit 
tangent vector f lo the curve at U, y) T you obtain from (he figure, 

l = (tx>hn^y + (sin « p)j, (1) 

(Thus t is ii different! able function of ifr, arid 

(Ji 

— — {-sin $)# + (cos (2) 

d4> 

From, (l) and (2), you see that i and dtidtfr are perpendicular for 

t- — - {oos^K-sin^} + (sin <M(ca& - 0. 
tftb 


furthermore, 


dt 

dtf> 


v(—sin ifiV'' + cos 1 ' r/i = t. 


Hence dtfd<b is a unit vector normal to die enrev, [You can easily see from (2) 
that dtid<f> may he obtained by rotating t counterclockwise through an angle 
of Of] 0 ,] [l follows that 


th _ iJrfi dt 
d.\ d\ d$ 


(3) 


is also normal to the curve, We let the wit/ normal vector n be the unit 
vector having the direction of dtjda, if dtith t- ii. If diftk t>, then take 
it - dtidtfi. From Lhe definition of dtfds as 

dt . f(s + Aa) — t(s) 

— = lim ---- 

d.y Ai -u n.5 

you see at once that n points toward the concave side of the curve if 
difda * 1) (see Fig. 15.6). 

From Eq (3) and the fact that |df/d<£| 1. 

dr 

ds 


so 


dt 

— “ Kfl. 

as 


(4) 


Equation (4) could be used to define curvature k„ and will be so used when 
we study differential geometry of space curves. We prefer the more intuitive 
definition k -- ]d$fds\ at this time. 
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We have now described an orthogonal frame of unit vectors t and n al 
each point of our curve. These unit vectors might be regarded as “forward* 7 
and “sideways" vectors by a two-dimensional bug living on the Curve; the 
curve may appear locally “straight” to him. You may think of t and n as 
local unit coordinate vectors on the curve for such a bug. 

Now assume that our curve possesses a curvature k at (x T y) so that the 
angle <f> shown in Fig, 15.5 is a differentiable function of the arc length s 
along the curve in a neighborhood of {jc, y). The product a nd chain rules for 
differentiation hold for products such as (dsidt)t and for vector functions 
such as (; you can check by computing components. Using these rules and 
(4), differentiate 


ds 

v ~ — t 
dt 


and you will obtain 


a = 


dv 

7i7 


dsdt . 
dr dt dt 


d 2 s ds/dsdt\ 
dt 2 dt\dt ds) 



t + K 



n 


(5) 


Thus if you resolve the acceleration vector into tangential and normal 
components so that 


a = a,t + 



The relations in (6) have a nice physical interpretation. By Newton's 
second law of motion, the force vector F governing a body of mass m 
moving on a plane curve with acceleration a is given by F = ma. From (6), 
you sec that the component of the force tangential to the path of the body 
controls the rate of change of the speed of I he body, for 

d 7 s d(dsfdt) 

ma t = m ’7" = -. 

at* dt 

On the other hand, the component of the force normal to the direction of a 
body controls the curvature of the path on which the body travels. This 
seems intuitively reasonable. The formula for a n in (6) shows that, when you 
are driving a car around an unbanked curve, the force normal to the curve 
exerted by the road on the wheels must be proportional to the product of the 
curvature of the curve and the square of the speed of the car. The larger 

















15.2 Normal and tangential components 


519 


the curvature, the more force is required. If the speed of the ear is doubled, 
the force required normal to the curve to “hold the car on the road' is 
quadrupled. If you take a sharp unbanked curve too fast, then the available 
force due to friction normal to the wheels is not sufficient for the car lo 
make the curve; you skid and go off the road. 


15.2.2 Computations Let’s summarize here the terminology and formulas developed in our study 

of a curve x — fr(f), y = fc(0 by vector methods. Let's use the notation of a 
dot over a variable to denote the derivative “with respect to r, 1 so that 


x - dxidt, x = d*x/dt*, etc. Then 

r = position vector = xi + y/, (7) 

i? = velocity vector = ii + y/ - it, (8) 

\v\ = speed = s = Vx 2 + y 7 , (9) 

u = acceleration = xi + y j - a t S + a u n — si + K(s )n, (10) 

\a\ = Vx" + jr = = + k~s\ (11) 

a f - l (12) 

a n = *(s)\ * ( 13 ) 


|di 


dct> 

Ids 


ds 


The final expression for \a\ in (11) follows from relation (10), using the 
Pythagorean theorem and the fact that t and n are perpend ir ular nnif vectors. 
The use of relations (7) through (1.4) is best illustrated by an example. 

Example I Suppose the position (x, y) of a body in the plane at time / is given by 

x = 1 + cos f — sin E, y = sin f + cos L 

Let's find the velocity i\ speed s, acceleration a, magnitudes \a t \ and |aj of 
the tangential and normal components of the acceleration, and the radius of 
curvature of the curve at any time t. 

solution The position vector at lime f is 

r = (1 + cos t — sin t)i 4- (sin t + cos t)J. 

From (8) and (Ml), 

v = (-sin t - cos t)i + (cos t - sin t)j 


and 


a = (—cos t + sin !)i + (~sin t — cos 0/* 
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For speed, you obtain, from (9), 

s = &in t - cos f)“ 4 (cos f - sin 0 1 2 = v 2„ 

Therefore 

a t = jt = 0, 

From (II) and the fact that a t = 0, 


| a\ V(— cos t 4 sin r) 7 4 (— sin f cos f) J 

= v 2 = Vay 3 + = V '^,1 

t hus a n - v'2. From Formula (13), you now obtain 

ks 2 = V5 , 


so 


V2 1 


K = 


2 vV 

and p = !/k \/2. Consequenlly, the curve is a circle of radius v2. |] 


SUMMARY Let l n he frmgertf and normal un/t vectors to a twice-differentiable plane 
curve ur a point , wrrii r pointing hi the direction corresponding to increasing L 
and n pointing toward the concave side of the curve. 

1, difds — where k is fftee curaafure of fhe curve 

2. u = (c/s/iif)i 

3* a = d 2 r/dr = (d 2 s}dt 2 )i 4 jc(cfe/if) 7 n, 

so the tangential and normal components of acceleration are 



EXERCISES 


1. Let the path of a body, moving in the plane subject then (he force on (he body at time L has direction 

to a force, be a twice-differenliabk curve. Show tangem to the curve, 

that, if the speed of the body at time i - r„ is zero, 

hi Exercises 2 through 9. find, nt (he bid killed lime f„; 

a> the tangential ami normal components of the acceleration, and 

b) the curvature of file curve. 
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15,3 Polar vector analysis and Kepler's laws 


2* r - 2ti + (3f - l)/ at t 0 = 0 
4. r - (sin t)i + (cos 2t)j at t„ - rr 
r - (In/lrf + (cosh (C i))j nl f,, — 1 
8. r = (l/r)i + (Vt 7 )j at t„ = \ 


3. r — (3t + 1 )f + t 2 J at = l 

5* r = e'i 4- r / at i u = 0 

7. r - (V sin + (e r COs 0/ &l fn — ^ 

9. r = (In (sin f))f + (In (cos t))j at f„ — tt/4 


*15.3 POLAR VECTOR 
ANALYSIS AND 
KEPLER S LAWS 

*15.3,1 Velocity and 

acceleration in polar 
coordinates 


Lei r = f{0) where / is a twice-differenliable function, and consider a body 
moving along the curve r = f(0). We wish to express the velocity and 
acceleration vectors of the body at lime t in terms of the unit vector u r 
directed away from the origin and the perpendicular unit vector u tf in the 
direction of increasing 0, as shown in Fig. 15.7, 

Note that 

it, = (cos 0)i 4- (sin 0)/\ (1) 


w 11 i ic 



u fi — (—sin 0)1 + (cos 0)j 
From (3) and (4), you at once obtain 


du, 

—- = {—sin 6)i 4- (cos 8)j - u 6 
a 8 


and 


du n 

dO 


= (-cos fill + (—sin &)j = -u r . 


( 2 ) 

(3) 

(4) 


You can now obtain the desired formulas for Ihe velocity vector v and 
acceleration vector a by differentiating the position vector 


r = ru r 


(5) 


with respect to L Tt is easily checked by writing out components* that the 
usual "product rule for differentiation' - holds for differentiating a scalar 
function times a vector. Using the chain rule and (3). you obtain from (5) 


so 


v 


dr du T dr 

— = r —- -l-(i 

dt dt dt 1 


dOdu, dr dO dr 

r TtM + dt u ' = r Jt u * + dt u '' 


v = ra f + rflu„. 


(61 


This section may be omitted without Jons of continuity. Some may want to cover just the 
one subsection on vectors in polar coordinates. 
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1 15.3,2 Central force 
fields and Kepler's 
laws 


where a dot over a variable denotes a derivative with respect lo time. 
Differentiating (6), using chain rules and (3) and (4), 


a = 


~di 


which yields 


r —- + ru, ■+ rft ~ 3- {r$ + r(9)®r w 
dt dt 

= ^ + ^ + 

dt do dt do 

= rfju* + ru f + rti ’(— u r ) + (rfl + 


a — {f — rfl 3 )u f + ird + 2 rO)u lV 


0 ) 


Equation (7) is the one needed to study central force fields, Particular 
illustrations of Eqs. (6) and (7) are routine, and are left to the exercises. 


Lu this section, we work in polar coordinates and show how one can derive 
the planetary laws of Johannes Kepler {1571-1630) from Newton's law of 
gravitation. These laws are as follows: 

New ton's Law of Universal Gravitation. The force F of attraction between 
two bodies of masses m and M is given by 

^ GmM 
F ~ d* 1 

where G is a “universal" constant of gravitational attraction and d is the 
distance between the bodies. 

Kepler's Laws 

1. The orbit of each planet is an ellipse with the sun at a focus , 

2. A fine segment /owing the sun and a particular planet sweeps out regions 
of equal areas during equal time intervals . 

3. Lei the elliptical orbit of a planet have a major axis of fcngtli 2 a and let T 
be the period of the planet (be,, the time required for one complete revolution 
about the sun). Then the ratio afT 2 is fhe same for all planets of our sun. 

We derive Kepler's Laws from Newton's Law, This reverses the histori¬ 
cal order. Newton actually derived his inverse square law from Kepler's 
laws, Kepler, in turn, formulated his laws on the basis of his analysis of 
astronomical observations by Tycho Brahe (1546-1607). After some exer¬ 
cises illustrating the material in the text, we give a sequence of exercises that 
constitute a detailed outline for the derivation of Newton’s inverse square 
law from Kepler’s three laws. 
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Let's consider a body of mass M to be fixed at the pole 0 of a polar 
coordinate system, and examine the motion of a body of mass m, which is 
subject only to the force of gravitational attraction toward the body at O, as 
specified by Newton's law. Using Newton’s second law of motion. 

F = ma. 


Since the force is directed entirely in the direction -n, toward O, you see 
from (7) that 

+ 2 f6 = 0 . ( 8 ) 

You obtain, from (7) and Newton’s universal law of gravitation. 


m(f ~ rtf 2 ) — 


mMG 


or 



(?) 


where k MG > 0 is a constant independent of the mass rn of the moving 
body, 

We derive Kepler’s laws from (8) and (9), Kepler’s second law is the 
easiest one to derive. 

Derivation of Kepler's Second Law. From (8). we see that 


-(- r2 (>) = i + rfe = f r{rl) + 2H» = l). 
dt \2 ) 2 2 


Thus 


rH = K 


( 10 ) 


for some constant K. Now r I he area A of the region sw ept out by the line 
segment joining O and the moving body from time t = where & = 6 if to 
time i is given by 



Thus 

dA dAdO \ ^d6 1 „. 1 

— = — — =rr 2 — = - r-e =-K 

dt <16 dt 2 dt 2 2 


(ID 


From (II), 


A = iKr + C, 
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from which ii follows at once that equal time intervals correspond to equal 
increments in A, 

Derivation of Kepler'S First Law. From (10), 


Using (9). you then have 

r — 

Multiplication of (13) by r yields 



(14) 


Integrating (13) with respect to / and multiplying by 2, 



r r 


If you now let p = I tr then r = 1/p and r = -p/p 2 . You may then wrile 
(15) as 


■ 2 

~ + K'p 2 = 2kp + C. 


(16) 


From r 0 — K in (10), you obtain dip 2 = K, so 


K2 (dpY = imm 2 = j_(dp\ 2 = ?! 

\de) p 4 \dt) \de) P Adt) p 4 

From (16) and (17), 


(17) 



(IK) 


Differentiation of (18) with respect to 0 yields 



or 



If dp/dB = 0, then p = 1 fr = a for some constant a , so r — l fa and the 
orbit of our body is a circle with center O, which is in accordance with 
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Kepler's first law. Suppose 


d 2 p ft 

l2 f P L'l ~ 


( 20 ) 


dH 2 r K 

In Section 20.6 you will see that the solution o! the differential equation 


dp _ k 

d0* + p ~w 

describing the motion of our body must be given by 


( 21 ) 


p = A cos 0 + B sin 0 + —y 


= V' A" + B " ( - 


B 


cos 0 + 


sin 0 + — 

' K 2 


vVA 5 + B ? V A* + B ? 

for some constants A and B. You can find an angle y such that 
A . B 


Va 2 4- B 2 


COS y 


and 


va* 4 e- 


— —sin y. 


( 22 ) 


(23) 


(24) 


Let E - v' A" + B\ From (22) and (23), we obtain 

k 

p = — E cos (0 - y) + ^. 

By choosing a new polar axis, if necessary, you can assume that y = 0, so 
that (24) becomes 

- = -E cos 0 + ^, (25) 

r 


which yields 


1 


r = 


(k/K 2 ) - E cos 0 


K 2 Jk 


1 - (K 2 Eik) cos 0 

Note that K'EJk > 0. Setting e = K Elk, you obtain finally 

e(UE) 


(26) 


r = 


1 - e cos 0 * 


(27) 


which is the equation of a conic section with focus at the pole O. In 
particular, if the orbit is a closed path (as for the planets orbiting our sun) 
the orbil must be an ellipse. 

Derivation of Kepler's Third Law* By integration, you easily find that the 

area of l he region enclosed by the ellipse (x : Ur) + (y ? fb ? ) — I of major 
axis 2 a and minor axis 2b is Trab. If T is the period of the orbit of our 
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planet, then (11) shows that the area swept out by the line segment joining 
O and the planet during one revolution is given by 




Thus we have 


\KT = tt ah. (28) 

Now refer to Fig. 15,8. For an ellipse r = f(0) with focus at the pole and 
major axis or length 2 a along the x-axis as shown, you see that 2 a = 
r\ u - ty + From Eq. (26), 


2 a 


K 2 K 2 _ 2kK~ 

k - EX 2 + k + EX 7 ~ k 2 - E 2 K *' 


(29) 



.r 


15.8 


Letting h and r he as indicated in Fig. 15.8., 

kK 2 K 7 kK 7 


K 2 (k - EX 2 ) 


c = a - r, „ = 


k 7 -E 7 K 4 k + EX 2 k 7 - E 2 K 4 k 2 - E 7 K i 

EX 4 


■?2 V 4 s 


k 2 - B K 


(30) 


K 


a 


A computation then yields 

b z a 2 ~ c 2 _ k 2 K 4 - E 2 K H 
K 2 ~ K 2 K 2 (k 2 ~ E 2 K 4 f “ k 2 - E 7 K A k 

Equations (28) and (31) now yield 

^ n t o ^ d 

T = 4%r a ~ti = 4tt", 

K~ k 


(31) 


so 


a 3 fc _ GM 
T 2 4 it' Att 1 


(32) 


which yields Kepler’s third law, for GM/(4tt 7 ) is independent of the mass m 
of the planet orbiting the sun of mass M. 
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SUMMARY 1. for unit vectors u r and u 0 m pofar coordinates. 

Position vector = r = ru r . 

Veforiry vector = v = h i r + rftu* * 

Acceleration vector = n = (f rf) ? )*i r 4- (r6 + 2r0)u e . 

2, Newton's and Kepler's Low?,s tire given of the start of Section 15.3.2, 


EXERCISES 


t. If Hie polar coordinate position of a body in 
the plane at time t is given by (r, 0) — 
ir' - 2 1. f — 1), find the velocity and accelera¬ 
tion vectors of the body in terms of the unit 
vectors u r and u<» at time t = 1. 

2* Express the velocity and acceleration vectors 
found in Exercise I in terms of the cartesian unit 
vectors i and /. 

3. The value of the universal gravitational constant 
G was calculated by Cavendish in 1798. Explain 
how one might use Eq, (32) to calculate the mass 
of the sun. 

4« Argue from Eq. (32) that (he period of a body in 
an elliptical orbit in a given central force field 
can be found if the length of the major axis of 
the ellipse is known. 


5. The apogee of an earth satellite is its maximum 
distance from the surface of the earth, and ihe 
perigee is the minimum distance from the sur¬ 
face, Use Eq. (32) to argue that ihe period of an 
earth satellite is completely determined by the 
apogee and perigee of the satellite. [Hint. Let 
the radius of the earth be R and the length of 
the major axis of the elliptical orbit be 2a. Find 
a relation between K, a, the apogee, and (he 
perigee ,1 

6. Would you expect the ratio a*fT 2 of Eq. (32) to 
be the same for (he earth in revolution about the 
sun as for a moon in revolution about the planet 
Jupiter? Explain. 


The remaining exercises deal with the derivation of the inverse-square property and the formulation of Newton's law 
of universal gravitation from Kepler*s laws. Suppose Shat planets describe planar orbits about the sun in accordance 
with Kepler's tows, and let ihe position of a certain p/anci wirft respect tn a polar coordinate system with pole at the 


sun be gruen by r = r{f). W = 0(f). 

*7, Deduce from Kepler's second law that if A = 
A{f) is the area of (he region swept out by Ihe 
line segment joining the sun and the planet from 
lime fj, to time f. then dAjdt - 0 for some 
constant 0, 

*8. Deduce from Exercise 7 and the formula (or 
area in polar coordinates that r fi = 2(3. 

Deduce from Exercise 8 that rG + 2rW = 0. 

*10, Deduce from Exercise 9 and Section 15.3.1 that 
the acceleration of the planet is toward the sun 
at all times, (This shows you are indeed in a 
''central force field' 1 situation.) 


*11, Let orbit of the planet be an ellipse 

B 

r = -—— 

1 - e eos ft 

for H > 0. (This is Kepler’s first law .) Show that 

r{l - r cost)) + reft sin & = 0. 

12. Multiply the result of Exercise II by r and use 
Exercise 8 to show that 

Br + 2fie sin 0 = <K 
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*13, Deduce by differentiating the result in Exercise 
3 2 and using Exercise 8 that 

4j3 2 e eosfl _ 4gVl _ _1\ 

r ~ r 2 ~ B r \r BI ' 

*14. Deduce from Exercise is that rfi - = 4jtT/r\ and 
Conclude from Exercise 13 that 


*15* Use the result of Exercise 10 and Section 15.3.1 
to argue that the force on a planet of mass m is 
of magnitude 

Amfi'l'R 

nr 

r 

and is directed toward the sun. (This gives the 
inverse-square property,) 

*16, Let 2a be the length of the major axis and 2b 
the length of the minor axis of the ellipse in 
Exercise 1 I and show that 

B = e(l - e 2 ) and h = a v I - e \ 


*17. Show from Exercise 7 that if the planet has 
elliptical orbit of period 7, then the area of the 
ellipse is 0T, 

*18, Deduce from Exercise 17 that $ = Trafr/T, 

*19. Deduce from Exercises lb and 18 that the force 
in Exercise 15 may be written as 

4tt « m 
TV ' 

*20, Conclude from Exercise 19 and Kepler s third 
law that the force of attraction of the sun per 
unit mass of plane! is independent of the planet 
("universal”), depending only on the distance 
from the planet to the sun. 

*21, The ratio u V f can be measured astronomically 
for various situations (a planet orbiting the sun 
or a moon orbiting a planet) in our solar system. 
Show that astronomical indications that a*IT is 
proportional to the mass at the center of the 
central force field, together with Exercises 19 
and 2(1 would lead to prediction of Newton's 
universal law of gravitation. 


*15.4 NORMAL Let's assume that wo are working with a smooth space curve with parame- 
VECTORS AND trying functions having continuous derivatives of all orders lhai we desire to 

CURVATURE FOR lake, 

SPACE CURVES 


*15.4.1 The principal 
normal and the 
curvature 


Let I be the unit vector tangent to a smooth space curve in the direction of 
increasing f. The fact that v has length dsidi and direction tangent to the 
curve may be summarised by 


ds 



(I) 


The unit tangent vector t does not necessarily have constant direction, but I 
docs have constant length L so that 

i-i=l. (2) 

Viewing the vector I as a function of the arc-length parameter s and 


* This seel ion may he omitted without loss of continuity. 
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Example J 


differentiating (2) with respect to ,s. 


dt f/r 

^\7r' = 0 - 


so that 2 1 * (dtfds) = 0 and 




(3) 


Thus dtfds is perpendicular to the unit tangent vector t, If dtfds t- 0, we let 
n be a unit vector in the direction of dtfds; then 

dt 

Ts = Kli ' (4) 

for some positive constant k. The vector n is the principal normal to the* 
curve at tins point, and by analogy wilh liq. (4) of Section 15.2,1, we con- 
sider the constant k in Eq. (4) to he the curvature of the curve at this point. 

Ai each point of the curve, the perpendicular vectors t and n lie in a 
plane through the point; this is the osculating plane of the curve at this 
point, h can be shown that the osculating plane of the curve ai each point is 
I he plane that ‘most nearly contains" the curve in a neighborhood of the 
point. Note (hat the vector n points to the left or right as you face alonsj t in 
the osculating plane, depending on whether the curve (regarded as being 
"in" the oscuhtimg plane near the point) bends to the left or right respec¬ 
tively. 

Let s turn again to the helix with position vector 


Then 

so 


Thus we sec that 

t 

and 

dt 

ds 


r (a cos f)i 4- (a sin t)j 4 tk. 


dr 

B ™ — = (-a sin f)i 1 (a cos Oj + It, 


Tv .— - 

— - vr + I 
dt 


I 


a 1 + t 


[-{a sin i)i + (a cos t)j + It] 


dt dt 


l 


ds dt a + 1 


f-ki cos r)i - (a sin t)j] 


(5) 


= a l -Ucoa t)i + (sin t)j]. 


( 6 } 
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From (ft), you obtain 


di 


a 


K 


da a 7 + 1 


and 


tt — —(cos t)i — (sin t)j. 


(7) 


The vector in (7) is directed toward the £-axis, parallel to Ihe ^y-ptane, || 




Therefore 


\b\ = If 11ul sin 90° = 1, 


so & is a unit vector perpendicular to both t and n. The sequence 

I, », b 

of vectors is a rtghthand triple of vectors at each point on the space curve, 
and may be regarded as a local-coordinate 3-frame at each point on the 
curve (see Fig. 15.9). To a bug crawling in the curve in the direction of 
increasing t so that t points “straight ahead ' and n points “left,” it appears 
thai h points “up. ’ Of course. 


b - t K n, t = n x b, and n - b x I. 


( 8 ) 
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Example 2 


Example 3 


For the helix in Example L you see from the example that 


b — i x 


n = 


1 

Vtr + 1 


i 

-a sin t 
—cos t 


J k 

a cos t I 
—sin f 0 


1 

J~a} + [ 


[(sin f)i - (cos 0/ 4- ak]. 


Viewing t, n, and fr as functions of the arc length s and differentiating 
Mixji with respect to s, using the product rule, 


db 

dfi 


d{i x n) 
ds 


dn dt 

= t X — + — X n 
ds ds 


dn dn 

i x — + {kk) x n = t x — 
ds ds 


By differentiating the equation n * n = 1, you obtain, just as we obtained 
Eq. (3), 


so n is perpendicular to dnfds. From (9), you see that dbfds is perpendicular 
to both t and dn/ds, and is therefore parallel to n, Hence 


db 

- = -r« m 

for some (positive or negative) constant r. The vector & is direction vector 
for the osculating plane, so dbjds measures the rate at which the osculating 
plane twists per unit change in arc length; the number r is therefore called 
the torsion of the curve at the point. The minus sign is introduced in (SO) so 
that positive torsion corresponds to the vector h turning toward the right in 
the direction of — n (like a right-threaded screw) as you travel the curve in 
the direction of increasing f r 


For the helix in Examples 1 and 2, you obtain 


db dt db 
ds ds dt 


- --[{cos t}i + (sin r)/] 

a + 1 


J_ 

61+1 


n. 


Thus the torsion of the helix is constant, independent of the point on the 
curve, and is given by 


1 

a 2 + t 


T = 




























532 


Vector analysis of curves 


*15.4,3 Formulas for 
computing k and * 


Example I 


solution 


The sequence of Exercises 18 through 21 leads to the formulas 


K = 


r X r 


■ n 


and 


0 x r) - F 

|f X rp 


(H) 


For the helix in the previous examples, we found k and r easily from lheir 
definitions, but for some more complicated examples, the formulas (II) may 
be much easier. 


Let's find the curvature k and torsion t for the curve with position vector 


r = t 2 l - Of + 1 )j + fik 


at the point where f = l. 

Now 

r = 2ti - 3 j + 3(-It, 
^ = 21 + 6/k, 
r = 6k + 


Thus at t [ 


r X r — 


r = 2i - 3/ + 3k, 

r = 2i + 6k* 
r = 6k; 


1 j k 

2 —3 3 

2 0 6 


= — 181 — 6/ + 6k, 


|r X f| “ 6V9 T 1 T ! = hVTT, 
|r| = V'4 + 9 + 9 = v'22. 

Hence 


and 


r x r 


AVI 1 


K = 


|r | 3 22^22 llV 2 


(r x r) • r (-18)(0) + (-6X0) + (A)(6) 


T = 


I r x r 


36 


36 ■ I ! 


36 • 1! 

Tr " 
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* 15.4.4 The Frenet From n = b x f T you obtain, upon differentiating, 

Formulas , . -- 

an . at db 

d7 = b *a7 + **'- 

Making use of Eqs, (4), (8), and (10), you obtain 

dn 


( 12 ) 


ds 


= b x (kb) — (rn) x t — K(b x n) — r(n x t) = —Kt rb. (13) 


Equations (4), (10), and (13) are known as the “Frenet formulas” Let's- 
collect them in one place. 


Frenet Formulas 

df 

ds 


dn db 

= kb, — = —Kt + to, — = — t«. 

as ds 


SUMMARY L For a spue? curve with unit tangent vector t so that u = {ds/dt)l, the 
principal normal («ml) vector n and curvature k are defined by 


dt 

ds 


= Ktl. 


2. The (unri) binomial vector is b = t x n. 

3. The torsion r of the c urve is defined by 

db 


ds 


= Til* 


4. Curvature k and torsion r may also he found from the position vector r 
using 

(r X r) * r 


r X r 


K 


If!-' 


and 


T = 


Ir x r\ 2 


dt 

ds 


= KB, 


dn 

ds 


— —Kt + rb. 


db 

ds 


TH. 


5. The Frenet formulas are 
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EXEflCISES 


'!. Find. Lhc curvature and inision 4 . 1 1 a straight line 
in space. 

Expri wex 2 through 9 rife cwuTmftd with the space curer 

x 2t. 

*2. Find the velocity and acceleration vectors when 
f = 1. 

1 '3-. Find the speed uF a body on I lie curve, ill inking 
nf f as lime parameter, when i 2. 

*4. Find the length of ihe curve from I ~ II In t .' 

'S. Find the vectors /„ a. and b at a point on Hie 
curve in lerms of (he rurometer r. 

4 4. Find Ihe curvature k of Ihe curve in terras id Ihe 
parameter f 

Exercise* 10 (hrougJi 14 ure concerned with the twisted cubic 

x ~ 3l 3 + 


v = r 


Z = f 


*7. Find the equation of «hc osculating plane to the 
curve For Li value j„ oF the parameter. 

' H. Find the torsion t of the curve in terms of the 
parameter i, 

9. f rom ihe answers to (he two preceding exor¬ 
cises. it appears licit the curve lies in « plane. 
Deduce lliis directly From the equations of the 
curve. 


y ~ 2f\ % ~ 

'15. find the curvature * of the. curve where / - 2. 
: lt>. 1 ind rhL- binormal vector 4 and lorsinn r of ifu 


curve where t = 2. 

*17. Show that if we let £ rt ■+ *b (lhe Darboux 
cmorF then the Fie net formulas take the sym- 
mclrk form 


*10, Find the velocity and acceleration vectors in 
lerms of ihe parameter t, 

*11. Find ihe speed of it body on the curve when 
t 2. regardinit t as time parameter 

: 12, Find ihe length nf the curve from t (I to t 4 
13. Find Ihe vectors r and rt at ihe point on the curve 
where I ~ 2. 

' 14. Find ihe equation of Ihe osculating plane to the 
curve where 1^2. 

tn bxerches 1H through 21, we denote ti derivative wirfi respire* fp f by ti dot over Ihe ueefor or twriabhr. We assume 

we are working with d space curve, wJiose coord in-ufr /unctions tire differentiable nr often as we like. 

"18. Show thill r ii ( .t' h-jf. [Mint. Differentiate ’'21, Deduce from tha preceding exercise that 


dt 

— S x r, 

a.; 


dt i 

— A x ft, 

d* 


Jfr 

dx 


8x4 


r = !f#,l 

19. Show (hat f iff- sV'V ■+ (3sf« + F 

s Vrh | Him. Differentiate the result in Exer¬ 
cise IS.] 

*241- Deduce From the preceding two exercise* that 

ill F x r = i k h. b) ir x f'i*F= 

[Hint. Since i. n, b. form a right hand perpendicu 
lar unit 3-framc at each point, they may he used 
in ihe role nf f, /. amt k in computations of ihe 
cross product.] 


uf 


jr x r| 


H) T = 


( r X F i ■ r 


Iri 1 ' " |f x Ft 3 f 

'22. Use the results in ti : preceding exercise to find 
the curvature k and torsion r oF the curve 

¥ = exw L, y = z = it + IV 

when t = 0, 

‘23. Show that if the curvature of a smooth space 
curve is zero at each poml. ihen ihe curve is a 
straight lirlc. 
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'24. Show that si space curve with torsion zero at 
each pdiiiE lies in a plane. j FJjred. Deduce lhat ft is 
a constant vector, Show lhat dift ’ rl/ds 0, and 
conclude lhat ft ■ (rifl — rlf,,)) = 0. so lhat the 
curve lies in the plane through the point where 
t i„ having orthogonal vector b \ 

"25. (FuFcJurnenruf Theorem i Show that two space 
curves having the same curvature and torsion for 
each value of the arc-length parameter s are 
congruent. [HinJ. You may suppose lhat Ihe 
position vectors of the cuives arc given hy r l s J 


and risi, and Him 

rim F(0K tm = 7(0), n(0) = it {Of, 

and ftfCl) a fdJ). 

You cuusl then show that fls) fl.s i Set W 
t r l 1 If ’ S ft ■ ft, and show that dwidn 1 1 , 
Show ihHt wish r 3, and conclude that 

i - r ( n = ir, and ft = ft 

Foj uli values, of \. From f f, deduce that r 
r t- e, and. taking s = 0, tiiai e = fl. so thttl 
ri?) = F(s),] 


exercise sets for chapter 15 


review exerci&e set 15.1 

\ t let the position of a body on a plane curve at 
time r he given parametrically hy * sin 2f. v = 
cos f. 

at Give the position vector r of the body a( 
time t. 

ht Find the velocity vector u at time r 77 / 4 . 
cl hind I he speed at time t ^r/4. 
d) Find ihe acceleration vector of the body at 
time l = ir/4, 

2. For the body in Problem l. find: 

a) The normal and tangential components Pi the 
acceleration cl time 1 = ir/4, 
hi The curvature of the path at lime l tr/4. 

*3- iT the polar coordinate position of a hi.n.l y in lhe 
plane at time E is given by fMJ) fv'l, v'jlI + 4), 

find the velocity and acceleration vectors in terms 
of the unit vectors u. ami u„ at time ( 4. 


'4. State Kepler's Laws, 

*5. What tvpe tjF curve is lraveled hy a body moving 
subject to a central force field? 

+ 6. F.jjpSiiin how the curvature of a space curve is 
defined. 

% Consider a body in space whose position al time 1 
is given toy * f. y 3 sin t. 2 = 3 a is r. 

a) Find (he velocity vector u al time t it! 4. 

hi Field the speed at time j tt/ 4- 
cl Find lhe acceleration at time 1 - ir/4. 

*H, For ihe hetdv in Problem 7. Itndt 

al The unit normal veulnr n at time r ttv'4. 

In The unit bismrmal vector ft at time / tt/4. 

'9. For the body in Problem 7, And: 

a) The curvature k of the curve at time E n/4, 
hi The torsion r of lhe curve ui lime ( = ttv' 4 . 


review exercise set 15.2 


1. Let the position vector of a body in Ihe plane be 
given by 


= Jit +■ If 4 VI/. 


a) Find (he vciocily vector t' al time f 4, 

Ft | Field I he speed at time t 4. 

c) Find the acceleration vector a at time f 4, 
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i. l et h body be moving in tire plane subject to 
s li me force. Show that if 

d 2 Ktdt 7 _ 
ttidsit ft) 1 

ill all times t. then the force must he directed at an 
angle of 45° to the direction of motion of the 
body at every lime <- 

3. For a body traveling a circular track at 20 fl/sce, a 
force of StKl lbs perpendicular to the track is 
required to keep the body from leaving the track, 
If the maximum force the track can exert agaiml 
the body in this perpendicular direction is 
4500 lbs, how fast can the body travel without 
leaving the track? 

'4, Give the polar formula for u. and u„ components 
of acceleration for a body traveling a curve in 
the plane, 


*5. State Newton's l.&w of Universal Gravitation. 

*6, Two satellites A and B we traveling elliptic orbits 
about the same body. Lf the major axis of A’s 
orbit is four times the length of the major axis of 
B’s orbit, and if A's period is 4S hours, find B'-x 
period. 

*7. Explain how the torsion of a space curve is 
de fitted. 

H. Consider a body tn space whose position at time 1 
is given by 

* = r\ y = 2t, z - t 3 . 

a> Find the velocity vector u at lime r = -1. 

b) Find the speed at time ! = -1- 

e) Find the aecderalion vector □ at time f = -1. 

+ 9, For the ht>dy in Problem M, find the- curvature h 
a nd lcitsidti t at Lime t = — t. 
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calculus ai several v*rialiles 


W\ PARTIAL 
DERIVATIVES 

tG.1.1 Graphs of 
functions ol 
two variables 

Continuity 


Let z - fix. y) be a function of two independent variables x and y. For 
example, perhaps z ^ f(x, y ) - x^-Bxy, All points (x, y, z) in space such that 
z ~ fix, y I form the graph of the function. Such a function is ccinthmoiis al 
a point U<„ yj in its domain if sufficiently small changes Ax in x and Ay in y 
produce only very small changes A; in z, Mure precisely, given * > 0„ you 
should he ab le to find a 6 > 0 such tha t |Az| < € provided that 
V(Ajt) + (Ayf < 5. Of course, s/(Axf + (Ay 1 ) 3 is simply the distance from 
the changed point (.*„ + Ax. y M + Ay) to (he old point (*<,. y„h while 
Az ffx ei + Ax, y*j + Ay) f(x n , y a b The function is continuous ii it is 
continuous at each point in its domain. Once again, all the elementary 
functions (rational functions, trigonometric functions, exponential and 
logarithmic functions) arc continuous. 

We shall not talk any more about continuity, but simply state that, if a 
function is continuous, then its graph can be regarded as a surface lying over 
(or sometimes under, depending on the sign of z) its domain in the 
x,y-plane. A picture of such a surface is shown in Fig. lb. L 



Example 1 Since s' + y- + z 3 - £i' is the equation of a sphe re with cen ter at the origin 

and radius u you see that z = fix, y) — Va 3 x y r has (he upper 

hemisphere as its graph. !| 

Example 2 Of course, z f(x, y) = 2x - 3y has as graph a plane through (he origin. 

Since the plane can be written 2x 3y z - 0 + you see ii has as normal 

veclor 2f 3/ k. Of course, z - ax +- by + c always has as graph a 
plane in space. |, 


16,1 2 Partial If y - fix), (he derivative dyfdx gives the rate of change of y with respect 

derivatives to x. For a function of one variable, there arc only two directions you can 

travel from a point in the durnain, in the direction of increasing x or in the 
direction of decreasing x. If 2 - fix. v), you can also attempt to find some 
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rales of change, This time there are many directions you can go from a point 
(jc jM yj in ihe domain, and we shall eventually show how to find the rale at 
which z changes in each of these directions. Let’s first find the rate of 
change in the direction parallel to ihe jc-asis given hy increasing r as y is 
held constant. That is. lei’s find the rate of change at t jc, h . y%) in the direction 
given hy the vector t at (hat point Suppose z = /U, yj has as graph the 
surface shown in Fig, 16,2. The portion of the surface over the line y — y 0 
in the jc.y-plane is a curve on the surface, as shown in Fig, 16,2, On the 
curve* ihe height z appears as a function j>(U of x only, as indicated in Fig, 
16,3, This function g{x) is. of course, found by setting y = v< 3 in z = fix, y), 
that is. 

z = six) = fix , Vo). 




Partial Since you have a funclion of one variable z = g{x). you can easily find the 

tferiuHircur rate of change g'(x'| of z with res peel to X, this lime we denote Ehc. rate of 

change by Hzjtix rather than dzfdx. The "round dV + remind us that z is 
actually a function of more than one variable. We call dzjdx the partial 
derivative of z with respect to jc. The value of this derivative at x = x< t (recall 
that y = y 0 ) is written 


3z I 

— or 

WvJ 




ur 


f.Un Yn)- 


You use the function z = My) - fUn-, y] obtained by holding x con¬ 
stant at x ■„ to find the rate of change h'(y) of z ; fix. y) a I (jc m> y M > in the 
direction given by the vector / at that point. The notations are 


Hz 




M 

or — 

Hy 


fy (-t| i, y u ). 


O’-.-Vi,' 


Of course the derivative oF gU) - f lx, y n ) is defined using a limit. This is 
Ihe wav the limit appears in the definition oF the pariial derivatives. 
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16 11 Computation of 
partial derivatives 


ixpuiple 3 


soiATnnv 


Kxiimplt 4 


Definition 16,1 Lei f(x, y} be defined everywhere inside some sufficiently 
small circle with (jt Ml v M ) as center. Then 


H 

dx 


-fiix, l+ y„)= lim 


fu,.-&jc.yJ f u<,. yJ 
I Ax 


and 


-I 


= Vu) = llJTl 

An - -U 


fUttn y« +• 


Ay) - n*M.. yJ 
Ay 


if these limits exist. 


We can regard y 0 ) as ihc derivative at x„ of the function g given by 
g(x) = fix. y tk )» that is. the function of one real variable x obtained from f 
by keeping y - y, h and allowing only x to vary. Hiis means that partial 
derivatives can be computed using the techniques for Finding derivatives of 
functions of one variable. This is illustrated in the following examples. 


[jet f be ihc polynomial function given by fix, y) x~ > 3xy + 2y' Let’s 

find 




II.is 


and fj I, 2) - — 

fly 


C1.21 


Now can be viewed as the derivative at x = 1 of the function g 

obtained by setting y = 2 in the jKdynomial x ' +■ 3x> - 2v ITiat is. 

fiU) = x 1 + 3x(2) + 2(2") = x 2 + 6.s + 16. 


The derivative of x 2 4 6x + lb is 2x 4 6, and the value of 2x 4 ft when 
x = I is 8. Hence 

af 

/!(1,2) = — - s. 

fl- s CifS) 

Similarly, putting x = 1, you Hind that fj 1.2} is the derivative, when v 2 T 
of t + 3y + 2y\ Since. 


dll + 3y + 2y*) 


you obtain 


dy 


= 3 + 6 y' 


M 


f,(Ul) = tHK2) = 3 4 6 - 27, 

y fly 


You could simplify the computation of the partial derivatives in Exam 
pie 3 by noting that you can compute ^(x*y) for any point h jc. y > by 
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differentiating jc 3 + 3sy + 2y' "with respect to x only,™ totaling y a* a 
constant. The notation “fl/Abt" is a practical way to indicate this derivative 
“with respect lo .s/' Thus 

3/ _ «*1±3= 2x + 3y. 
flje Bx 

for 3(2y'Vr)Jc “0, since you think of y as a constant. Similarly, 

<*[ _ 3(jc- + 3xy + 2y'> = ^ + fi , 
fly fly 

Therefore 

— (1.2) = 2-1 + 3-2 = K and ?• (1.2) = 3 • I + ft • 1' = 27. || 
&x 

In practice, you always find partial derivatives by I he technique ill us 
trated in Example 4, and the fl-notation is obviously suggestive here; you 
differentiate “with respect to jc” or "with respect to yFor instance, to find 
dffdx, just differentiate f with respect to x only, pretending tltal y is 
constant. Practice is given in the exercises. 


16,1.4 Functions of ft (jt m z 0 ) is a point in the domain of a function w - f{x, y. z), then you 

more variables can try to find the partial derivatives of w in the directions of t, ]. and k at 

(Jf,> y,., ? r p)■ To find the derivative in the direction given by J. you should set 
y — y t1 and 2 = z^ allowing only jc to vary, Thai is, you hold y and z 
constant and differentiate just with respecl to x to find 


— or f x y 0 , 

Similarly; you can find flw/fly and flu'/flz. 

5 We find the three partial derivatives for w - x sin yz. 
fWM.irmiN You easily see that 

cjvy flw flu 1 H 

— = sin yz, — = xz cos yz> - = xy cos yz, j| 

ax fiy « 

For functions of two or more variables., it is sometimes handy to use ihc 
subscripted notation presented in Chapter 14. where a point in the plane is 
(i |h X") and a point in spate is U,. jc., jc J, The vector notation x may be 
used to represent either of these points; the dimension should be clear from 
the context. Then a function of three variables may be written 

y = flat) - /(*n**i‘ *-.)■ 
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Of course, I hen you cart compute a] I ihe partial derivatives 

fly By dy 
Ax,* 5 x 3 1 " 

and ByfBx, is atso written BffBx, or f, (jt,. .r : , j ;1 ). 


16.1.B Higher-order Let z ~ f (Jt t y ), Then BzfBx f T ix. >'} is again El function of two variables 
derivatives and you can attempt Co compute its partial derivatives with respect to cither 
x or v. These are second - order derivatives of our original function f{x, y). 
The notations are 


fl 

B> \Bx) 


i)x‘ ' V 


and 



LJ*. y), 


Of course, you could equally welt find first flz/fly and then the second-Older 
derivatives 


_n 

By 



oz 


and 


fl _ B*z 
Bx\By I Bx By 


f^ix. y). 


Note that /^ means while f v , means 

It is a theorem that, If the function has continuous second 1 parnal denva 
Equality of lives, then the ''mixed'’ partial derivatives are equal, that is, 

ratired partial _ a . ? 

j a. j f| £ () 2 

dzritiQUvet . _ = __ b 

fly flx flx Jy ' 


This Ii ypothesis of continuity is true for alt elementary functions with 
which we shall work, 

Of course, you can keep taking derivatives. ‘Jbiis B*f}By 2 dx means the 
third partial derivative of f ( x, yh first with respect iox, anti ihcn twice more 
with respect to y. We have 

ay = a-y = ay 

By 2 Bx By flx fly Ax By' 

for functions with continuous partial derivatives of order 3. Similar notations 
are used for functions of more than two variables, and again, 

mixed partial derivatives of the .tame order are equal if all partial deriva¬ 
tives of that order are continuous and the total number of differentiations 
with respect to each variable is the same* 
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Example * We illustrate that —/ w for f{x 7 y) “ sin lx v>. 


SOLUTION Now 


f.(Jv v) = 2xv £Q$(x*y), 


( L v { x 7 y) = —2 jc 1 y sin Dry) 4 2* oo&(Vyi. 


Differentiating in the other order. 


f y (.x, y) - jc a cos (jc 2 3 y>. 


f*U, y ) “ —2 js ’y sin l.v 'y> 4 2.v ms (ar y), 

Thuii f„ - f TX . I! 


SUMMARY l. If z = fix. vh then dz/fl* = fjx 7 y) is tlur partial derivative of fix. y) in 


die diretJtori / corresponding to increasing x an y is held constant. It is 
computed by the usuttl differentiation methods, regarding y tis a constant 
The partial derivative Bzfdy — f t ( x. y ) r.s similarly defined arul computed. 

2, If y - fix\ - fixi,, a.., jc,), rherj ftyflix, is computed by differentiating with 
respect to x, rviiy, rreadni; all other variables m though they were constants 
in the differentiation. 

3, If ? - fix. y), then second-order partial derivatives are 




together with the mixed partfaiF derivatives 



and 



For ait the functions that we shall encounter^ we haw drzidx fry = 
lx. Similar natations are used for more variables and higher-order 
derivatives. For alt the functions we shall use , mixed parsials of the same 
order are voiml if differentiation with respect to each pariaMe occurs the 
same total number of times. For example, if w ™ f(x, y. z ), wt? haw 
h l wliix Hx Hz = rVV/dz 5y dx\ 
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Differentia! calculus of several variables 


EXERCISES 


In Exercises 1 through 2 1, find f x (x. y) and f y (x, y) for the function fix, y). Yott need no\ simplify the answers. 
1. 3x + 4y 2. xy 3* x 2 + y' 


4* xy* + jry 1 

_ a 
7, xr + —r 

v 

10. (jcy)V—yV 

13. tan (x 1 + y”) 
16. In (2x + 3y! 
19. y see' 1 * 4 xy 


5- e 1 '* 

8. (3xy a - Ix^y) 1 


14. t- ,y cosx r 

17. In(2x 4 y) ■ cot y 2 

20. In (sin (xy)) 


x 2 4- 3x 4- 1 

6 .- 

y 

9. tx’ + 2xy)(y* + x J ) 

12. sm xy 

15. e x * sec(x 2 y) 

18. (sin x : 4 cos y 7 l' 

21. tan '(xy”) 


In Exercises 22 through 27. fmd the indicated partial derivative af the given function f. You need not simplify the 
answers. 


22. xy z\ ifff&z 
x 1 + y 


23, x 2 yz; tffjdz tix 


26 . 


y’ 4 yz 


; tffidx* 


28, Lei fix, y) = sin xy. Show that x : jT AJl — y ■■/#** 

29, Verify that f* v = / ¥B for the given function /, 


a) x y 


b) x'V 4 


e) In (xy 7 ) 


24. /„ VE 25. xc yf ; L 

z 

27. in[ops(2x + y 3z) 1; tfffdz dx 7 

30. Verify that f kiy = / lV „ if fix , y) - x V' 4- fx’Vy '). 


16.2 TANGENT 
PLANES AND 
APPROXIMATIONS 


For a function y — fix) of one variable, its derivative has geometric 
significance as the slope of the tangent line to the graph. The translated 
vector 


16.2.1 Tangent i 4-- j 

planes 

emanating from a point lx, y) on the curve is tangent to the curve. 

For a function of two variables i - fix , y), the partial derivatives are 
related to the tangent plane to the graph. Since fizjdx gives the rale of 
increase in z with respect to x as y is held constant, the translated vector 
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emanating from a point (x, y, z) on the surface is tangent to the surface. 
That is, the vector is tangent to the curve on the surface obtained by holding 
y constant, as shown in Fig. 16.4, Similarly, 

i 4- — k 
dy 


is tangent to the surface there also. 


16,4 



To find the equation of a tangent plane to the graph z = fix, y) at a 
point (x, y. z) on the surface, you need to find a vector normal to the plane. 
Since the translated vectors 


and 



are in the tangent plane, their cross product 


i i 
1 0 

n i 


k 

hz 

dx 

fiz 

dy 


dz dz 

-i - — / + k 

dx dy 


is normal to the plane there* We multiply by -1, and remember that 

» Normal vector {dzfdx)i + (dz/dy )/' k is normal to fhe graph of z = fix, y) at each poim 

to a graph on the graph. 

Example 1 Let z fix, y) = x' f 3jey + 2y A and let’s find the equation of the tangent 
plane at (1,2, 23). 
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solution You have 


— = lx + 3y 
dx 

so at (1, 2, 23h you have 

= 2 + 6=8 


and 


cil 

dx 


(1,2) 


— = 3* + 6V 2 , 

ay 


and — 




= 3 + 24 = 27, 


( L2) 


Therefore a vector normal to the plane is 8i + 27j — k. The equation of the 
plane is 


8(x - 1} + 27(y - 2 ) - (z - 23) = 0 or 8x + 27y - z = 39. || 

Of course, yon can also find parametric equations of the normal line to 
a surface if you know a point and a vector parallel to the line. i,e„ normal to 
the surface. 


Example 2 Parametric equations of ihe normal line to the surface in Example 1 at 
0/2,23} are 


jc = 1 T 8f, 
y = 2 + 271, 

Z = 23 -t. I 


16.2.2 Approximations In Chapter 3, you saw how to approximate /(x n + Ax), where f(x {) ) is easily 

computed and Ax - dx is small. Geometrically, you computed the height 
over x ti + Ax to the tine tangent to the graph at (x M: f(x u }). We now have 
a plane tangent to the surface graph of z /(a, y) at (x fM y 0 „ /(x 0 , y 0 )). To 
strengthen your geometric intuition in preparation for the differential 
in the next section, we treat geometrically the analogous approximation of 
/{x ( i + Ax, y ti + Ay), where f(x {U y (J ) is easily computed and Ax and Ay 
are small. This approximation wall be treated again in the language of differ¬ 
entials in the next section, where w r e shall describe conditions on / that guar¬ 
antee that the approximation is a good one for sufficiently small values Ax 
and Ay. 

Let z fix, y ) and let's take Ax,Ay.Az-axes at a point (x (>1 y nj z 0 ) on 
the graph, as shown in Fig. 16.5. The equation of the tangent plane is 

y 0 )(x - x, t ) + / y (x„ T yj(y - y 0 ) ~ (z - Zf>) = 0. 

Therefore the change Az lclli = z - z iS in the tangent plane to the surface 
corresponding to changes Ax = x - x ( , and Ay = y - y„ is 


0) 


Az tlun = f*(x m y 0 ) Ax + f v {x i} , yj Ay. 
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Recall that for a function y = fix) of one variable, we had Ay tiin = 
f’(x v ) Ax, which led to the approximation 

f(x, t + Ax) ^ f(x 0 ) + f(x 0 ) Ax 

given in Chapter 3. Correspondingly, you will now be able to approximate 
/(x„ + Ax, y 0 + Ay) by taking the height to the tangent plane as an approxi¬ 
mation to the height of the surface. Thus 

/(x 0 + Ax, y„ + Ay) ** f(x ih y 0 ) + /*(*,„ y„) Ax + / y U 0 , y 0 ) Ay, (2) 

where the approximation is host for small values of Ax and Ay, 


Az 



Ex a ii i pi q 3 Lot's estimate (ld)5) i (2.^9r, 

solution Let f { x , y ) — x 2 y\ You know /(l,3) = E~ j 3* — 27. Lot Ax = 0.05 and 
Ay = —0*01. Now 

= 2xy * and / y — 3x 2 y ? . 

Then by (2), 

/(L05, 2.99) = /(I + Ax. 3 4- Ay) 

- 27 + £(1,3) -(0.05) + ( v (l, 3) ■ (-0.01) 

= 27 4- 54(0.05) + 27(—0*01) = 27 + 2*70 - 0.27 
= 29.43. 

Actually* (l.G5) 2 (2.99) 3 = 29.4708161475* |] 

Similar results hold for functions of more variables* Lor example, if 
w = f{x, y, z), then the analogue of Ihe approximation (2) is 

fix n * Ax, y c> + Ay. z» + Az) * f(x 0l v,>. z„) + /*(*<„ y 0 , z 0 ) Ax 

+ / y (x 0 , y ( >, *o) Ay + £(xo, y t)s z Q ) A z. (3) 
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Such formulas can be written more compactly using vector notation with 
subscripted variables. For example, the approximation near « = (a,* a 3 , a 3 ) 
of 

y = /(x) = / UhXj,^) 

corresponding to a change Ax = (Ax,, Ax 2 , Ax 3 ) is given by 

f(a + Ax) « f(a) + f^ia) Ax, + f Xi (a) Ax 2 + f^ia) Ax 3 , (4) 

for a vector Ax of sufficiently small magnitude. The use of vector notation 
and subscripted variables often makes the structure of formulas easier to 
follow. Formulas just like (4) hold for approximation of functions of one or 
l wo variables also; it just depends on the subscript of the ’Iasi x.” 


SUMMARY 


1. A vector normal to the surface given by z = f{x, y) at any point ( x , y, z) 
on the surface is 


Bz Bz 3 

— i + — j k 
Bx By * 


2. In view of the vector just described , it is easy to find the tangent plane and 
normal line to the graph of the function , for these loci are determined by the 
point on the graph and a vector perpendicular to the graph. 

3. The approximate value of f(x lt + Ax, y M + Ay) gtten fry the height of the 
tangent plane over (x u + Ax\ y (i + Ay) is 

/(*n + Ax, y (( + Ay) =* /<x 0 , yj + fjx^ y (1 ) Ax + y (1 ) Ay 


for sufficiently small Ax and Ay. 

4 .If y = fix ) = /(x 1( x 2 , x 3 > while a = (a 3 , a,) and Ax = 

(Ax,, Ax 3 , Ax 3 ), then 

f(a + Ax) *= fia) + f x f a }Ax r + L.{a) Ax, + fja) Ax, 
for Ax of sufficiently small magnitude. 


EXERCISES 


1. Find the equation of the Undent plane lo the 
graph of the polynomial function xy -+ 3y~ ai the 
point (-2.3,21). 

2. Find the equation of the tangent plane to the 
graph of the function sin xy at die point having 
coordinates It, -jt/2, 1). 


3. hind parametric equations for the normal tine lo 
the graph of .*y + xy’ at the point (1,—1,0). 

4. Find parametric equations of the normal line to 
the graph of In (x : -+ y 2 ) at the point (3,4, In 25). 

5. Find the equation of the tangent plane and 
parametric equations for the normal line to the 
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surface x* - x^x 2 4x l x 2 3 ' at I he point having 
coordinates (—2,1. 12). 

In Exercises 6 through 9. use calculus to estimate the indicated quantify. 

#. (cos retail 44°) *». V(1.97)* + (2.02)’ + (1.05)- 

volume v = wr’h + V'. 

where h is the height and r I he radius nf the 
cylinder. Estimate the change in volume of a silo 
of 6-ft radius and 30-ft height if the radius is 
increased hy 4 in. and the height is decreased by 
6 in. 


fi. Jt4.G4K0.95) 7. <2.01X1,98)* + (2.1)ift 1.98) 

Ift. A rectangular box has inside measurements of 
14 in, wide, 20in. long, and Win. high. Estimate 
the volume of material used in con struct ton of the 
box if the sides and bottom ate ‘ in. thick, and the 
box has no top. 

11, A cylindrical silo with a hemispherical cap has 


16.3 THE DERIVATIVE 
AND DIFFERENTIAL 


If z = f (.x, y), then df/ftx and tiffBy give the rates of change of fix, y) in the 
coordinate directions, fhe vector 


16.3.1 The derivative 



Example I 


summarizes both these rates of change, and wc consider this vector to he 
the derivative of fix, y), and denote it hy / r (x, y). 

If fix. y) = x 2 - 3xy 4 y\ then 

f(x,y) = (2jc - 3y,-3x + 3y 3 ). II 

More generally, illustrating subscripted notation, if y = f(x) = 
f(x u x lt x 3 ), then 


fix) = 


/Hy_ jrfy dy\ 

\0X L ' f)Xj f)JC 3 / 


( 1 ) 


The vector notation y - fix) is reminiscent of the single-variable calculus in 
the first part of this text. It is very tempting to introduce the notation dy)Bx 
(which you would write HyfBx) for this vector derivative* Just as in the 
single-variable case, the notation is very handy for remembering the chain 
rule presented in the next section. Wc must give you one word of caution; 
This time, there will not be any interpretation of tiyjBx as a quotient of 
differential quantities. The notation dy/Bx is purely a happy symbolism, 
useful for remembering formulas, and is not to be regarded as a quotient. 
Perhaps someone someday will come along and make quotient sense out of 
it. Who knows? Thai is one of the ways that mathematics develops. 

We find f’ix) = dy/Bx at x = ( l 5 — 1,2) for y - fix ) = - 2x 2 x$. 


Example 2 
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SOLUTION NOW 

fly fly ^ ? fly , J , 

. — -X'[X. 3 ’ — bxj^x, , — x ]' — 4xV X 3 . 

OJC | flJC-J (rJC-*' 

Therefore 

fix) = 6 - 4x/x % ), 

irx 

Consequently, 

= {4, -24,9). || 

I 1 . ~1 r 2) 

16.3.2 The differential Recall from Chapter 3 that it y = fix) is a differentiable function of one 

variable, the differential tfy is given by 

dy - f'(x) dx (2) 

where dx is an independent variable. If dx = Ax is an increment in x , then 
dy Ay lan , which is I he change in the y-height of the tangent line corres¬ 
ponding to the change Ax in x\ Also, dy is a good approximation to the 
change Ay in y since there is a function e, depending on Ax, such that 

y = f ix) - Ax + e ‘ Ax where lim e = 0, (3) 

Relation (3) was used to prove the chain rule for differentiation. 

Now let's parrot these ideas for z fix, y). The analogue of Ay tJi „ is 

AZu.li = LU. v) Ax + f ¥ (x, y) Ay, (4) 

so by analogy we define the differential dz as follows: 


Definition 16.2 Let z = fix, y) have partial derivatives f x and f v at (x,„ >%,L 
Let dx and dy be independent variables. The differential dz (or df) of f at 
(x Ul y„) is 

dz = f x {x ut y<>) dx + f y (X(u y 0 ) dy. 

if f x and /, exist at alt points in the domain of /, then the differential dz (or 
df) is 

dz = f x (x, y) dx + / v (x* y) dy. (5) 


The expression (5) can be found as soon as f x and / v exist. However, 
examples have been found showing that dz = Az (a „ may not be a good 
approximation to A z for small dx = Ax and dy = Ay if f x and f y are not 
continuous. Consequently, we shall say 1 hat a function /(x, y) is differenti- 


f(I,?} = 


jfy 

Ox 
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Difftrentiiabhe able only if the partial derivatives f s atid / y exist and are continuous. This is 
function contrary to the ease lor a function y = fix) of otic variable, where the mere 
existence of the derivative always guarantees that dy = Ay,.,,, is a good 
approximation to Ay for small dx = Ax, 

We now develop ihe analogue of (3). Assume that / s and f y exist and 
are continuous. Then 


Az = f(x + Ax, y + Ay) - fix , y) 

= f f(x + Ax, y + Ay) fix: y + Ay)] + [/(x, y + Ay) - fix, y)]. (6) 


[Relation (6) is known as the old subtract-and-add trick.] Now hold x and y 
fixed, and let the function e, of the variables Ax and Ay be given by 


[ {x + Ax. y ± Ay) -iU ZjtAy] -JT (Xi y) for A x*<), 


e, -< Ax 

,0 for Ax - 0, 


so that 

fix + Ax, y 4- Ay) - f(x> y + Ay) = f x (x, y) ■ Ax + e, ■ Ax. (7) 

Using the Mean-Value Theorem on g(x) fix. y + Ay) for y and Ay held 
fixed, you can write 

€, = f K (c t y + Ay) ~ f K ix r y) where c is between x and x + Ax. 
Since is assumed to be continuous, you see that 


Urn c, = ^{x, y) - f x {x , y) = 0, 

Ai.Ay— 


Similarly, if 


fU. y + Ay) - /0c, y) 

Ay 

0 for Ay = 0, 


fy (x, y ) for Ay f 0, 


then 

fix, y + Ay) — f(x , y) = /,{x, y) • Ay + e 2 • Ay. (8) 

An argument similar to the one for e, shows that lim^ ^ -*o — (h Sub¬ 

stituting the expressions in (7) and (8) for the bracketed expressions in (6), 
you have 

A z = fjx, y) * Ax + f y ix , y) ■ Ay + - Ax + c 2 * Ay 


lim t 1 = lim = 0. 

As, Av ! A*.Av—*1 1 


where 


(9) 
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Relation (9) is the desired analogue of (3) for z = fix, y). Of course, similar 
relations hold for still more variables. In differential notation, (9) assures us 
that when the approximation 

f(x + dx, y + dy) «= f(x, y) 4- f E (x- y) dx -f f v (x, y) dy (10) 

is used, the approximation will be a good one tor sufficiently small dx and 
dy, in the sense that the error 

e x 1 dx + € 2 ■ dy 

is small in comparison with the size of dx and dy, since € s -* 0 and e 2 0 
as dx —* 0 and dy —► 0 . 

Relation (9) is so important that we state it as a theorem. 

Theorem 16.1 Let fix , y) haue continuous partial derivatives f K and f v inside a circle of radius 
r > 0 vri/Ji center fx„. yy. Then there exist functions c,(Ax, Ay) and 
€ 2 (&x. Ay), defined for tAx) J + (Ay ) 2 < r\ such that 

liin € x = lim t 2 — 0 

At,Ay—*f) Ax^y-tO 

and Aacfi that 

fix,, + A.v, y„ +■ Ay) = /(*„, y„) + &(x„, y„) A* + fjx n , y„) Ay 

+ e L (Ax, Ay)' Ax + e 2 (Ax. Ay) - Ay. 

Of course, if w = fix, y, z\ then you let 

dw = f t {x, y, z) dx + f v {x, y, z) dy + / = (x, y, z) dz. 

Once again, vector notation with subscripted variables makes everything 
look very much like Ihe single-variable case. If y = f(x) = f(x lr x 2i Jf 3 ), then 

dy - f Xi (x) dx, + fjx) dx 2 + fjx) dx 3 . ( 11 ) 

Recall that 

/'<*) = 

If you let dx be the vector dx (dx t , dx 2 , dx 7 ), then (11) takes the simple 
form of a dot product, 

dy - f f (x)'dx, ( 12 ) 

By using vector notation with a dot product, wc have retained the same 
simple formula for our differential as for a function of one variable. 

Example 3 We find dy if y - fix) = f(x t ,x 2 , X 3 ) «= xy + x 2 e"\ 

SOLUTION NOW 

fix) = 

= ( 2 x,, e^ > x 2 e^). 













Example 4 

SOLUTION 


SUMMARY 


Summary 
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SO 


dy = fix) * dx = (2x t , e x \x 2 e *») • (dx tf dx,, dx,) 

= 2X] dX] + e^ dx> -+- x 2 e** dx 3 . || 

Let y ~ fix) be a differentiable lunction of one variable. We saw in 
Chapter 3 thai the estimate f(x + j^x) =« f(x) 4- / r (x) Ax becomes, in 
differential notation, 

fix + dx) - fix) + f(x)dx (13) 

for sufficiently small dx, Now let y = fix) = f(x t ,x 2 ) be a differentiable 
function of two variables. Theorem 16,1 shows that if [dx.\ is sufficiently 
small, then 


/(* + dx) - fix) + fix) ■ dx . 


( 141 


This lime dx = (dx,, dx 2 ) and fix) = (/„./, ). Of course. (14) also holds for 
a differentiable function y — f(x) - f(x\, x 2 . x 3 ). 

In summary, the familiar formulas from differential calculus of one variable 
ore still valid if you use subscripted variables, vector notation* and dot products. 

Let y - fix) ~ /(X|, x 2l x 3 ) = xy + as in Example 3. Let's use (14) 

to estimate f{ 3.9,6.05, 0.2). 

We let x = (4,6,0) and dx = (-0.1, 0.05, 0.2). Example 3 showed that 

/'(*) = (2x,, e*\ x 2 e^). 

Therefore. 


f(3>9, 6.05,0.2) - fix) + fix) * dx = (16 + 6) + (8, 1.6) * (-0,1,0.05,0.2) 
= 22 4- (-0.8 + 0,05 + L2) = 22 + 0.45 = 22.45. || 


// z = fix, y), then we let fix, y) = {dz/&x y dzfdy). If y = fix) = 
x,). then 

f dx U, ’ dx 2 ’ SxJ 

2, If z = /(x, y), we dejw f/ic dtfjmmmd dz by 

dz = /*(*, y)dx + / v (x, y)dy. 

3, // f K and f y are continuous , then 

/(* + Ax, y 4 Ay) - f(x, y) 

= fix, y) Ax + fjx, y ) Av + e 3 - Ax + e 2 ■ Av, 

where C] -^0 and e 2 —► 0 as Ax -> 0 and Ay 0. 
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4, If y = /£x) = f(xu Jtj* x 3 h then 

Jy = [ X (x\ dx t I f^ix)dxr + [ 1% (x}dx t - f f {x)*dx 


where 


dx = {d&i, ttej, tije 3 }, 

5. If y - fix} = fO t|, x 2 > xj rs ttfjfferenrinWe, Uie^ rlit- formula /or estimating 
using differentiate hikes die farm 

fix + dx) °= fix) + f(x)' dx 
for |i*j sufficiently xiiiaJl 


exercises 


tii Exert-me* I n»rriijjg#r b. find rJif nectar derisatiifc- f* nricJ hJl-it ditff renf r a f nf the iiuiiroted function m the given poitrl 


2- ttxy) = {*Y + 2xh) at a. 3) 

4. f U, y 1 jr ? 2y'+ lan(jcy) + (l/Jt) al(—2, 0) 
6 . f(x, y) = 2x + x cew y *" * sin v at (3,-irl 


I* f(x,y,x) = x 1 + 2 ¥ £ al l4 + -t + 2) 

3. f(.t. y. i) - ln(xy) 4 e v '' 4 simirzi at (2,4, ttI 

S. f(x) = 3x" + see x 4 In* ui it 

7. Lcl f be defined by f[x+ y. z) xy 4 sin Use a 


9. Illustrate rel&liOn (9! or the text by explicitly 
finding the functions «i and e ? for f(x*y) = 
x : - 2xy 4 - y 2 , Ofewve ihni t } -*■ It and 

e : —* 0 as &x “* 0 and Ay —* 0. 


differential to estimate f(0.98, 2.03, (14)3), 

H. Let f he defined by fU-yJ e"‘ t sin xy + 4>\ 


Use a differential to estimate /(0.02, 4.97 ) r 


In Mx&vfaa 10 through 12, ttse relation (14) of the rciri in extimarc the /urirtion at rhf indhated point. 


12, f(x n ,x_,, x,| = snn|i|-c,l + ln(4x,x>') 
at (0.95,2.1 + 4M>3). 


10* f(x u x 2 ) ~ x,\ 7 + x/ at (3 9,2.05) 

11. f(*], i., xd = (*Jxd+ 2x, l x 1 


al (2.95, 5.1. 1.21. 


16.4 chain rules Suppose z = f(x t y\ and x - g L fr], v - g 2 (l) so t determines r. Suppose 


also that the derivatives dz/ftr, fiz/rty, dxfdt, and dyjdt all exist and are 
continuous We want to find dzfdl since i appears ax a function of the one 
variable r. The rate- of change of z with respect In f can he expressed in 
terms of the rates at which z changes with respect to x and to v and I he 
rates at which x anti y change with respect to t This is surely nol too 
surprising. The total rate nf change Of z is the sum of the rates of change 
due to the changing quantities x and y. These rales of change due to x and y 
individually are. by the chain rule in Chapter 3, 
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Example 1 


SOLUTION 


Thus, a (though we have not proved it yet, the valid formula 

dz Hz dx Hz dy 

— = —*—+-- ft) 

dt dx dt fly dr 

should seem reasonable to you. 

We can prove (1) from our ■work in ihe Last section. Theorem 1 ft, l 
shows that 


Az - A(x, y) A* + / y {Jt, y) Ay + e, ■ Ax + e 2 ■ Ay 

where t, —* LI and *? 2 —* 0 as Ax —*• 0 and Ay -* 0. Thus 

dr Az [ Ax , ^ Ay Ax Ay 

— = Um — - lim Mjc, y) — + /„(*, yl-f + c, — + 

dr ii*—*u A/ Ai --cm A t At At At 


ffl 


= MAY>£ + /,(*y>f + »*f + °‘J 

_ dx ^ eJz dy 

fix dr fly dr 1 


which substantiates U ). 

A similar argument shows that, if w - f(x,y,z) and x = g,(i), v 
KaO). and z = g-,<f'j. then 


dw _ ftwdx flwdy Hwdz 
dt rlx dt Ay dr Hz dt " 


In subscripted notation, if y - /<ji f(x ,,x 3k x^) and x L - r,< rJ. r, 
g 2 (0y x, = gj(r), then 


dy Ay dx, ^ *y_dzi fly dx^ 
dt dx, dt AjCj dr Hx, dt 

The volume V r of a right circular cylinder of radius r and height h is given by 
V = irrfi. If the volume is increasing at a rale of 72 tt in.Vruin while line 
height is deereasing at a mie of 4 in./min, let us lind the rule of increase of 
the radius when ihe height is 3 in. and the radius is h in. 


We have 


SO 


dV 

HV 

dr 

dr 

dr 

Jt 

dV 

2 Trrh 


dt 


dt 


HV dk 
Hh dr 


Jdiv 

+ jTF (" 


Vdr 


You know that dV/dl - ~!2i\ and dhfdl = - 4. (The negative sign occurs 
because h is decreasing.) You want to lind dridt when r = f> and Ji - 3. 











556 


Differential csfeylus of several variables 


i' sample 2 


M)nrn«)N 


Substituting, 

72ir - 2ir(fi)(3)^ + ir(6 2 )( 4), 
iit 

SO 

3few— — 2lbm 

di 

Hence drftll = 2lbir/3h7r — Cnn./mit). j| 

Now let z ~ /(x, y) anil x - Siul V “ g^.C je* />. I his time ■: 

appears as the composite function of w variables, s Hriil r. and you iiie 
interested in the partial derivatives fls/rl.s and Azffil Rut i2l is still valid, and 
you divide by the increment if and take the limit as $ is held constant, to 
find dzjdh That is, you obtain from (2) 

if ■ £u = f - u y) l +y) * + t ,- +1 ° - 2 

_ 9z flx 9z fly 
dx At riy 

Thus the derivatives dxfdt and dylds in (H simply become partial derivatives 
in this case. 

Consider the situation where 

w = f{x T y, z) = xy ' +■ 2 f’ 

while x - u. v = v L and 2 uv. Let’s compute flw/Au at (0.21 in two 
ways: by expressing w directly as a function of u and . and by using the chain 
rule. 

Expressing w directly as a function of u and v. 

w /(u, u — 1 l, mu) 

= u (v - \¥ + HiH'" 1 - 


Thus 


Therefore 


— = (u - l)“ + 2 fr ee" 1 t?c" , 
9u 


3w 

flu 


I +11 + 2- e 4 ' 


(iKi) 


= 1 + 2 = 3* 

To use the chain rule, note that when {li. c.l - (0, 2). 
( x, y t z) - (0,1, 
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Exatiilile 3 


If w = xy : 4- zH x \ then 


flw flw flx + flw fly flw dy 
flu fl.v flu fly flu flz flu 

= (y 2 + 2jt*e‘ f K0 + (2*y)(0) + (e 1? )(p). 


Thus 


flw 

flu 


= fl + fl)(L) + 0 + (1X2) -1+2-3. 


(Li.ll.l HJ,2> 


Let's lake a case involving subscripted variables. Suppose lhat y 


i = 


*2 ^ &(<1 

^ fah 

fly flx 

l | a y to* 

! ^ V fl-Vi 


rJi , flf. 

()x 2 flf l 

fan* flt| 


/ay 

fly fly \ 

/flXi flx. 


W,", 

flx.j ’ Ax., / 

\at, ’ fl*, ’ 

fli, 


Then 


( 3 ) 

where ihe Iasi expression is the dot product of the vceiors. Now wc are 
going to succumb as before to the temptation to introduce Leibniz-type 
vector notations. 

*y _ /5y fly fly \ a[i(J _ /fl£i fl£i fa A 

Ox ^.dXl 'fljtl’flX,/ a[l flf|; '.flf, ’ flf, ’ flf, / 

Equation (3) then becomes 


fly _ fly i)x 
flf t &x At, 


( 4 ) 


Once again, we have retained our old chain'rule formula bv using vector 
notations, subscripted variables, and u doi product. Using these subscripted 
variables illuminates ihc structure of these formulas for functions of more 
than one variable. 

Lei y = f{x) = and 


T he ii 


x, — t * — 2 t 2 + I*, x 2 = M? - fi ? . 
4 = ‘ ^ = 3jt > V) ■ (2fi, o. 


When (/,, 1 2P L) = (-l p 1,2), then (*„ x 7 ) = (1, 5), so 

- {- 250 . 75 )* (— 2 , 1 ) - 575 . 


flt E 


r-I.S.2) 
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Differential calculus of several variables 


For another illustration. 


so 


P = ^ " TT = (2x ' x ^> 3 *rV)• (I.- 2tj). 

flC dx df 3 


dU 


= (- 25 ( 1 , 75 ) • ( 1 , - 4 ) = - 550 . 




SUMMARY 1. If z ^ fix , y) and x = git), y - g(f), then 

dz _ dz dx ^ Bz tiy 

dt dx dt dy dt 

Turning to subscripted variables, if y = fix) = f(x u X£, x 3 ) and x = gith 
then 

dy = dy_ dy^ dx^ ^ dy 

dt dXt dt flx 3 dt flx 3 dt 

2. If z = f(x , y) and x = g,(fc, 0, y = f), then 

dZ _ dZ dX dZ dy 

dt dx dt dy dt 

3, Turning fo vector notation, if y = fix) — f(xi, jc 2 , jc 3 ) white x, = g,(i|,f 2 >, 
x 2 = g 2 (f|,t 2 ), and x 3 = g 3 0 i» < 2 ) 1 . then 

fly _ fly fix^ fly flx 2 fly flx, 
dt k dX\ C#r k flx 2 dt k dX 3 dt k ' 

The partial derivative fly/flt t is given by the dot product 

fly _ fly dx 

dt k dx flf ft ' 

where 

dy /jfly Jy _fly\ ax /fl*, flx^ dx 3 \ 

dx \flX| ' dx 2 dx 3 ) an dt k lflt t ’ dt k 1 flf t )' 


EXERCISES 

I* Let z - x 2 + (1/y"), x — r 2 , and y = f + 1. 

a) Find x, y, and z when t = L 

b) Find dzfdt |, 1, usin^ a chain rule. 

c) Express z as a function of r by substitution. 

d) Find dzfdt j E t by difTerentialinji your answer 
to part (c), Compare with your answer in Eh). 


2. If 2 — x 2 — 2xy + xy \ x - l 1 + L and y = l ft, 
use a chain rule to find dzfdt when / = I, 

3. If w — xsin(yz), x =■ 2f + 1, y = 3 1 ? \ and z = 
( tt/ZIL use a chain rule to find dwfdt when t — -L 

4. If w = x 1 + yz s x — un, y = u — v, and z = 
2(4'u, use a chain rule to find flw/flu when u - - l 
and t) = 2. 
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5. Lf w = yy + siiii y 2 y 3 - e v ' white y, = A’,jc 
y 2 = In (a;, + 1), and y$ = x z cos jc 3t use a 
chain rule to lind cHvL'Alx>| t ]i2pft> . 

6. If w = 2u — 3u. u - xy. u = ye \ x = T. mid 
y = 2 sin r, find rfw/dl 

7. If the radius of a circular cylinder is increasing at 
a rate of 4 in,/min white the length is increasing at 
a rate of IS injmin, hud the rate of change of the 
volume of the cylinder when the radius is 10 in, 
and the length is 50 in. 

8. The voltage drop V, measured in volts, across a 
certain conductor of variable resistance R ohms is 
fR, where /, measured in amperes, is the current 
flowing Through the conductor. The current in¬ 
creases at a constant rate of 2 amperes per second 
while the voltage drop is kept constant by de¬ 
creasing the resistance as the current increases. 
Find the rale of change of the resistance when 
f = 5 amperes and R - 1000ohms. 

9. The moment of inertia I about an axis of fj bodv 
of mass m and distance \ from the axis is given hv 
/ = ms H Find the rate of change of the moment 
of inertia about the axis when s = 50 if the mass 
remains constatii while the distance s is decreas¬ 
ing at a rate of 3 units length per unit lime, 

10, Answer Exercise 9 if the body is gaining mass at a 
rate of 2 units of mass per unit time, and has mass 

Jn Exercises 14 through 23. assume that all junctions 

enable you to use any chain rule you wish. 

14, If w = /(h) and u - ax + hv, show that 

bidwjtdx) = a(dwltiy) r 

15. Obtain a result similar to that in Exercise 14 for 
w - f{u) and u — ax by + tz. 

16* If w =s jf(u T t)), u = x + y* and c ~ 2x 2y, 

show that 

dw dw _ (dfy _ p/y 

fix 3y “ viu j ~~ 4 W/ * 

17* If w = f(u) and tt — xy 2 . show that 

2x(dw/dx) - y(dwldy) = 0. 

1ft. If w = f(u) + g(t>), tr = ax + by, and v = 

ax - by, show that fr(d 2 w/ftx') - a~(B'wI&y ). 

19. If w = f(u) and u = x/y, show that 

x(dwjbx) + y(tityfdy) ~~ 0. 


20 when s = 50, while the other data remain the 
same. 

11- The pressure 1 1 in Ib/ff of a cerium gas at temp¬ 
erature T degrees in a container of variable vol¬ 
ume V ft' is given by P - 8T/V. T he temperature 
is increased at a rate of S'Ymin while the volume 
of the container is increased ai a rate of 2 ft 7m in. 
If, at time the temperature was 2ir and the 
volume was 1.0 fr\ hud the rate of change of the 
pressure 5 min later. 

12. By Newton's Law of f Ira vita Eton, the force of 
attraction between iwo bodies of masses m, and 
m is Gm\tn 2 t$ 2 where s is the distance between 
the bodies and <7 is the universal gravitational 
constant. Find the rate of change of the force of 
attraction for two bodies of constant masses of 
(ItjJ 4 and i 10)' units I hud are (1 CIV 1 units distance 
apart and are separating ai a rate of {IP) units 
distance per unit time (Assume the given units 
Fere compatible, and don’l worry about the value 
of G nr the name of the units in the answer.) 

13* Repeal Exercise 12 if the firs! body is gaining 
mass at ihc rate of 30 units mass per unit lime, 
and tin: second body is losing mass at the rate of 
HP units mass per unit time, while the other data 
remain ihc same. 


encountered satisfy enough differentiability conditions to 

20. If f is a differentiable function of two variables 
and f{tx.ty) Vf(x r y) foT all j. show (hat 
x ■ fAx , y) + y - f y (x t y) - 2 ■ f(x , y). (Such a 
function is homogeneous of degree 2.) [Hint 
Different Mite the equation fUx 0w lyj = rfiv„) 
wdih respect to f. and pul i = L] 

21. Generalise the conclusion in Exercise 20 in the 
case that f(tx.ty) - t k flx,y) for all r. (Such a 
function is homogeneous of degree k.) 

22. Show that the resuli in Exercise 19 is a special 
case of your generalization in Exercise 21. 

23. Generalize the conclusion in Exercise 21 for a 
differentiable function of n variables, 
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Differential calculus of several variables 


16,5 THE The partial derivatives of z = fix, y) give the rates of change of z in the 
DIRECTIONAL positive coordinate directions. Let’s find the rates of change of z in diree- 
DERIVATIVE AND tions other than the coordinate directions. 


Lei a = (fi M a 2 ) be a point in the x,y -plane in the domain of f(x, y). We 


GRADIENT 


want to find the instantaneous rate at which fix, y) increases per unit change 
in a direction given by a unit vector u = u,4 + u 2 j at a, as indicated in Fig. 
16.6, Let's think of taking an s-axis, with origin at (a u a 2 ) in the plane, in 
the direction given by u, as shown in the figure. The curve on the surface 
z = f{x, y) lying directly over Ibis s-axis is the graph of a function z = h(.s). 
The rate of change of z with respect to s at (o,, a 2 ) is the derivative 
h'is) = ctejdhi evaluated at s Ik Clearly, this derivative gives the rate of 
change of z in the direction given by the vector u at ft*,, n_); it is called ihe 
directional derivative of / at (a^ a 2 ) in the direction given by u 

You can compute dz/ds using a chain rule, for z is a function of x and 
v, given by z = fix, y), and it is easy to express x and y in terms of s. 
Remember that u is a unit vector. Consequently, for the point (x, y) on the 
A’-axis corresponding to a value .v, shown in Fig. 16,6, you have, in vector 
notation. 


xi + yj = {ad + a 2 j) + su 


= aj + a 2 j + stuj + u 2 j) 
= (fl, + M,s)l + (u 2 + W 2 s}/. 


A ■‘Slope’' of this line is t(K 
derivative in ihe direction u. 



I u ). tht) 


- I 


Therefore, 


x - ai + 

y = a 2 + u 2 s. 


Then the chain rule shows that 


dz dz dx Bz 


ds dx ds dy ds 


Hz dy 



(1) 
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Example I 


Example 2 


SOLUTION 


When $ = 0. you have 

dz 

ds 


«i/x(ai, a 2 l t- a 2 l 


( 2 ) 




!r IV - fix* y* z). then the directional derivative of iv at a = {ci\*a 2 * a,) 
in the direction given by the unit vector u = n ,i + u ? j + H 3 Jt is, of course. 


dw I 

= tfi&M + UzL («) ! 

ds | s =u 


(3) 


Lc\\ also denote the directional derivative given in (2) by fja), the 
derivative of fix, y) at a (a tJ a % j in the direction given by the unit vector 
u = lid -f u 2 j. Thus 


fja) = u, ' ~ (a) + 

dx By 


(4) 


Using subscripted variables, if y = /’(*) = f( jt,, x 2 , x 3 ), while a - (a,, a,, a 3 ) 
and u — u { i + u-,/ -I- u 3 k* then 


, , . d/ , , Bf , , af 

f„(a) = «i-—in) + u 2 - — ia) + w 3 —(*). 




dx 


i ua z dfy 


(5) 


If / is differentiable at a, then the directional derivative f^a) in the direction 
of « — i at a is simply f x (a)> for «, = I and u 2 0. Similarly, f/a) = 
/ v (o). II 


It is important that you remember that u must he a unit vector in the 
direction of differentiation. 

Let f be defined by 

fix , y) = x- + 3xy ■ 

and let's find the directional derivative of f at (1,2) in the direction toward 
the origin. 

A vector in the direction from (1.2) to (0,0) is -/ - 2/, so a unit vector in 
this direction is therefore 


l 2 

« =-“ ~7= / 


You find that 


and 


^ ,/s 1 ' 


~ (1.2) = (2x + 3y 2 ) 
Bx 


= 14 


f 1.25 


df 

-Ml, 2) = bxy 

dy (1,2) 


= 12, 
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Deferential calculus of several variables 


Consequently, 

U1.2J- -£■ I* + (-£)■«-I, 

Recall (hat if z = f(jc, y), then the derivative f*\a) of f inl n — (a ln a 2 ) is 
/'{■> = 

You see from {4} that the directional derivative /„(■) appears as the dm 
product of the vectors 

pa) - f K (a)t + f v {a)j and u - i^i + u?j; 
for 

/» - it]/,.(«! + — f\a) m n~ 

Bui 

/'W"u " |/'M| 1 “jeosti — [f( 4 »)l ' 1 costs - |/ r (a)'|cmfl, 

where tf is the angle between [ r ia] and u, Now l/Virt cos ft depends only on ft 

at the point a, and his<- maximum value |f'(a)| when cos ft = L that is, when 

- t) corresponding to u aimed in the direction of the vector fia) - 
f x iu)i + j v {a\j. This gives a nice geometric interpretation ol the derivative 
vector fia) ~ fja\i ■+ / y (a)/ li points in the direction of maximum rate of 
increase of fix, y), arid has magnitude equal to that maximum rale 
triWifni i 'I increase. For this reason the vector fut > is also called the gradient vector ol 

wttfnr f{x, y) at a = (uq, a 2 ): ii points in the direction of maximum steepness 

(grade! of the surface z - fix. y), and has length equal to that maximum 
slope. The nutation V/ fa) is used in this gradient vector interpretation. so 

Vf(a) - pa) = f>)i + fMl 
Of course, if y _ f{x) ~ ft i,, x ? . x v h then 

Y fia) = f^a) = /Jflh + fja\j + f t ,(a)k. 

and again 

fja) = /'Ini - u = Tf(a} ■ u 

Note that this directional derivative is the component of along u 

F.smnpiv 3 Let us find the maximum rate of increase of fix. y, 2 ) = vV 4 y tan 1 z al 

( 1 . 0 , 0 ). 

The gradient vector of f at (1,0,0) is given by 

V/U.U.U) = &(1.Q,0)< + <»j + = 71 + j 


soi.mios 
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Thus ihe direction of maximum rate of increase of ffjt, y, z) at (1,0,0) ts 
given by lhc vector 2i ■+ / and this maximum rale of increase is. 

|vftu).<i)| = |’( +/| = v's. || 

f inally note that -TTU'i points in the direction of maximum rate of 
decrease of lis\ at a. acid Lhc directional derivative in that direct ton is 

I- 


Summary I, 77tc directional deritwriue oft f{x,y) at a (a. t , u 2 ) in the direction of 
the unit vector u - iii, i + ttj is 

— = fjal = u t f,{a t , o 2 ) 4- Mz/rt#,. a 3 ). 

Restating No. I vvifh three sxnWripiWJ variables, the directional derivative 
of y - /(je) f(K u x z , x,) at a = (u,. ti 2 - uj in Jfic direction of the unit 
Vector ir = u,f + Bj/ + u*k h 

37 - W“) = + n-fJflJ + 0 )(,(«). 


3. If z - fix, yi the derivative fix, y) - {hf{Bx)i + WftByyj in also coiled 
the gradient vector Vf(x, y). The direction tit derivative fje) i.s 1 * then 

[ m {a\ = V fiat ■ u. 

The name formula holds for functions of more thati two variables. 

4. The gradient vector Vf(e) points m the direction of maximum rate of 
increase of She function at a, and Jias magnitude ecjinti to that rate of 
increase. 

EXERCISES 


fn I ifimugh 3, find the dinxriwtai derivative of rhe ficucJiVna rat die gran poani in die indicated 

direction. 


1. f(jt, vl j - Tty' at ( 2 , 31 toward (he oripin 

2h f(x. y> - sin '(x/yl at (3*5) toward (4.4) 

3, f(x t .x Jr ,t n ) = jr,xj’tr' ui (U3, o) toward 
(1*3,—1) 

4. Ijtc fix, y„z) = jt 3 4 y can 1 sr. 1-ind the direction 
m the point (I. 2. I ? in. which fix. y r rf increases 
most rapidly, and I n id this maximum rate of in¬ 
crease. In what direction is ihe rale of increase of 
ffr, v, z i fninjitium, LLiid what is this minimum 
rate? 


5. Repeat Exercise X for lhc function f{x. y) ; 
x ' + j(|n y] at the point (x, y.i = \1, I f. 

6, Let f lx differentiable at a and have a local 
miisiinmn at it. What can he stud concerning >hc 
directional derivatives or f in all directions m r*V 

7* Give an example to show then it is possible to 
have ffr, y) such Hi at fj.d,!)) 0 for uLl unit 

vectors u. arid still have neither a local maximum 
tlor a local minimum fm f ai 1 . 0 , 0). 
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Differential calculus ot several variables 


You fcn«w r^ui; ftv u Intuition f, the gradient welur Vital poin^jr in fhf direction of maximum rate of change 

tif fix] iit a if Vf la) -/■ 0. // VftaJ fcai U, then die rate of increase of fix) in ait directions at a rs zero. In 

Exercises W through 14, f\ltd the direction or direction* in itilliift you urmjtff pom the given pofrif to 

cjrfflin mfltimwm increase fix} oner a ufoon disruntT 'nit- rrii glues fra iriifructron iff flirs: von jityi ifiinfc ulumf rr 

in cildi tflif. 

8. f(x) - *? al 0 V* f £*) - x 1 At 0 

I ft. /<*.*) = * 3 + y' ! at {0,(11 1L fit. v) = Jt”- y' al (11,0) 

1£, jfl*, y ) .r + 2 x y +■ y 2 at (0, £1) 13. /(x, y) x" - x' + y J at (I). 0) 

14. ffay.Z) = 5 *1(1,-2,7) 


16.& DIFFERENTIATION Chapter 3 treated differentiation oF implicitly defined functions of one 
OF IMPLICIT variable, finding dy/dx given an equation of the form G(x, y l - c. We 
FUNCTIONS refresh your memory with an example. 


Fxumpk 1 Lei jry J + 2xy" x l 3 and lind dyldx by differentiating implicitly, 


SiXA'TIOM We have 

x 3 • 3y 3 ^ + 2xy J + 2x • 2y ^ + 2y 3 - 3x 2 = 0, 

' tlx at 

so 

dy 3 x - 2xy* - 2y' . 

Jjt 3x 2 y z + 4xy 

An equation of the form G(x, y, z) - r may define z implicitly as one 
or more Functions of both X and y. For example, X 1 + y 7 +■ 2 2 — 10 gives 
rise to the functions 

z = Vl6 — x 2 — y 2 and z = - s/lf> - x — y 3 . 

We shall not describe exactly when Gfx, y t z) - c gives such implicitly 
defined functions. Bin for functions you will use here, the locus of 
GU, y, s) - f is a surface in space, and is piece of such a surface containing 
a point (x u , y UH z u ) can often be regarded as the graph of a function 
z - fix, y) such ihat z n ~ f(x ltf >■(,). In this case., you would Ijlce to find dzja is 
and Bzfb y. This can again be accomplished by implicit differentiation; 

Emsamiife 2 Let x 2 z + yz" 1 - 2xy ? = -SL and let’s find dzfdx at the point (L-2* L) on 
the surface. 

solution Differentiate implicitly with respect to x, thinking of y as a constant, 
obtaining 
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^sample 3 
sonmnN 


so 


and 


flz _ 2v 7 - 2 x 2 
dx x 1 + 3yi" 

dz _ 8-2 _ _6 

ci. j.o 1-f S' 


There is an easy formula that avoids the technique of implicit differenti¬ 
ation, Suppose G(jc. y, zl = c defines z — f{x, y). Then the equations 

w = G{x, y. z), U) 

x = x> y — y, z = f(x. y), (2) 

define iv eis a composite function of the two variables x and y. Furthermore, 


w = GU y, z) = G(x, >\ fix, y)) = c 

for all x and y, since z f{x, y\ was chosen so that G{x, y, z) = c. Thus 
flw/flx = Cl and BwfUy 0. Rut, by the chain rule for the sequence of 
functions given by tU and (2), 


&w flGax ^ flG fly + BGdz dG ^ ft<7 flGflz 

flx 3 x 3x fly flx flz Hx flx fly flx flx" 


[Note that iiy/flx - ft from (2> where y is regarded as a function of t and y.] 
Since flw/flx - d, you obtain from (3) 

AG dGdZ _ 
flx flz flx 
so 

flz flG/flJt 

— = —-—— . (4J 

flx BGidz 

Formula 1.4> for flz/flx is valid wherever flG/flz f 0, anti it can be shown that, 
for a nice function Ci, this is a condition that guarantees that fj(x, y, z) <: 

does define z implicitly as a function of x and y 

Let's do Example 2 again using the formula i,4). 


From 

you obtain 


so 


Gtx r y. z) = x ? x + yz ' — Ixy* - -d. 


flG 

— = 2xz - 2v 
Ax 


BG 3 , 

and — — x + 3yz \ 

flz 


flz _ 2xz — 2y 7 _ 2y 7 — 2xz 
Ax x 2 + 3yz 2 x 2 + 3yz"' 
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Differential calculus af several variables 


The derivative is then computed at (. E. —2, 1) as in Example 2„ but the messy 
i in pi id i differentiation is gone. | 

The formula 

Bz _ cfGfdx 
fa ~ ~ rlGtdz 


is fairly easy to remember in this Leibniz notation; the r3f? L s ’'‘■caned" to give 
what you warn, but y*?u must remember (he minus sign also. This is one place 
where the [jeibniz notation lets you down just a bit* 

Of course, a similar argument shows dial 

ri? r?G/cfy 

Ay AGfAz 

Indeed, if Gfx ls x 2 , x s ) = e and you solve for x, in terms of the other x's, 
similar arguments show- that 

fa AGffa . , . 

sr-seftv (5) 

You can even use the formula to solve the Chapter 3 implicit differentiation 
problems, finding dyfdx if G(x, y) - c, for 

dy _ ilGIfa 
dx ~ ~AGjAy ‘ 


To illustrate, we solve Example 1 again, finding dyidx if 
G{x, y) = x 3 y* + Ixy 1 - x 3 = 3. 

Then 

= Sxy 1 + 2y~ — 3x' and ^ — 3i 2 y 2 + 4xy, 
Si ' fly 

so 

dy _ 2xy ? + 2y a - 3x" _ 3x* - 2xy i - 2y 2 
dx 3x s y 2 + 4xy ix 7 y 7 + 4 Wf 


ns obtained in Example I. 

Recall that a vector normal to a surface z - f(x, y) given impliciily by 
G{x. v, z) ~ c is 


Az Bi AGjfa AGidy . 

— j + — i - k = -i-- t — b 

fa dy 1 AGlAz AG{Az J 


m 


Multiplying the vector in (6) by -AGfAz, you obtain., as a vector normal to 
the surface f?(x, y * z) ~ c, 


HG AG 
— i + — j + 
dx fly 



(71 


But (7) is the gradient vector VG, The surface GU'. y, i) = c is called a level 
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surface uf the [unction GU, y, zK for it consists of all points (x, y. z) where 
the function has the “level' 1 c. Summarizing. 

the gradient vector of a function at a point is perpendicular to the lend 
surface of the function through that point , 

Of course, for a function Cr(x. y) of just two variables, G(jc, v) - c is a 
curve in the plane, called a level curve of G, Again, the gradient vector VG 
is perpendicular to the level curve ut each point. This follows at once from 
the statement above if you consider the locus oF G{x. y) - c in space, which 
is a vertical cylinder in terse cling the x,y-planc in the curve G(jc, y) - c, 


ExmpLc 4 The curve v = *' — I is a level curve in the plane of G{jc, y) = y - x 2 . 

Thus a perpendicular vector to the curve at 4 2, 3) is given hy YG<2,31 We 


ohtain 



and — - 1. 


so YG = -2xi + /. and YG(2, 3) = -4f + /, The curve and this vector are 
shown in Fig. 16.7, || 


v 



Kvampk S Let’s land the tangent plane and normal line to the surface x’y z + * J y ' + 
«n(x 7 z) = K at the point (-1.2,0). 

■ioi.LTiON Setting G U, y, zl - x 7 yz + jt’y 1 f sin{i 2 z), we have 


G,(—1, 2,0) = (2ryr + 2xy i 4 2xz cos (jc 3 z))| t . l 2r w ~ ‘ 
G v (-L2,(l) = (x 2 2 + 5***%^ m = 12, 

G r (-1.2,0) = {ry + x ? ccfe(x-z))L.. li3i | (l = 3. 


U 1,2 III 


Therefore the normal vector (7) is - 16i + 12./ «- 3fc. The tangent plane at 
(—1,2*0) has equation 

! ft.r I2y — 3s = —40, 
and the normal line has parametric equations 
jt = — l — I6f, y = 2 + I2i. 


* - 3 1. II 
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Differential calculus ol several variables 


SUMMARY 


1. If G{x, y, z) = C defines z = f{x, y), then Bzjdx and BzfBy can he found 
using triftar rmptirif dlfferenfidritm or ffte formulas 

Bz BGlBx , Sz BGfBy 

— ~ -—— and — = - — . 

Bx BGffiz By BGfBz 

2. If G{x) = G^. x 3 . Jtj) — c defines x, u.u a function of the other x 's, then 
BxjBx t for i / / t’dn be found by implicit differentiation or using the formula 

«t) Jc^ _ BGlBx j 
AX; BGlBx, 

3. Gioeri u surface Gfx, y„z) c. the gradient vector 


_ dG BG . dG t 

VG - —- f + — } + —k 
Bx By Bz 

is normal to die surface at each point on the surface. 


EXERCISES 


In Exercises I famueh N, fmd the dewed derivative using famtirfus frfct dipje in Eqs. (4 1 and (5), 


L dy/dxl,, n if Gy - xsinfirv) - y' = (I 
3+ flz/ftxli-utjm if x sim.y£> - 3 x 3 i 4 ye* = 2 
5* dy/#z| qiM ,.|| if tan '{x + y) 4 ln(xz 4 y> = it/4 
7„ iljc/rteL iMi „, iF sin l ? + i 1 ;' 3 = 12 - xe r 

In Exercises 9 iftroujrh 12. u?,r implicit differentiation 

9. , □.,) if cos(x"y) yz’+xa’ 1 =0 

11. dx/tfyi, .,. im if G ¥J - In (ii + I I = i 


2. dxtdyUv If * ¥ - (3*y + 2y)’ = -63 
4, clXi/riX;|f i, - i.ii if JC, - 2x : .t/ = SXjJt*' 

6. SXb/riX^i ,i.,„ if sin (x,x,) x,\/ -4 

H. ByfBx li7 „ 3l jf In (Jty + 11 J 3ti - 24 + tun lx - z> 

fine/ the desired derfuatice, 

10. ii if *txv - 3x : X! 4- XiXn* = 3 

12. Sx^/ax ,^, t2 _ 1w if x/ - 4x 3 xG = - 12 jc a J 


In Exercises 13 fhnliugil 15. find the eatitiiitm af the fun^cnf line or plane and parametric (YPUdfirmi tif [fif normal 


fine ta the glueo curve nr surface a l the gteeii point. 

13. Gy - 3y 2 = -2 8t (1 ,\) 

15. sinix' vl * i.3x + 22^ x al(—l,U. Li 

1ft. Show |hat if G(*. y'f has continuous second partial 
derivatives and if the curve GU, yl = t defines v 
as a twice -differentiable function of x, then at a 
l t Jt, y) where Gj'x, y | # O, we have 

d'y G/G,j - 2G,G V G„, + G,'G„ 

djp = g ? 

17. Use the resull in Exercise R> to compute 
tl ? y/dx J U i . for y defined implicitly as a function 
of x by x 1 3xy 4 4y 1 = 4. 


14, 3xe l + xy 1 = 2 + x at (1.0) 

IK. Show ihai the curves 

5x 4 v - IflxV + y 1 = 4 

and 

x* - lUxV + 5xy 4 = -4 
are orthogonal at all points ol interscclion. 

19. Show dial the surfaces 

x" - 2y J + z~ = 0 and xyz = ] 

aie orthogonal at all points of intersection. (Sur¬ 
faces are orthogonal at a point of intersection if 
their normal lircji llI lh.0 pnin| jitl 1 ntthogor fiI, } 















ExOTGEflS 


569 


2*L Show that the surfaces 

± + y 2 + 2 Jr' 1 = 4 

and 

\2x 3(ln y| + r 1 ~ 13 
are orthogonal at all points of itileftedion. 

exercise sets for chapter 16 


review exercise set 16.1i 


1* U w = fix, y, z) xz ' + jrV = , find; 
a) 8wfAx b) rt'w/rti'' c) if wffix fly 

2- Find ihe equation of the plnne tangent to the 
■surface 


x. + y 

z = - 

X - y 


;it the point (2, I, 3). 

3. Let w = /(x, y, £> = a'\- - xy' 2 ', Lind the vec* 
lor derivative f f i 1,-1.2'). 

4. Use a difle-nenlial to estimate 


(2.05 )' 1 - 1 3 *J7> a 
U.OR>- 

S„ Let i fix, y) e’ ' while x ~ 2(rf and y = 
x" + l'. Use the chain rule to lind tizjBt al the 
point {*■„ M = fl, -1].. 

6+ I.l-i z = ffx h ij, at,) while rti = Kit*i, fj) T rt? 
g,(f 1+ (■,>, and x, ^ff, + t 2 h Suppose (hat when 
t a. you obtain a Vector £ = b and Thai 


Bz , dz 

= ~ (« (3,0,d 

CH 1 ClJf 

and 

— Id) = (-4, 3. 2), 

IP J | 

Find (he value of c. 

7, Find (he directional derivative of 2 = fix, y) = 
x V' - 3y al (-3,4) in ihe direction toward the 
origin. 

8. Find lhe direction for maximum rate of increase 
of fix, y, z) y -s.injci 3 at the point (0,3, — 1 j. 
and the magnitude of ihis maximum rate of in¬ 
crease. 

ff. l et y be defined inplicilty as a function of x and 
z by x ? y - 3x2" + v* = -13- Find dyjdx at The 
point (1, -2,1). 

Ml. fund parametric cquiitjoirH of the line normal to 
the surface x’v - 3x2' ■+ y' = -13 al the point 

{ 1 ,- 2 . \l 


review exercise set 16,2 


1. H y x t sin x-x h jc.'x,', find: 
a) fly/Sx ? h] il’y/rlxiflxn 

2. Find the equation of the line normal to I he sur¬ 
face 

*’ “ V 

z ^-- 

x + y 

al the point (2+ I, t). 

3. I .c:t v = f(xi, x_,'i =■ Xf' 4 ?| (wjj, Find the vec¬ 
tor derivative /'{L 0). 


4. Use a differential to estimate (2.03) = cos ( U.051 

5. Let z fix, y} while x - g x (t) and y = If 
KdU = —3 and g.-ij) * 4, white 


dz 

di 

= 2. 

H-l 

dx | 
dr 

= 4, 

i-i 

dy J 

= -1. 
-i 

0i 

m "I 

dr l 

Bx 

ll-MJ 

find f v (—3,41 
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Differential calculus o| several variables 


ft. Let . 1 , JJi(/|. (‘I and i, = # 2 (t|, Jjl be differenti¬ 
able functions, Suppose gi( 1.2) —1 while 

&(-K2) = 2. Ut 


diy 

di 



(3.-41 


and 


Af? 

rli 


( 1 * 2 ), 

i ’-i 


If /<f lt * ? > fed,,!-)), find f f .{- 1,2)* 


7. l int! the directional derivative of jc 1 v + (x/y) at 
I I, 11 io the direction toward (2., -3). 


8. Find tltt; direction uf the maximum rate of in¬ 
crease of /(.x* y) jc’e* 1 ' at the point (3,(1), and 
then find the magnitude of this* rate of change. 

9* Ef .v is defined implicitly as a function of y and z 
by irons* -t- *2 ’ - 3y*z *= 5, find dxjdz at 

(0.1,2). 

|0 + F’ind (he equation of ific plane tangent to the 
surface x' , y + y 1 i: + j : 'y = — i at the point 

Cl. 1,-1). 


more challenging exercises T(& 


1, Find ihe appropriate ‘'subtraCt-and-add trick" that is* give the analogue of Eq. (6) of Section lft.3 for 

could he used to prove the 3-- variable analogue of w fix, y, iF, 

Theorem Its, I fnr a fund ion w = Rs. y t i). That 
The rarnfliJiing exerciser introduce power-scries representation far d function of two t>anahlc$ r 

2. Consider lhe polynomial function. 5* hollowing the idea of Exercise 4. predict the 

polynomial Tdx, y) for *■''' <u (0,0). Then verily 

Pix , y) = u.H. + On.(x Jfo) 4- eftnty - y,i) 4 ■ ■ ■ vour answer by computing (1) with n 4. 


r fl.jEx inVty y,.)‘ + ■ - ■ 
4- - v..r 


6* Find ihu Taylor polynomial T + (*. y) for c ‘ at 

t«. 1)* 


Tor all nonnegative integers j' and j where i + /' £ n. 
Let f{x. y) have continuous partial derivatives 
Of all orders. '- rr at (*,,. y, , I Find a Formula fnr 
u,, if F(y, yi has the same partial derivatives a* 
JT<jk, y) of all orders ^rr at <5C<,. y,,): thal is, if 


d'"F 

flV fly 1 


I"- Vi,I 


c3"T I 


We dc/inc the nth lay lor polynomial f„(x, y) for 
fix. v) at lx,,, Vi.F to be 

T n (r, y) 


3. 



fl IH 

"fljt'flV 


' (* 

I U||-Y,1 


xj{y 



H) 

Find the lay I or polynomial T\tx,y) hir s,in(x 4 y) 

at 1(5,0), 


4. Explain how (fit,- answer to Exercise 3 is predict a 
hie in terms of Taylor series tor a function of one 
viiriishle. 


Toytor's Ffieorem Let f{x* y) have eon r muons 
pattid! denial NTex of nil orders ri(n + If jn soruf 
disk, with center of (r,., y„). Then for each 
(JLV) ^(.e n , y,,l in the Jest, there exisrir (c,.<\.)* 
depending cm * and y urrd strrcdv between (jc,„ y,,l 
and U, yi an tin- fine .vrgnuvu Rrinfirg them, such 
that 

t'„U, y) 

— y ' '/ 

rr Lit |t flx' rly 4 

14J „+l 

where E, (x* y) f{x h y) TJx. v). 

7. Estimate (1.()2) 2 In(0,974 using a differential. and 
then use Taylor's Theorem to find a hound for the 
error. 

8. Use i he Taylor Polynomial F,(t y) at (0, l) for 
y 1 cos n to estimate (1.03)' cos ( -0.02), and then 
find a bound for the ernOf 


’ (i - (y - yj I. 
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!l. Lcl f be el function of iwu variable^ with contlnu- 
ouk urMirtiiniiic derivatives of all orders Let us. 
introduce the operalftHt nofntjoru 



Show ihrhe pitf] Taylor p<>lvT>r>rntnl for f at 
(JCih v„i \s given by 

Tax, v) f{xn> yj 


+ 


tut 

H if \&x 


(x 

Un-wJ 





IV 


- >-..)) V- 
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Applications of partial derivatives 

17,1 MAXIMA AND 

MINIMA 

Let z - fix, y) and suppose fix, y) %) for all (x, y) inside some 

sufficiently small circle with center at (jr«, y<,) r Then fix, >) has a local 
max in in ni or relative maximum or f(x Alr v,J □ ! the point (r t> y ft )„ Of course, 
if the inequality were reversed so that f{x, y) > f{x 0 , y„) for all such Ijc^ y r J» 
then /(Xft, y„l would he a local iniitumini relative iMiitiimim. This is an 

obvious generalization of the same notions for a function of one variable; 
and slill further generalizations to functions of three variables are clear. 

Of course you want to find such local maxima and minima of z = 
f(x.y). Suppose that fjx, y> and f y U, y) exist, if f( jCn*y u ) is a local max¬ 
imum, then the function ft(jc) = fix.yj has a local maximum g(x M ) at x ti , 
and consequently 

E (■%) = /, (Jtn+ Jfp) — 11. 

Also, you must have a local maximum at y r , of h{y) - f(x„, y) t so 

h'tyn) = f y (x lt . yj - il 

A similar argument sflows that first partial derivatives must be zero if 
fix, j. y,,) is a local minimum, and indeed, the same results hold for functions 
of more ihan two variables. 

Uuwrtfi 17.1 

If a function has first-order partial derivatives R then these derivatives will he 
zero m any point where the function has a local maximum or u local 
minimum. 

Evainpli: 1 

Consequently you can find all candidates for local extrema of differen¬ 
tiable functions by finding those points where all first-order partial deriva¬ 
tives arc zero simultaneously, 

So far the situation is just Ihc same as for a function of one variable. 
From here on, more complicated things can happen for functions of two or 
more variables, as the following example shows. 

Let / be defined by f{x, y) - \ - x ? + y 2 . Then /,( 0,0) = f v (<Ul) - 0. 
Clearly / has neither a local maximum nor a local minimum at ((1,0). for 
/CO, 0) = 1, but fix^i)) < 1 and /((I, y,) > 1 tor nonzero x, and y, close to 
El, The graph of f is shown in Fig, |7,L (| 

For a function of one variable with first derivative 0 at x H) , the sign of a 
nonzero second derivative at jc„ determines whether the function has a local 
minimum or a local maximum at x t , T The situation L not no simple for 
functions of more than one variable, as we show in the next example. 

F'viimplt 3 2 

Let f be defined by /(x, y> = *' + 4xy + y 2 , Then A(0,0) = f r (0, 0) = 0, 
and all partial derivatives of order two arc positive at (0,01; namely, 

/ te (ChQ> = 2* /-< 0,0) = 4, /„(0,0) — 2. 

However, f still does not have a local maximum or a local minimum at 
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17,1 


(Cl* 0). To (his. note that 

fit rtif) =(H 4nz + m 1 )! 2 

anti that 144™+ rrr assumes values of opposite signs for m = I and 
fit = -L Thus on the line x = t, y t corresponding to m - I, the func¬ 
tion / assumes positive values, while on ihe line r ~ t, y ~ t correspond¬ 
ing to m - — 1, ihe (unction assumes negative values. Since f(0, 0) - 0, you 
see that / has neither a local maximum nor a local minimum at ((1,0), || 

We state without proof a second-order derivative test Tot a local 
maximum or minimum of a (unction of two variables. A proof can he found 
in any advanced calculus text. 

Theorem 17.2 Let fix. y) be a function of two variables with continuous partial derivatives of 
orders ^2 in some disk with center (i H1 . y M ). and suppose that 

fi(V ViJ = /t-(^tM Vc^ = th 

white not all second-order partial derivatives are zero at U+, Vfl). 

A - /xxU)-yoK B and c = f rv (x 0l )\ } ), 

Then die jfuRctfon f fins either a local ntorimum or a local irummurn at 
(j£ (fc , y 0 ) if AC B > 0, In this rase, the function hus a krai minimum if 
A > (1 or C > 0 + and hay a local maximum if A < 0 ar C < 0, If 
AC ~ B ? < 0 t then f has neither a ioc L «( rtta xmi lim nor 0 local minimum at 
(y,-,), hut rather a saddle point like that trt big. 17. L 

Referring to Example 2, you see that there A = 2, B = 4, ami C “ 2. 
ro AC B 2 ■ 4 16 12 < 0. Consequently f{x, y) jr + 4xy + y 2 

had neither a local maximum nor a local minimum at (0, 0) + 

We illustrate with two more examples. 

Let’s find all local minima and maxima of the (unction f where 

f{x, y) = x ? — 2xy + 2y z — 2x + 2y + 4. 



EniAill|>k L 3 
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Applications of partial derivatives 


SOLUTION 


Example 4 

SOLUTION 


Wc have 

f x (x, y) = 2x - 2y - 2 and / ¥ ( x, y) = -2x + 4y + 2, 

[n order for both partial derivatives to be zero, you must have 

2x — 2y — 2 = 0, 

-2x + 4y + 2 - 0. 

Adding these equations, you find that 

2y - 0 

or 

y = 0. 

Then you must have x l. Therefore (1,0) is the only candidate for a point 
where f can have a local maximum or minimum. Computing second partial 
derivatives, 

A - f„(u 0) = 2, B = f xy a> 0) = -2, C - / vy (1,0) - 4, 

Therefore AC - fi 1 = 8 - 4 - 4 > 0. Since A > 0, you know by 
Theorem 17.2 that / has a local minimum of /(1 T 0) = 3 at (1,0). || 

Let's find all local maxima and minima of the function / where 

f(x, y) = x A — y x - 3xy + 4. 

You have 

/«(*, y) = 3x J - 3y and /„(jc, y> = -3y 2 - 3*. 

Setting these derivatives equal to 0, you obtain from the lirst one y = Jt’, 
and then from the second one you have x 4 + x — 0. Now 

x 4 + X = x(x s + 1} 

= x(x + l)(x ? — x + l) = 0 

has only x = 0 and x = — 1 as real solutions. 

At x = 0, you obtain y = 0* and 

A = 0) = 0, B = fxyffi* 0) = —3 f C - f vv «L0) - 0. 

In this case, AC - B 1 = -9 < 0, so / has neither a local maximum nor a 
local minimum at (0* 0), 

At x = -1, you have y = L and 

A - /**{-!* 1) = —B = f xy (—l, 1) = -3, C - /w(— 1' 1) = “6, 

so AC - B 2 = 36 — 9 = 27 > 0. Since A < 0, you see in this case that f 
has a local maximum of f(“l, l) = 5 at (—1, 1). || 
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SUftflVtARY 1, If a function has a local maximum or minimum at a point where the 
first-order partial derivatives exist, then these first-order partial derivatives 
must be zero there. 

2. Let /(x, y) be a function of f vu-dj variables wt/h continue us partial derivatives 
of orders <2 in a neighborhood of (x 0 . y { ,), and suppose that 

f,(x„. y n ) = fjx y„) = 0. 

while not all second-order partial derivatives are zero at (x () , y,J. Let 

A = y n ), B = f xv (x iy , y d ) t and C = / yv ( x a , y Q ), 

Then rhe function f(x, y) has either a local maximum or a local minimum 
(xn* y tl ) if AC — B~ > 0 r In this case, the function has a local 
minimum if A > 0 or C > 0 T and has a local maximum if A < 0 or 
C < 0. // AC - Li~ < (> t then fix „ y) has neither a local maximum 
nor a local minimum at (x fl , y fi ), but rather a saddle point there . 


EXERCISES 


In Exercises t through 12* Jind all local mat ini a and minima of the function, 


1. 

2 . 

3- 

4. 

5. 

6 . 


sin xy 
X 4 y 


e 


1-4 y3 


+ y 7 4 4x — 2y 4 3 
.2 


X 

X- - y 1 + 2* + By - 7 
X 7 4 y 7 + 4xy — 2x 4 6y 


7. 3x 2 4 y 2 — 3xy + 6x 4y 


ft. In (x 2 4 2xy + 2y 2 — 2x-tfy4 20), [Hint, Use 
the fact that In w is an increasing function of w.] 

9 r x 3 + 2C - 3* 3 - 24y 4 16 

10. x' 4 y 1 + 3xy - 6 

11. X 4 4 2y 2 + 3 z 2 - lx 2 4 4y - \2z 4 3 

12. 2x 2 - 2y 7 4 4yz - 3z 2 - x 4 + 5 


13* Consider a function f of two variables having 
continuous partial derivatives of orders =-'2 with 
MO, 0) = MO, 0) = 0, and let 

A - f tk (i\i\l B = £,(0.0), 

and 

C = M(0,0). 

Suppose that AC — B 2 = CJ with A. B, and C 
not ail zero. 


a) Give an example of such a function f with a 
local maximum (0, Oh 

b) Give an example of such a function / with a 
local minimum at (0,0). 

c) Give an example of such a function / with 
neither a local maximum nor a local minimum 
at (0,0), 

d) What is the significance of this exercise'? 


Jfi Exercises 14 through 18, use common sense to find a point at which the function assumes its maximum value cm 
the square where 1 < x ^ I and -1 ^ y -5 1. Then find a point where it assumes Us minimum value on this 


square. 

14. x 1 4 y 2 


18. x 2 - y 2 + y 


15. xy 


16. y - 2x 


17. x~ 4 y 2 — xy 
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Applications of partial derivatives 


17-2 LAGRANGE Sometimes you want to maximize or minimize a function f{x, y) subject to 
MULTIPLIERS some relation y) = 0. The relation gU\ y) = 0 is called a side condition 
or a constraint You already met this problem in the maximum and minimum 
word problems hack in Chapter 5. 

F\ampU‘ I Let's describe a method to find the dimensions of the rectangle of maximum 
area that can be inscribed in a semicircle of radius a* 


solution From F ig. 17.2, you see that the problem is to maximize fix, y) = 2xy 
subject to the constraint x 2 + y z = a 2 . In Chapter 5, we would have solved 
this problem by using the constraint to express the area as a function of one 
variable as follows: 

Area = 2xv, 

X 2 4- y “ tr = 0. so y = — x 2 \ 

Area = 2x\ta 2 - x 7 \ 

We then took the derivative of this area function, set It equal to zero, solved 
that equation, etc. We continue this example in a momenb || 



17,2 


This section presents an alternative method for finding exlrema, subject 
to constraints. This other method, the technique of Lagrange multipliers, k 
frequently just as much work as the method described in the preceding 
example. The constraint g(x* y) = 0 is a curve in the plane. Since this curve 
is a level curve of g(x, y). you know that 


Vg 


— i 

iLt 



( 1 ) 


is perpendicular to the curve at each point on the curve. Turning to the 
function fix. y) to be maximized or minimized* you know that 


V/ = — i + — j 
dx dy 


( 2 ) 


points in the direction of maximum increase of the function fix, y) at each 
point Furthermore, if u is a unit vector. 


= Directional derivative of / in the direction u. 


(3) 
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Example £ 

SOLUTION 


Now at a point (jc n , y„) on the curve g(x, y) — 0 where f(x, y) has a local 
extremum when considered only on the curve * the directional derivative of f 
along the curve must be zero. Thai is Vf must be normal to the curve at that 
point. Consequently, Vf and Vg must be parallel at such a point, so there 
must exist A such that 


Vf = A{Vg). 


(4) 


Equation (4). together with g(x, y) = 0, leads to the three conditions 


3/ = 

tix Bx 


jtf = 

dy By ’ 


g(x T y) = 0. 


(5) 


With luck, these three conditions (5) in the three unknowns x, y> and A, can 
be solved. Equations (5) are the conditions of the method of Lagrange 
multipliers. The method itself is nothing more than a handy device for 
obtaining the conditions (5). I-et 

L(x, y. A) = fix, y) - Ag(x T y). (6) 

The conditions (5) arc then equivalent to these conditions, in the same 
order: 





(7) 


The variable A is called the Lagrange multiplier. 

A point satisfying (7) is a candidate for a point where f(x, y) has a local 
maximum or minimum value, subject to g(x, y) = 0. If you know that such a 
local maximum or minimum exists, and if you can find all solutions of (7), 
then computation of fix, y) at those points may indicate which is the desired 
extremum, 

Let’s continue Example L and solve the problem of maximizing the function 
f(x, y) = 2xy, subject to x 2 + y~ — a = 0. 


First, we form 


Then we set 


Lix, y, A) = 2xy - A{jr + y 2 - a 2 )* 


— - 2y — 2xA = 0, 
dx 


- = 2x - 2vA = 0, 

ay 


BL 

B\ 


-x 3 - y 2 + a 2 = 0, 




(9) 


( 10 ) 
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Substituting y = xA and x = yA in (10), you obtain 

— y 2 A* - x z A 2 + n 2 = 0, or -(;x 2 + y 2 )A 2 + a 2 = 0. 

From (I0) t you Ihen know that 

-a 1 A- + a 2 = 0 or a 2 (-A 2 + I) — 0, 
so 

A 2 = 1 and A=±L 

The value A = -1 would give y-—x, which is impossible for our geometric 
problem. Thus A = 1, and y = x. From (10), you obtain 

2x - a so x = -j-, 

V2 

and (x, y) = (al^/l, «/V2) is the desired maximum. That is, you know from 
geometry that a maximum exists, and we found only one candidate for it. || 

We can make analogous use of Lagrange multipliers to handle situations 
with more variables or more constraints. For example, to maximize f(x, y, z) 
subject to g(x, y ,z) = 0 T the gradient 


a/. M s 3/ ( 

Vf = — i + — / + — k 
ax ay J az 


must he perpendicular to the level surface gU, y, z) = 0, and consequently, 
Vf must be parallel to Vg, so again V/ = A(Vg) + The four conditions 


Of _ A jte V _ A *?£ 3f _ ^ag 

3x ebe 1 fly fly 1 dz flz ' 

in x, y, z s and A ear again he concisely expressed as 


gU y, 2 ) = 0 




flL ^ 
“ = G, 

dZ 



where L(x f y, 2, A) = f(x, y, 2 ) - Ag(x, y, zl 

For another case, suppose you wish to maximize or minimize f(x, y, z) 
subject to two constraints g(x, \\ z) = 0 and Ji(x, y, z) = 0. The locus of the 
iwo constraints g(x, y T z) = 0 and h{x+ y, z) = 0 is the curve of intersection 
of the two level surfaces. At a point where f(x, y\ z) is maximum or 
minimum, subject to these constraints, the directional derivative along this 
curve must be zero. Consequently, Vf must be perpendicular to the curve. 
Since both Vg and Vh are perpendicular to the curve, ii must be that V/ Iks 
in the plane determined by the vectors' Vg and Vh This time there are two 
Lagrange multipliers. You must have 


Vf = A ,(Vg) + A a ( Vh) 

+ One hopes ihese will nol he parallel. 
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Example 3 


solution 


for some A, and A 2 . This leads to 

ftf dg 3/i df dg ¥ 3ft df dg . 3ft 

—* + A t —- + X 2 Z " * — — A | —- + A-j““ T —- — A t ~— 4- A 2 , 

rix dx ‘ dv dy "dv 3 2 dz 3s 

arid 

g(x. y, 2 ) = 0, Jiix, y, z) = 0. 


These are five equations in five unknowns, and can be written as 


— = 0 , — = 0 , — = 0 , ^ 
dx dy dz 3A, 


= 0, 


BL 

BX y 


= o, 


where 


LU, y, 2 , A,, A 2 ) = f{x, y, z) - A l kU, y, z) ~ A 2 h(*, y, z). 


Of course, solving these equations can be very messy. We conclude with two 
more examples. 

Let's use Lagrange multipliers Lo find the point on the plane 2x - 2y + z = 
4 that is closest to the origin. 

We want to minimize v/x 7 + y 1 + z : subject to 2x — 2y 4* 2 - 4 - 0. To 
make things easier, we minimize the square of the distance * + y + Z' 
subject to 2x — 2y 4- z — 4 = 0, 

Let L(x, y, 2 , A) = x 2 4- y 3 + z 1 - X(2x - 2y + 1 - 4). Then the con™ 
dilions are 

— = 2x - 2A = 0, 
dx 


— = 2v + 2A = 0, 

dy 


— = 2z — A = 0, 

3z 

&L _ _ j. jn, 

— = —2x + 2y - 2 + 4 ~ 0, 

3A r 

Substituting the values for lx, 2y, and z from the first three conditions into 
the fourth condition yields 

A 9 8 

-2A - 2A - - 4 4 = 0, or -_ A +4 = 0, or A = 

Therefore x - 8/9, y =-8/9, and z = 4/9, so (8/9,-8/9, 4/9) is the desired 
point, and the distance from this point to the origin is 


4 


ft 4 4 64 -4 16 
81 


4 * 


4 


4 + 4 + 1 


81 
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Eilihplc 4 


SOLUTION 


To illustrate Lagrange multipliers when there are two constraints, let's find 
the point on the line of intersection of the planes jc — v = 2 and r - 2z = 
4 that is closest to the origin. 


This time we want to minimize x J + y‘ + z 2 subject to ihe side conditions 
x y - 2 = 0 and x — 2 z 4 = Q, We form 

Lfx, y, z. A,, Aj,) = x 7 + y 1 +■ z 2 - Aj£x - y - 2) - A 3 (jt -22 - 4). 

The conditions are 

BL . 

»-1 Ai - A> - {l, 

Bx 

Blr 

- = 2y + A, - U t 

dy 

BL 

— = 2z + 2 At = 0, 
dz 

dL 

— — x + y + 2 -0. 

dL 

—- = —x + 2z ■+ 4 = 0. 
ft A j; 

The second and third conditions give 

A ( = —2 y a nd A 2 = - z, 

so the first condition becomes 2x + 2y + z « 0, We then have 

2x + 2y + 2 = Q t 
-t + y = -2, 

-x + 2z = - 4 * 

The last two equations may be written as y = x - 2 and z — (x — 4}/2. 
Substitution of these values into The first equation gives 



2x + 2(x - 2} + —— = 0 

nr 

~x - 6 = i) 

or 

2 


4 

i = - 


3 

Consequently^ V - — % and z = The desired point is therefore 

II 
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SUMMARV 


To maximize or minimize a function fix, y) subject to a constraint 
g(jq y) - 0, fonn L(x,y.k) - /( jq y) Ag(x, y). Candidates for paints 
(jttV) where extrema occur arc sacfr that x, y, and A satisfy the three 
conditions 


HI 

d X 


* 0* 


Hi. 

By ~ 



For a function fix, y.z) subject to a constraint g(x,y^z) * 0, form 
L(x, y, z. A) - fix, y, z) - Ag{x. y, z) and solve the four conditions 






etc. 


EXERCISES 


2. If more than one constraint is present, use f.apwitge mtdfipJttrc, A,, A 2 , 
eh - ,, erjjud in number to r/ii j monfoer of constraints. To illustrate with 
fix, y, z \ subject to constraints g(je, y, z \ 0 and h{x.y,z)~ 0, font t 

L y, z. A,, A 3 > " fix, y, z) A ,gU, y, z) k 2 h (jc, y, t )♦ The conditions 

are then 


Hi, 

Hx 


o. 


BL 

BL 

BL 

dL 

— = 0 

— = 0, 

— - U* 


&y 

dz 

dA, 

Sk 2 


Use rfu? method of I ji grange to solee the foMowoig problem?,. 

fi< Maximize JcV" subject Id t + v = -6 if x and y are 
both positive. 

7. Find (he point on the plane 4* tty + 2(fr = 3 
where r' + 4y' + 2 z 2 is minimum. 


l k My si mi vc x + y or the circle 
*' + y' ™ 4, 

2. Maximize jry on the circle 

x 2 + y' = 4 . 

3. hind Ehe point on the plane 2x - 3y + ftz = 5 
that is eldest to the origin. 

4. A lx>S£ has. a square base and open top. Find the 
Uim-ensioTi 1 ! for minimum suflafC urea if the VOl 
time is to he l£Htt cubic inches. 

5. Find the maximum possible volume of a ri^ht 
circular cone inscribed in a sphere of radius a. 


H, Find the point on the curve of intersection of 
X ' +■ z ' 4 Lind X — V = S that is farthest from 

the origin. 

9. Find the point on the line of intersection of the 
planes * y 4 and y + 3z = 6 iHlli is closest 
la M v 3»2). 

ML Minimize x' J 4 y — 3s a subject to x v 4 z 
4 and 2i — y = 6, 
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17,3 EXACT 

DIFFERENTIALS 

In Section fr.3 of Chapter fr. wc saw how to solve some differential equations 
by separating variables. For example, we e:tn solve ffie equation dy/dx = 
x'iy' as follows: 

dy x 7 
dx y 2 ’ 

y * dy - jr dx, 

y 3 ** „ 

3 T + c 

However, if we Erv thai technique to solve the differential equation 
dy/dx = — 3x 7 v/(x ’ + by), we rnn into a problem. We have 

dy — 3je ? y 
dx x 3 + 6y 

ix' + fry) dy =-3x 2 ydx. 

We cannot “separate’" the variables. However, let us write the equation in 
i he form 

3 ,t 1 y dx + (je 1 + fry) dy = 0, 

and let Fix, y) - x ' y + 3y‘. If you just happen to notice that 

SF r)F 

dF - — dx + — dy = 3x J ydx + (jt‘ l + fry 1 dy, 
dx r)y 

you see that the differential equation becomes 

dF = 0. 

This equation has as solution 

FU, y) = C 

or 

x 3 y + 3y‘ = C 

and the differential equation is solved. This discussion motivates the follow¬ 
ing definition. 

Definition 17,1 A differential expression 

M(jc, y) dx + N(x* y) dy 11) 

is called an exact differential it there exists a function Fbv, y> such that the 
differential (1) is equal to dF, 
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Theorem 17.3 


I'lcirnpte 1 

SOLUTION 


TxmnpW 2 
SOI. I mtiN 


Sill. 1 :’ 


dF . dF 

ilh ~ — dx i-dy, 

»X dy 


m 


you see that, in order for £2) to he ihe same differential as (I), you must 
have 

-- — M(x, y) and — = N(x, y). (3) 

dx dy 


Now if iVfix, y) anti Nfr, y) have continuous partial derivatives, so that 
F(x, y) would have to have continuous second partial derivatives, you would 
have 


3 J F _ 3 Z F 

ay dx dx dy 


(4) 


From £3) and (4), you see that, in order for £1) to be an exact differentia], 
vou must have 

m = ifF = rl-F = fl/ST 
tfy By rfJr dx dy dx 

If M{x, y 1 and Nix, yi have continuous partial derivatives then the differential 
M(r. v 1 ttx + Nix, y j dy cun frr exact bn/y if 


dM dN 
dy dX 


£5) 


Lei us lest the differential jrydx 4- (jt- - y 2 )dy fof exactness. 


Here M(x r y) * x~y and Nix, y) 


_2 


X - 


diM 

fly 


d(x 2 y ) 
dy 


- .r 


and 


y 1 . Now 

dN = dU 2 - y*f 
Sx 


Thus dtvffdy / UNjdx, so £5) is not satisfied. Consequently the differential 
can not be exact, || 

Let us test the differential (2iy + y : ) dx + (x : ' + 2xy\dy. 


This time 
dM _ d(2xy + y') 
dy dy 


2x + 2y 


and 


dN 


d(* a + 2xy) 


_ 4 


2x + 2y. 


Thus dMidy — dNfdx. so (5l is satisfied, lit this case, a little experimentation 
shows that our differential is indeed exact: it is dF for Fix, y) ~ x ? y i xy\ 
for then 
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The preceding example suggests that perhaps (5) is not only a necessity 
condition for Af(jr T y)tfcr -r N{z. y)dy to he exact, hut is also a sufficient 
condition, at least if Mix. v i and jV{jc. vi have continuous derivatives. This is 
not always irue. but it is true if the domain in Lhe plane where iVfj.v, y ) and 
Nix. v) are both defined has no "holes’ in it. !i can he demonstrated thui 


x 2 4 v J 


dx 


X- 4 y 


. iiv. 


which docs satisfy (!>), is not exact in its entire domain* which consists of the 
plane minus the origin. (See the final exercise in this chapter.) Here, the origin 
is a *'holc 1 ’ in the domain. 

We shah not concern ourselves with the niceties of finding as large 
regions as possible where a differential that satisfies (5) is exact. Let’s just 
show that, if M(.r, y) tlx + /\T(ji, y) d y is defined throughout some neigh¬ 
borhood of u point and M(x, y) and Nix, y) are differentiabte there with 
tiMfdv = ibV/djf, then the differentia] is exact in that neighborhood, Our 
demonstration will indicate a four-step procedure to find all functions 
Fix, y) such that Mfx, y) dx f JV(x, y) dv - dF, 

Since you must have HFf&x Mix, y.1, we let {/hv, yS be some anti- 
derivative of Mix. y) with respect to x only, treating y as a constant, nil is 
is partial antidjfferentialion with respect lo x.i Now tin indefinite integral is 
defined only up to a constant Since y is treated as a constant in this 
integration with respect to x. you sec that the most general partial anti¬ 
derivative of Mix, y) wilh respect to x is of lhe form Hlr. y} 4 My) for an 
urbiirarv function ft (y) of y only. 


5T“Ei* 1. Compute j. 

Fix, y) = j Mix, y) d* = G(x * y) + My) (6) 

where C/lx, y) ix any computed antiderivative of AtfU', y> with respect to x 
only, Irc-Bting y as a constant. 

Our problem is to determine fcl yI such that QFfdy - Nix, yh Now 
DFffiv : dGfdy H ft'fy ), so dGiily + h'(y) - iV(x, y), or 

j\/7» 

Mfy) - N(x, y) — —(7) 
3y 

if Nix. v) - &Gfdy is a continuous function of y nttfy* you can then set ft r (y) 
equal to it and integrate to find the desired My) = jdVlyddv. Now (7) is a 
function of y only provided Thai 

d { 

_( W(I . ( 8 ) 


9N _ * : G 

3x 3x Hy 


m 


that is, if 
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Ample 3 


sen unoN 


Btn iJ GU. y) has continuous second-order partial derivatives throughout 
the neighborhood when: you are working, (hen 

X£ = i!£ = JL/«^ = 1 (MU y)) = 

Ax fly fly Bx fly \ to J fly’ fly ' 

Under these conditions, (9) is satisfied, for the lefthand side becomes 

3N ftfd 
fix fly 

which is Kero by assumption. 

fit;r 2. Compute flF/flv = ACl/fly 4 Jiffy), set it equal to Nix, v), and solve 
for Jiffy), 

SThP 3. integrate to find h(y) - jfiffp)ijy» 

The final answer is: 

sthp A, Fix , yl = G(x* y) + fi(y) 4 C. 

Lut\ illustrate this procedure to show shat 

{2 xy ' 4 ftx)dx + + 4y 1 )dy 

is an exact differential di , and to find the function Fix, y), 

Mote that 


AM r\{2xy ■' + 6jc) 


— ;6xy' 


and — = 
rix 


AN fltfxV 4 4y l ) 


to 


- fiAy", 


fly nly 

so the differential is indeed exact. Then 

sTt-r 1. Fix. y) = J y ) (J.t = JiZj(y 1 + bx)dx - x'y' + 3jt j + M.y), 
sTfip 2. flF/fly - 3x 7 y J 4 Jiffy), so 

3xV 4 Jiffy) - 3r 2 y J 4 4y\ and hffy) “ 4y 3 - 

step 3, My) - J4y a dy = y 4 + C. 

STBP 4. Fix, y) - X 2 y- r + 3*- 4 y 4 + C. |t 

l or a differential in three variables 

MU, y T z) Ax t iV(x. y, z) dy 4 P[x, y, z) dz 
to be exact, the corresponding conditions are 

flM _ rh/S 1 3M _ (IF SJV _ HP 

fly fa" to dX " to fly ' 

Using the notation of subscripted variables, if x = Ui* Jr.-tod, then 
fijx)dx, t fiix) dx^ 4 f„(x>dxj 


ltd) 
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is exact in some neighborhood of each point if 

— = — for all i and L (U) 

fi,V, 

Again,, the necessity of these relations follows from equality of mixed 
second-order partial derivatives. Here is one illustration of the computation 
of F corresponding to an exact differential dF for three variables. 

Fsumpk- 4 Consider the differential 

(vz' 6x sin z i d.v t < xz 2 3 V 2 cos z ) <fy 

f ilzvz Jjreosz t y J sinz)if: 

which can easily he checked to satisfy (Hi). I .el us find F it. y, z) so that 
the differential is dF. 

solution Now from ftFfhx = yz~ - fa sin z. you have 


F( x. y. z ) 


J"(yz' 6.x sin z} dx 
xyz 1 3x' sin z + My T z). 


Thus, it Fitly - xz + dhtiiy = Six. y) yields 

rift _ 4 

xz + — = xz - jy cos z h 
3v 


SO 


and 


— - -3 V" cos z. 

fly 


Jt{y. z) 



cos z dy 


y- 1 cos z + fcfzk 

You are now down to 

Fix, v\ z) = xyz 1 - 3x 2 sin z - v" cos z 4 k{z). 

Finally. PU, y, z) = BF/Bz = 2 xyz - 3.x 2 cos % 4- y J sin z 4 k(z) yields 
2xyz - 3X 2 cos z 4 y 1 sin z = 2xyz 3x J cos z 4- y ' xtn z + k’{z ), 
so fc'(z) = 0 and k(z) = C Thus 

F(x, y, z) - xyz 1 — 3x sin z y 1 cos z + C lj 
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SUMMARY ] L A differential Mix, y) dx + N(x,y)dy is exact if if is the differential of 


some function Fix. y), A differential /,(x)dbti f faxUUr 4 fax) dx, is 
exact if it is the differential of some function Ft*}. 

2, If M and /V rjrt' cottfmucru.i/y differentiable, then Mft, y)dx 4 Nix, y)dy 
is exact in a neighborhood of a point if anti only if if M/fly = BNfdx. 
Similarly. f,{x) dx, 4 f 2 tx) dx : . + fjx)dx 3 is exact if and only if dfjdx, - 
df/BXi for each choice of t find f 

3. If Mix. y) dx + N(x T y)dy = dF, (her! F{x> yl is found us fallows! 

s-iiT 1. Compute Fix, y I = f M(x r y) dx - Gix , yl 4- My) where Gix. y) 
is any partial antiderivative of M{x r y) wr(ft respect to c, frying y us 
a comuint. 

sriKf 2, Compute SFfdy = "tGffiy + h'ty), set it iU(Ual to N{x, y) a and 
solve for fi'(y), 

to 3. Integrate to find My) - $ M(y) dy. 
step 4. Then Fix, y) - G(jc, y) 4- h{y) 4 C 

A similar rethtttquc is valid for differentials involving more variables 


EXERCISES 


In Bxtn iscs t ritrougfi L f>. dciirmifne whether tlie? gitffM differencial is exact, at\tf if it is, find a function F xmh that 
(Jtf- differential i* dF, 


1. x'dx - y(iy 
4 . 2xzdir + Cdz 


1. x ! i dx - yz 4v 

5. f3x 2y)d.T + (2* 3y)Jy 


3. Ixy dx 4 *■' dy 

6. cos y dx + (| — x sm y) dy 

9. (ysreu jcvNix -r (I - x scc J xx } d y 




l<l. (e* - y cos jfyjrtlx + Iju?' 1 ' - a et» iyWiy 


11. (2Ay 1 - 3J dx + { 3jk j y ’ + 4y) dy 




6 4. (2-tyz - 3y + 2z’uix + yl dy 4 {jc"y + Hz 4 

IS. i yz cos Ays - lz 2 Utx 4 ixzcasxyz 4 3y 2 ) dv + txyocmxve - 6xz ) d 


dz for z > 0 
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17,4 LINE This section describes integrals over a smooth curve in the plane. Such 
INTEGRALS integrals are called “line integrals", Generalizations to integrals over a 

snnnoth curve in space will he obvious, and we shall feel free to employ such 
integrals with no additional discussion 

l et a smooth curve y in the plane be given parametrically by 

x = #i(0* v — ford ^ t ^ (!) 

where the coordinate functions h and k have continuous derivatives. The 
point A on 7 where r = a is the initial point of y and the point fi where 
l h is the femtintiJ point. Figure 17,-1 shows a curve y with initial point A 
and terminal pninl B, 


V 



173 


Imagine y to he partitioned into little short pieces, corresponding to 
changes Ax in x and Ay in y. One such short piece ot length A-s is shown 
in Lhe figure, Let fix. y • be g continuous function with domain containing y, 
and let (x, y I he a point on the shori piece of y of length As, 1 he integrals in 
which we are interested arise from summing, over a partition of y, terms 
of the form 

fix, y) As ot fix, y) Ax or f{x, f)Ay w 

and then taking the limit of the sums as An —* d, and hence Ax —» 0 and 
Ay * 0. These integrals arc written as" 

| f(x, y) ds, coming from the terms f(x r y) Ax. 
fix, y) dx, coming from the terms fix, y \ Ax. 

Jy 

fix , y 1 dy. coning from the terms fix. y) Ay. 
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Mom 


To evaluate such integrals, simply use the parametric equations 
x = k{t), y = fc(f). for a ^ f ^ b 
for y, and substitute as follows: 

fix, y) = k(t)l 

dx = f*'(0 dl t 
dy = fc'(t) M 



I‘hen integrate the re suiting expression from t = d to f = h. 

If can be shown that evaluation of the imegmls J T fix , y) da, f^fix.. y.) dx, 
and f y f{x, y)tfy, Using parametric equations to describe y, really depends 
only on the t’Ormnuttus function f(x, y) and tfie path y from the iniiitil 
point A to the terminal point B in rhf plane. That is, two different 
pammetrizQtions Jetting to (he same smooth path going from A to B will 
yield rfi£ same values for the integrals 

This in variance of parametrization seems reasonab le from our introduc¬ 
tion of these integrals as limits of sums of terms fix, y} As, f(x, y)Ax r and 
fix, v)Ay. To illustrate* the top semicircular arc y of x 2 + y 7 = a ' from 
(u, it) (o (-a,Q) can be parametrized as: 


x - a cos t, 

and also as 


y = a sin l far 0 S i ^ tt. 




for L £ / ± 3, 


An integral of the form f y fix, y l ds could lie computed using either parame- 
t fixation; the same answer will he obtained. 

The integral J^/lx yt ds is called (he Integra/ of fix, y) over y with respect 
to arc length. Here are some examples illustrating how such integrals may 
arise. 

Suppose a wire is in the shape of a smooth plane curve y described by 
(I), and suppose the mass density (mass per unit length) of the wire at a 
point (je, y) is ct(a, y). Then the mass covering a little piece of y of length A s 
is approximately rr(x, yl As. Summing such contributions to she mass of the 
wire and taking she limit as As —* 0 leads to the formula 


Hi = Mass of the wire 


| a(x, y ) ds. 
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Example 1 

solution 


Let's find the muss of a wire covering the circle x 2 + y = 1 with mass 
density tr(x, y) ky 2 . 

The equations 

x = #i(t) = cos L y = fe(i) = sin t for 0 ^ t ^ 2 tt 
parametrized the circle y. Thus 


m = 


f &(x,y)(k = f ky 2 d& = [ sin fv(— sin t) 2 + (cosr ) 2 dt 

Jy Jy Jg 


= fcj surfeit = fc( 


r sin 2f 
2 4~ 


2w 


= /ctt. 


Example 2 The toted curvature of a smooth curve y is the integral with respect to arc 
length of the curvature k of y, that is, k ds. Let's find the total curvature of 
the portion y of Ihe helix 

Total 

Curvature x — a cos t, y — a sin f, z = I* 

where I) ^ t ^ hr, as shown in Fig. 17.4. 



SOLUTION 


In Example 1 of Section 15.4, you saw that the curvature of the helix is the 
constant 

a 


Thus the total curvature of our “single turn" of the helix is 


r Q £ _,__ 

—z -- = , . 'Ji—a sin 0 g + (a cos O 3 + 1 

w + 1 Jo a “ + 1 


dt 


-l 


a 


n a + 1 


V £l “ + 1 dt — 


at 


*Ja 2 


+ 1 


2if 


2irra 
v’«- + 1 
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Example 3 Lei a body be moved along a plane curve 7 by a force t and let the 
component of the force acting in the direction of the motion at a point (x, y) 
on the curve be Ftx, y). Then since 

Work Work = (force) (distance), 

you see that the work W done by the force in moving the body along the 
curve 7 is given by 

w = f F(x, y) (Is. 

We will return to this application in the next section, || 

Now we illustrate the computation of integrals of the form j y f(x t y)dx 
and lj(x. y)dy. 

Example 4 Let us find 5 y f(x* y) dx and $ y f(x, y) dy if fix, y) xy : and 7 is the curve 
joining ( 0 , 0 ) and (K 1 ) defined by 

x = l T y = l 2 for 0 t s 1 . 

solution Now f(x, y) = xy 1 so that f(ut ? ) = r. Therefore 

1 


while 


[ /U, y)dx = f F ' 1 dt = M = 7 

Jy Jfj 6 J 41 b 


f fix. y) dy = [ f s • 2t(ii = ^-1 = | 


Finally, it is often useful to relax the condition that 7 be smooth. 
(Remember that a curve is not smooth where it has a sharp point) We will 
allow 7 to be any curve that consists of a finite number of smooth arcs 
joined together, as illustrated in Fig, 17.5, Such a curve is called piecewise 
smooth . Let y be a curve with smooth pieces 7 ,, y 2 , and 7 „ as shown in the 
figure* It ls natural to write y = 7 , + y z + y,, We define 

j /(x, y) ds = £ fix. y)ds + £ fix, y )ds + j /(x, y>ds, 
and the integrals with respect to dx and dy are similarly defined. 



—► ,i' 17 5 
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Emplt 5 Lei’s find \ y xy 2 dx. and xy^ </v if y y, i y 2 is the piecewise-smooth 
curve joining Aft), 0) and &£ 1,1) shown in Fig. ! 7.6. 


r v 


vt 17 6 


-+■ 

Ti 


so Litton Here, y t is the straight line segment from <11. 0) to f 1,0). and y 2 the vertical 
line, segment from (1,0) to (t, H, 

Since the value of xy on -y, is zero at each point, you see that 


Jty 1 <Jjc - 0. 


V| 


On y, v every short piece corresponds to Ax - 0 T so also 



Consequently. 



Note that we discovered that this integral was zero by thinking in terms of 
the contributions to the typical sums, Wc did not even bother to parametrize 
y\ or y ? „ 

Turning to J Y Jcy J dy, a liilie piece of y, corresponds to a change 
Ay ~ 0, so 



Hut .icy' is nonzero on most of y_> T and Ay^fl there, so there will be nonzero 
terms contributing to j, xy - dv. Wc may lake as parametrisation of y 2 

.x = L y ?=■ t for 0 ^ t ^ 1. 

Then tfy = dt. and 
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so 


| Ay" dy ™ J xy~ dy + j 


I 1 


xy dy = 1} + - = 


SUMMARY Throughout ihe following yin a path in the plane given hy x - hit), y = k\i) 
(or a t |.p. where h{t) and kit) have continuous derivatives. Atm. fix, y) 
is ftmufriurutf, 

1. ft J H x, y ) c/a is caniputed as ft f\h{t J. k\t VIvi.Jx/«J/ ft i i ;dyjdt ) J dt. 

2. ft f(x, >■ f c/.s t v computed as ft /SMlft k(t)){dxjd t) dt. 

ft ft/fx. y) dy is computed as ft kU)}{dyfdl ) dt. 

4. t he value obtained in computing a line integrut of a continuous function 

along a path from A to H is independent of (smoofft) parcuneSrization 
used for the path. 

ft The length of iJ curve y is j Y dji, 

ft The muss of a wire covering y with density function trix, y) is ft oftt, y) ds 
1. The total cart'd Hire of « curur y is ft k ds, 

8, A iine integral over <i p/ct’<?iviS('-siMOwfii curve is the sum of the integrals 
over the smooth pieces. 


EXERCISES 


In Exercises I through 5, the cunite* lire 

Vi £***"■ hy x - r. v = f 

amt 

y 2 siiwrt fry jc = i + I. y = 2t + I 
Compute rfee indica ted in reunite. 


for £f £ f 
for (1st 


'-[ 


x ds 


‘L 


V V ds 


| (a 4- y > tlx 

mi 


'1 


U - y> eJv 


5, j" (a dx — 


V dx) 


6 . Lei y he the space curve giver by c Sr 1 , v 

It', z Si Tur (I i a :i 3, and ler F"(i. = 

3i J y5, 

a) Compute ft /-"l x r y, z i dx. 

hi Compute ft fn;*, y, £tdy. 

7. Repeal Fxcrcisc ft for Ihe space curve y eivun bv 
.* = sirs I* y = ow I, i 0 for (}£|s rr/4 but 
ibis time compute 

aj I, F(j£t y, 2 j d* hi ft Fix, y, t\ dx. 

H. Find ft U : + y-)dx rf y is the straight line seg¬ 
ment from f F 0) to £3, 4), 


Find ft £*' 4 xy) dx if y y, i -y 2l , where y, is 
the straight lilK segment from ill. Ill Lo (2.1b nnd 
y. Ihe straight line segment from < 2. US to 1 4, 2>. 

10, Find ft lx 4 2y) dy »f y k y 2l where y, is 
the bjc of the parabola y x from ((Mb to 
IF If mid y 2 as the are of the parabola y 
2 - x from flp If to (£K 21, 

Ft. Find ft (X 4 Zy 4 iff!.* if y y, 4 y^ I 

where y, is ihe shorter are of the circle with 
center at the orijpti from |(i, 2. 0) to (2 t 0, Oft y. 
a^ rbe vertical line segment from tZ.O, iH to 
(2 ,ii. Ff, and y, is [he shorter arc of the cireic 
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that has its center at (0,0,1), from (2,0*1) 
to (,U, 2, 1). 

12, Let the mass density of a thin wire covering the 
portion of the parabola y — x From (0,0) to 
(2,4) by tr(jc, y) — jcy. Find the total mass of the 
wire 

13. Let the mass densit y of a thin wire covering the 
semicircle y = v'4 x~ he tr(x y) — y. Lind (he 
niass of the wire. 


14. Find the total curvature of the circle 

x - a cos f, 
y — a sin i 

for 0 ^ l ^ 

15* Find the total curvature of the plane curve y - i 
from (0,0) to (2,4). 


17 5 INTEGRATION 
OF VECTOR FIELDS 
ALONG CURVES 

17.5.1 Vector fields 


K sample 1 


A vector field on a region G in the plane assigns, to each point (x, v) in G, a 
vector in the plane* which you usually visualize as emanating from (x, y). A 
vector field 

Fix, y) = F*(x, y)i + F 7 (x , y)j 

is crwrimmws if F, and F \ are continuous functions. We use a boldface letter 
F to indicate that we are considering a vector field; of course, you will use F 
in your written work. 

You encountered the notion of a vector held in the plane in Chapter 16, 
when we discussed the gradient Vf of a differentiable function f of two 
variables. To each point (x,y) in the domain of /, you assign the gradient 
vector 


vf 




Recall that the direction at (x, y) of the gradient vector is normal to the level 
curve of / through (x, y) T and the gradient vector points in the direction of 
maximum increase of fix, y) at (jc, y). \\ 

Example 2 An electrical charge at the origin in the plane exerts a force of repulsion on 
a like charge at any other point (x, y). This force at fx, y) may be rep¬ 
resented by a vector of length equal to the magnitude of the force and 
having the direction of the force; namely, away from the origin. The vector 
field of these vectors for (x , y)?M0,0) is the fora' ftetd of the charge. This 
vector field is continuous, and grows weaker (shorter vectors) as the distance 
from the origin increases (see Fig. 17,7). || 

Example 3 If a region G in the plane is covered with a flowing liquid (or gas), then you 
can associate with each (x, y) in G and time i the velocity vector of the fluid 
flow at (x, y) at the time f. This vector has the direction of the flow, and 
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length equal a> I he speed of the How, This vector field is the udority field of 
the flow at time t. If the field does not vary with lime, then the flow is called 
steady-state. \\ 

y 



17.5,2 Integral of 
a vector field along 
a curve 


Let F be a continuous vector field on a region G of the plane, and let 

x = Mr), y = Jc(f), for a ^ t b 

be a smooth curve y lying in G. Recall that the position vector to a point on 
y at time f is 


r = xi 4- y / = h(l)f + k{t)j. 


( 1 ) 


The unit tangent vector (in the direction of increasing f) to the curve at time 
t is 

drfdt drfdt dr dx dy 

t = -- =- ?= — = — : 4—if 

\drl$t\ dsfdt ds ds ds 

The component of the vector held F tangent to the curve at a point (x, y) is 
thus given by 


F * i = (F,(x, y)i + F 2 (x, y)f) * ~ jj 

= F t (x, y) + F ? (x , y) 7^. 

ds ds 


(3) 


I he integral of the vector field F along y is the integral with respect to arc 
length of this tangential component (3). This integral is 



« , . dx 

i(x, y) — + 
as 


F 2 (x, y) 



ds 


£ [F|(x, y) dx 4- F^x, y) dy] 

| y) dx + | F 2 (x , y)f/y. (4) 
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Now the vector 


dr = ii.*i + dy j 


(5) 


has direction tangent to the curve and length ds = 'J(dx) 2 + (dy) 2 . Note 
that 


F ' dr = (F,{x, y)i + F 2 (x t y)/> * (dxi + dyj) 
= F } (x> y)dx + F 7 (x 1 y)dy . 


( 6 ) 


Work 


Example 4 


SOLUTION 


Comparing (4) and (6), we write the integral of the vector field F along y as 



(7) 


In practice, (7) is calculated by expressing both F and dr in terms of the 
parameter t and dt. 

[f F is a force field, then the component of F tangent to a smooth curve 
7 is the portion of the force that acts to move a body along y. The work 
done by this force held in moving a body along y is then the integral with 
respect to arc length of this component, which we have seen is J y F*dr, 



Let’s find the w r ork done by the force field 

F(x, y) = x 2 i + y 2 j 

in moving a body from (0,0) to (1, l) if the position (x, y) of the body at 
time t is given by 

x = t, y = t 2 for 0 ^ f < 1. 
tn terms of r, you have 

Fix, y) - Fit, r 2 ) - ri + C/ t 


Work 


Example 4 


SOLUTION 


and 


rfr — dxi + dyj = (i + 2tj) dt. 


F * dr = (fi + f 4 /) * {i + 21 /) dt 



Thus 
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Example 5 

Orcu/afioM 
and § 
notation 


17.5.3 Exact 
differentials and 
conservative 
force fields 


Caufferuatfue 

and 

irrotational 

fields; 

Example 6 
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Let F be the velocity field of a steady-state flow in the plane, and let F be 
defined on a smooth curve y that is closed , so that its initial and terminal 
points coincide. Then j y F • dr is the integral with respect to arc length of 
the tangential component of F, and is called the circulation of the flow 
around y. One uses an integral sign § rather than J to denote an integral such 
as this around a closed curve. || 


If y is a smooth curve joining A and B in *he plane and if Mix, y) dx + 
N(x, y )dy is an exact differential, then 

M(x, y) dx + N(x, y) dy 

depends only on A and B and is independent of which smooth curve 7 is 
chosen joining A and B. To see that this is so, let the curve 7 be given by 
x = fr(l), y = fc(f) for a ^ t ^ k so (x T y) — (hit), fc(f)), Also, let G{x, y) 
be such that dO = M(x , y) dx 4 N(x„ y)dy. Then 


f M(x, v) dx 4- N(x, y) dy = [ I M(x, y) ^ V) “T 

K J a 1 at dt 


dt 


= f j t (G(h(l), fc(j))) dt 
= G{h(b),k(b))~ G(fe{a), fc(a)). 

Thus the integral depends only on the endpoints A = (h(a), fc(*j)) and 
B = (h(fc), k (£>)). In summary, 


the line integral of an exact differential is hide pendent of the path . 

It can be shown that independence of the path for J v M(x, y) dx 4- Nix, y) dy 
implies that the deferential is exact; i,e.. independence of path holds if and 
only if the differential is exact. 

As an exercise, we ask you to show that independence of path for a line 
integral is equivalent to the assertion that the integral is zero around any 
closed path, whose terminal point is the same as its initial point. Then for a 
force held F where F-dr is an exact differential, the work done around any 
path that comes back to the starling point is equal to zero; for this reason, 
such a force field is called conseraafrue. For another example, if the velocity 
field of a fluid gives rise to an exact differential, the circulation around 
any path that comes back to the starting point is equal to zero; for this 
reason such a velocity field is called irrotational. 

The force field Fix, y) - x'i + y 7 / is conservative, for d(x 2 )fdy = 0 = 
3{y 2 )fdx< so x ? tlx 4 y z rfy is an exact differential. Of course, x 1 dx 4 
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y 7 «iy = dfjfjt' + ¥'’))■ Thus the work in moving a body from the point 
(1, 1} to the point (2, 3) is 


i 2 3 + y J 1 QJ * _ S + 27 1 + 1 = 33 

3 J< WJ 3 3 " 3 


This result will be obtained by integrating over any path from (I, 11 to 
(2,3). For example, if -y, is given by x = 1 + f, y = I + 2( for 0 ^ f ^ 1, 
then 



f { I + l)" fl_+2rA V H 27 I 2 
\ 3 + 3 /J„ 3 + 3 3 3 


(1 + t ? (1 + 2rf 


Again, if y> consists of the straight-line path from (l, 1) to 12, I) followed by 
she straight-line path from [2, l i to (2, 3). then 



8 1 27 I 



II 


3 3 3 3 


Everything we have done is equally valid for integrals over curves in 
space. The extensions of ihe definitions and formulas are obvious. 


SUMMARY Throu ghoul the /Showing, y is a piece wine-smooth curve and F(.c, y ) = 


F|ix, v 'U F>(jc, y)j is a continuously differentiable vector field. 
I, The infegral of she vector field Fix, y) along y is 



2, If F is a force field, then ^ F - Jr is the work done hv the force in motung 
a body afriug y r 

3, If F is fhe velocity field of a steady-state flow hr the plane and y is a cloned 
curve (Initial point coincides with iemirrujJ point), then ^ F * dr is the 
circulation of the flow around y. 





















Exercises 


GDI 


4. ^ FIX y > * dr is independent of the path y from A to E if and onlv if 
F|(jc. y) dx. 4 y ) dy is an exact differential. If the differential is dG. 

then 


f Fix, yWr = £ dC = G(B> G(A)„ 


EXERCISES 


In F.xerriws 1 through 4, the runwj are 

y, gUif-n by x = t, v = !" for 0 sS r 1, 
y 2 giteri fey jc =1 + 1, y =■ 2t + I for I) ^ t ^ 1, 


and the icelitr field*, are 

Fix, yf Jt * * * * * * 7 * 9 f + y'j and 

Find r.'u-- indiatW in{tK f ul. 

I* f F*dr 2. f G • dr 

^Ti 

5* Lcl Fix, y’l = iyf + i' 1 / and let y he ihe shorter 
arc from O+tl) to (0, 3) of a circle with center at 
the ampin Find f, F ■ dr, 

ft. Let F(* t v-i) = fi ' 4 2 a + Lt + y 1 )/ 4 xik and 
k't y = if, + 7 ; ■*■ 7 , be ihe paih consisting of 
three siiaight-line segments from (0, (MI) to 
ll.ll.ih in <L 1. 3 h to («, 1.2), Find J ,Fdr 

7. Let y be the space curve given by t = 3f‘, y = 
2t\ z 3r for 0 — i — I and lei Hv, y, zi 
3jtvi. 

ill Compute df by integration. 

h) Compute the integral again, using the fact that 
JF is an exact differentia], artd tin. 1 result in 
iif ihe Summary. 

K. Repeat 12 met rise 7 i(|>i for the space curve y given by 
a — sin i h y cos r, i * t for (J s r s tt/4. 

9, Find a function whose differential is xy d.i t- 
j'ydy and use (4) of the Summary to find 
J, (iy J dx + jE-’ydyf fo r y given by jc 3l"\ y 
2f\ where (Ui£ I 

1 <1+ Id the pmiiion of a hody moving in the plane lx 
Coos r. sin 2t) at rime i. and lei the hody lx subject 


G(js, y) jsyf x' y /. 


3. J (F -G)'dr 4. J (2F+ G\-d r 

to the force licld ri + y j. Find the work done by 
the force field on the body from time t 0 to 
time t = ir/'2. 

1 L, Lei the position of a. moving body in space be 
(4j ' r 2x', 3xI at time f. and let the body be subject 
to the force field if + z/ +- yJL Fiml the work 
done by the force field on the body from time 
r = 1 to time f = 2, 

12, Lei the velocity field of :l steady-stale fluid flow in 
lhe plane be xi y/ Find the circulation of the 
How around ihe circle x = cost, y = sin i for 
0 dS t ^ 2ir. 

13, Let the velocity field of ri steady-state fluid flow iq 
Ihe plane he avi xf. Find the circulation of the 
flow around the ellipse i = 2 cits t, y = 3 sin ( for 

0 ^ 2tt. 

I t. l.ei F lx a continuous. vector Held defined 
throughout a region G of the plane Show ihat 
f Y Fix, y 1 + <Jr is independent of Che path joining 
the endpoints of y, for all choices of the end¬ 
points unit all Smooth paths y joining them, if 
and only if the Integral around any dosed path is 
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zero. j/fi nr. Show that ii y, is given by h fi£r), 
y ftUJ for a i ^ h and y : is given hy z = 
— m - a)), y k\h - i? a» for « ^ I ^ 


h, then Yi k traveled backwards: we say TJi:U 
y., = — 71 ■ Then show that f, F - dr = —j,j F r Ur, 
and use this in ymir proof of tlve main result.] 


exercise sets for chapter 17 


review exercise set 17,1 

L. Find ill Inc id maxima and minima of the function 
lion 

f(.T. y) - 2a* - ay 4- y - y ? - 7 x 4 3, 

2. Use I.-^c r[m.i i .e multipliers to ruximiye * 4 v J over 

the ellipse x "4- 4y 1 4, 

3. Use ihe method of Lagrange muliipliers to find the 
point on the intersection of she spheres x + y' 4 
z 1 = 4 ami f* - 2V' + y' 4- z~ = 12 that is clos¬ 
es! to (I. !„<!}. Find also the point furthest from 
il. 1,0). 

4. Lei Mix, y i aiiii N(x„ y) have continuous partial 
dertvalives. in $ region without any "holes” in il 
Staio a Criterion l<MT M(t, y1 dx - Nix, y)dy In be 
an exact differential, 

review exercise set 17.2 

I, Find nil relative maxima and minima nf (he func¬ 
tion 

fi Jt, y) xy x ? 2y' 4 3x 5y 6. 

1 . Use the melhod of Lagrange multipliers m max¬ 
imize x" •+ v 4 r Over the ellipsoid x 4 y + 
4r 3 4 5 4. 

3. I 'sc the method of Liigrarinc multipliers to fuid the 
poini on the line nf inlcrscctinn of the planes 

x — 2y 4 r 4 and 2i 4 y z ' W 
that is closest to die origin. 

4. Find r and k such that the differential 

t y 3 4 fcjty) (fx 4 b3s~ 4- cxyldy 

is exact. 

5. Find lHJt, y) Mich that dF is 

{2* sin y 3x ! y) dot + (xViSHI y - x l + 4y 2 ) dy. 


5, Test whether 

fy'f' + 3x ykdx + (2ye' 4 x 4 sinyLdy 

is ;m exact differential, and if it is. lint! F(X, yi 
such l hat the dtffereiuiul is dF 

6, Lind the total curvature of a circle of rudius a. 

7, Evaluate J. x fix it y is the plane curve given hy 
x Ht, y ■ 3f' for 0 £!i t. 

8, Consider the lorce field In space Fu„v. z) = 
xyi + fz jx)J i y J zfc_ Find lhe work dune by the 
field jn moving a body along the curve jc ' X, 
y a :u “i-l, from i = i to t = 2. 

9, Let y be a smooth curve from £ 1,2) to (3,4L 
When is j,, iW(Jl, y) Ax 4 N{\. v) dy independent ill 
the choice of path joining these points? 


ft. A wire of variable density pi*, v ) = 2x covers Ihe 
curve 

x - t 2 — I. y — 3i + 1 for 1 sls2. 
Express as an integral the moment of the wire 
about the y-axis. 

7. Tf y is the curve x = sin t, y 2 cos t for <1 ^ i 
tt/ 4, and Fix, y'J is the vector held xyi - Cx/y'i/. 
find F - dr, 

8, Note that 

Ft*, v) = (*- - 4*yh 4 [y 1 - 2a 2 )/ 
is a cunservitlive force field. Find F* dr where y 
is any smoolh curve from ( 1. 11 to [ I. 2). 

9s. If Lht- velocity lield of li fluid is xvf +■ 2 y/. fitid the 
circulation of the fluid about the unit circle x ' i 
y ' 3 in the counterdOLkwise direction, [Ffinx, 

lake (he parametrization x cos !, y sin t for 
I) ^ \ tS 2m] 
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more challenging exercises 17 

Exercises L fhroujzJr 3 are dt’sigmtf umh?tl a Jj^tf on the crileriori A( B ' > 11 gfrou m TJhmrmi I 7 .2 fur a 


Iccaf mojtnnurFi or fried mini mum of fix. yl 

I. Taylor’s Theorem for functions [lx. v) or two vari¬ 
ables was stated in the last exercise set al the end 
of Qiflptcr Ifi 

a) Write the expression for Ed*, y) Riven in the 
theorem. 

h) Suppose f„U,„ V.,l f,(xn, vJ = 0- Show that: 

m fu D . y,,i is a local mini mum if fc'dx. v) 0 
for ;ill !a. vI in some small dink with center 
ill <*M, ftl). 

ii> f(.x,„ y u ) is a local maximum ii Fit*, y) 11 
for .ill i v. v!■ in some small disk with center 

at (*». yJ- 

i Li | f(x^ yj Ifi nctiher a bcal minimum nor a 
local maximum if ±i L (.!K. vb assumes both 
positive and negative values in every smalt 
disk with center at |jf lh y„). 

1. Lei Rx, y) have continuous second partial deriva¬ 
tives, and iel A = f^(x llr yj, H = {x a , and 

C = |f„(x n . >■,,(. Convince yourself that if A fix )' J + 
2i}{AilEAy) - HAvV* > it for alt choices of 
(Arc,Ay)/(0, IH. linen Fit*. yj > is for all (x. y) in 
some small disk with center at (s®, y„). [Hint. 
I'hinfc of At = x - %<j. Ay y y lH and set Ay = 
rfA.ri.] What would he irue if A(A*p4- 
2£f{d*KAy) + CfAyr n for (Ax, Ay) / (0,0)? 0 
iL were sometimes positive anti sometimes nega¬ 
tive? 

3. Show i liiii AI A.r V + 2B(Ax H Ay) + CIA v ) 7 >11 
for all IA.t, Ay) * 10,01 if AC - B ? > 0 and A > 
i.i or C > 0, | J fern. Note that 

A(A(A*) S + 2HI Ai)CAy) + C(Ayl') 

= (A(Ax) -+ f*(Ay)) ? i (AC - IJ uAy)'. | 

4. Suppose frjE, y) has continuous partial derivatives 
of all orders Suppose, further, th.n nil partial 
derivatives of order <n arc zero at (±,„ y 1t ). but 
some partial derivative of order n is nonzero at 

(*.», yJ. 

a) Show that if « is iwld, then f(x, v) has neither a 


local minimum nor a local maximum ei■ 

(xth Vd>- 

b) If nis even, show Ihai Exercise Uhl holds with 
fcv,. t<a, y j in place of Ed-v s t- 

5. Let I\ 0, R, and S he four functions of lhe four 
variables x. y, and z, a LI having contitiLtous 
partial derivatives, Stale the criteria for Ptlw +■ 
Odx + R dy + Sdz lo be an exact diilerenuaL in 
some region of four-space having rio holes in ii. 

6. Using subscript notation, lei x .. x., 1 titid 

let F,r r 7 ...., K he n functions of x having 
continuous partial derivatives. Repeal Exercise 5, 
giving criteria for F|dJt| t /--ifx.. +■ —I- to 

be exact in a suitable region, fit is much easier in 
this notation.! 

7. Consider the driTereniiuL 

—-—-dx C--—; dy, (x, y)?i (OJ)i. 

x ? + y s' + y 

a f Show thui this differential saiislics thii criterion 
dM/fly ftiN'/fls for alt {x. y) ^ (0, tik 

b) Show ihnl, i f the given ditferein ini were JF for 
Fix. y'i and nil ( s, y )?M0. HI, ihcn you would 
have !» have 

Fix, yj = tan 1 4 A 

fur y > U ii ml some A 

and 

FU y) = ian ’ I | + R 

for v < 0 and some B 

Show that there .me nn choices for A and H 
and no way of defining, Fix. v) on the positive 
and negative |jorlions of ibc x-axis Huit would 
give a differentiable function f'i,x, v) for all 
lx, yl^ifkd). (This illustrates ihai the tegion 
should have no holts in it in order for ihc 
parti a I-derivative criterion for ex&elnuss, to 
guarantee exactness in the.- entire region.) 
[Him. Show that you would have to have jB 
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Applications qJ partial derivatives 


A -4 tt, and F(ji. il) = A + ir/2 for * > Cf. 
I hen show that il heroines impossible So dcline 
Rt. 0) ffir x < m to make F even am ti mu ms 


on the negative jc-axis. to say Tin thing of 
di he leritia hie. ] 
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MnltiplE integrals 


18.1 INTEGRALS Let a rectangular region R where a x b and c ^ y tsi d be given in the 

OVER A RECTANGLE plane, as illustrated in Fig. tft.H, We partition R into /r J no nove flapping 
subrec tangles us follows; Partition fa f>] into ft suhintervals of equal lengths 

18,1.1 The integral as with endpoints 

a limit of sums . 

t2 - f„ < t, < *“ < k = h 

and [c, d | into n suhiintervals of ec|ual lengths with endpoints 
c = s a < s, < ^ = d. 


y 



The n' rectangular subregions where t,_ 3 ^ Jt ^ r, and s t , =S y ^ Sj for 
i ' L - , n and / then have equal areas and constitute a 

partition of R into ri J nonoverlapping subreetangles, Suppose that we have 
numbered the pi subrectangles in some convenient fashion, and lei (jc^, i Ire 
a point in the fclh suhrec tangle of ihe partition (see Fig. lti.ll. 

It ean be shown that a continuous function f of two variables assumes a 
maximum value and a minimum value on each closed 1 rectangular region 
contained in the dom 11 in of f. Let m t and M k be the minimum and 
maximum values, respectively, of f on the fcth of the ra su bred angles in our 
partition of R. The area of each sub rectangle in our partition is of course 


b - a d - c (b aHd - c) 


arid we have, for each k , 

(b-a)(d-c) ^{b-u\(d-c) ef H _Jh - add - c) _ 

..c-m fc <;- t- f fJt fcl %) ^ - 1 - M k . f |) 

n n n 

( Rela 1 inn (1) is analogous to the relation 

b - a b — a , „ b - c . 

-/re, -- - /U,) -iH 

n n pi 


* 1 osay ituii a rccLwitui .1 r reyon is ciowd is Lossy (hat die region indutfes die boundary of 
I he recUinfllc 
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I cl 


\h ti\Ut - J'l * 

- B /I.Vf. , If* t 


IS ? 


for a t unction of one varishle.) [f fU, vi is non negative for 1 x , y) in ft, each 
of the terms in (H can he viewed geometrically as the volume of a prism of 
reel angular eros* section, ns indicated in Fiji. IK.2. The first term is (he 
volume of Tire rectangular prism with hast- the kth of ihe ti subreclangles 
and height the minimum height m k to the surface z = ( (x, y) over this fcih 
subrectangle, etc. Then 


s 


h 


(b - aYd - c) ^ 

-' £, n\ 


rt 
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Multiple integrals 


is I he ii 111 lower sum for I Over R 



is [tie itlh upper sum fur f over R. urtd 




(21 


for till ft > 0. We should point out that the notation ' L Sf a *' is unjustifiably 
simple; il does not relied the function f. the region R, or the choice of 
(ij,. y k ) as a point in the fcth subreetangle of the partition. 

Let R be the maximum of (he quantities jVf k m L for k - L, ...ir, 
and you easily see that 


^(b a)Ll c) 


h„{b a)(d c K 


“ S n ^ R ■ I 


Geometrically, ib - a)(d - r) is the area of the region R and R(h - a) x 
td - c) is the volume of a box of height R and base of area (h - uKd - eh 
The illustration for n 2 in Fig. 18.3 is the two-dimensional analogue of 
Fig. 6 A Since / is con li nun us. il seems reasonable that ns n — the height 
R should approach sflem. As in Chapter 6 we (hen see lhai lim n s n and 
lim„ «»S h exist and are equal, Now tTi tells us that 5^ is between ,s„ and R + 
so 1im„ P ., y n ituisl exist and have ibis same value. 


Thewvm tHj Let [ he a continuous function of two variables with domain cimminin#, a 


wkingninr region R. Then the limits of S n < and ^ defined above exist as 
n — * ®* ami 


lim uf^ = lini 5^ “ lim S,„ 


Definition 10.1 The definite integral \] R fix. v ) dx dy of f over R is 



Example l Let’s estimate the integral of jr + y" over R where 0 ^ ^ 4 and Q s y s 


4 by computing s ? and S 2 . 


solution The partition of R for rr -- 2 is shown in Fig, 18 A which also indicates a 


numbering for the rectangles. Since x~ 4- y~ is the square of the distance 
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18.3 


from ( v y) to the origin, vein see 11nal (he points where f assumes minimum 
values for computation of an; as indicated in i'al of ihe figure, 'Hie points 
where f assumes masurium values tire shown in {hi Thus 

s, = H - 0|N - ° J liO 2 + 0 2 ) + C2 2 + 0 3 ) 4 (If 2 + 2 7 > + (2 2 + 2 2 )] 

4 

= 4[0 + 4 4 4- 4 X] ~ 4 - 16 = fi4. 





V 

k 


>' a h 

3 

►- f 

!*i - ,vi> 

4 

(■< M J | f 

1 

hj, v 2 > 

2 

ifr) I'ein 

A 

is fur S' 


■*■ ,t 1S.4 


On the other hand, 

5, „ (4 - fi)(4 ~ 0) + + (4 2 + 2-) + (2 a + 4 a > 4 C4 a 4 4 2 )] 

4 

= 4[K + 20 + 20 + 32] - 4 ■ 80 = 320. 



































Multiple integrals. 


Thus 


<S4^ 



y ') dx dy 320. 


OF course, these cstimtiles arc very crude indeed, 
'["he Leibniz notation 



fix, y) dx dy 


mav be interpreted geometrically as follows: Choose translated axes at a 
vertex of a rectangle in the partition, as shown in Fig. 18,5, The area of Che 
rectangle is regarded as dx dy. as indicated in the figure. This area is 
multiplied by the value of the [unction at a point (x. v t in the rectangle, The 
integral then sums these products, and takes the limit of such sums as dx and 
dv approach zero. 


u, y J 



J 








J 




d.V 







i i% 

















15.5 


Finally, we mention that, just us for the integral nf a function nf one 
variable, it is not necessary that the region R he partitioned into subrectang¬ 
les of equal areas in forming Ricmann sums: one can Form a partition of the 
type shown in Fig. 18.6, Indeed, it is not even necessary that (he region be 
subdivided into rmdHgidttr pieces. However, in order to he sure that the 
limit of a sequence of KiciTLami sums indeed approaches the integral 
iU fix. v) dx dy. it is essential that rust only the areas of subregions in the 
partitions of the rectangle approach zero* but also that the maximum aptin 
of the subregions approaches zero ns n (see Pigs. IH.h and Irt.TL for 
example, a subdivision oC R intu thin vertieal strips as in Fig. 18,7 does not, 
in general, sullice to approximate fix, yi dx dy. even though the areas of 
the strips approach zero as ra The maximum span of each strip is 

greater than d - c„ which docs not approach zero. {Sec Exorcise 3.) 
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V 

* 


Minimum Hpun 



_^_+ -i -4-*' 

t a h 

A i^iLbLt siihdivinion foi RieftMfln WlflW 


iae 





\ ppLii subdivision for tiurmaiM sums 


1 B. 1.2 The three- fl is easy to generalize the work in ltie preceding article and construct the 
variable case integral of a continuous function f of three variables x T y, z over a rectangu¬ 
lar box K in space given by: 

«. =£ * ^ b,. fl a < y == b 3+ £ =s b> 

We partition the box into n 3 subboxes by partitioning the three 
intervals [n t1 ft,] into n submlervab of equal lengths. The volume of each 
subtwx is easily seen tit he 

v fb, -_ a,Hfr; ~ tt 3 )(fr a ~ <* 3 ) (5 . 

Let Mi he the maximum value and the minimum value of f(x, y. x) on 
the fcth subbox (for some convenient numbering), and let (x^, y fe , z K ) he a 
point in the fcth subbox. We then let 

(*' rtft» 

s tl — V„ ■ ^ if n - V„’ ^ / ( iki yt- 't)’ 

y ~ 1 t-» 

and *> W 

S n = V„ ■ I Mv, 

Jr ~ I 

Obviously 

s H ^ SC * %■ i7) 

The integral ffin f{x, \\ z) dx dydz is defined to be the common limit of 
V SC- Eknd s » asn “*®' 

10 . 1.3 iterated Let f be a continuous function on a rectangular region u ■** x ^ ft, c ^ y — 
integral* d in the plane. We define the iterated integral £ £ fix. y) dx dv as follows 
Find a function F{x< y) such thai 
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Muftipta Integral 


iind define 


fix, y)dxdy — J y} - Fiti* y))dy. 


(9) 


where this latter integral is of a Function of one variable over an interval 
fc, J], In Exercise 4, we ask you to show that this result does nn| depend on 
the choice of the function F satisfying (8)* If dCd&y = f (jc, y), we delii 


i nc" 


1 h f A rS 

| fix. y)dydx = | (GU, d) - G(x,c\) dx . 


Id) 


Mole that these iteraied rule grab lire computed from ihe ‘inside outward " 
ThEii is, you think of £ ft f{x r y) dx ify as 

f (| fix* y ) d*) dy t 

where the inside integral is computed with respect in x Only, thinking of y as 
a constant, and the linal integral is computed with respect in y. 

Clearly, the order of the limits on the integrals makes a difference; for 
example 

1 1 ~ - j£ | fix, y) dxdy 


■if 


fix, y) dx dy, 


You Eire asked to examine this matter Further in Exercises fi and 7, 

Flvumple 2 Let's compute 


n 


xy 2 dx <fy. 


scii.tmoN We have 


I I ”‘ ix *■ f(7>‘0* ‘ f 


-r 


Ay'dy =^Y i 


_ 4 

« “ 3 


f 1 \unipie 3 Let’s compute the iterated integral 

xy J dyrix, 

ft In 

Which is the integral in Example 2 in the "‘reverse order.” 
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SOLUTION 


Theorem flf.2 
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We have 




Note I hat the iterated integrals in Example Z and 3 are equal; I he 
order of (he integration does, not seem to natter. This is an example of a 
general theorem, 


Let fix, y) fa renrifiHoru for [X . y) in if re refttftlRttlflf region R where u -■ x ■- 
h and c y £: d. Then 


| | f(x,y)dxdy 



f{x, y 1 dv dx 


Jt 


ff.v, y i dx <iy- 


Whilc we shall riot give a rigorous proof of this, we do give analytic anti 
geometric explanations why it is true, 

Analytic Explanation. Our Numbering of the subrectangles in a partition of 
R into n ' subrectaogles of equal area is arbitrary. Two different styles of 
numbering are suggested by Fig, IH.N, The first “horizontal numbering" 
indicates that you may view 5^, as a sum over ir horizontal strips. each of 
which is, in turn, a sum over rr rectangles. That is, if you let U,. y,) fa- the 
midpoint of the rectangle in the rth column from the left ami the jth row 
from ihe bottom in a horizontal numbering such as Fig. 18.8(a), then 
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Multiple integrals 


By the fundamental theorem of calculus, I he inside sum over i in Ihc last 
expression in (1 If approaches Ji; fix, y t )dx as rr - «. ft seems reasonable 
thEii the whole sum therefore approaches J; 1 (ft fix, y} dx} dy as ?r —*■ A 
similar argument, starting with the vertical numbering in Fig. 18.8(h), leads 
to the iterated integral ft if;! ffx. yl dy) tlx. This iinlitalcs analytically that she 
iterated integrals are both equal to Jf R ffjE, y)djtdy. 

{■ennietric Explanation. Fhe Leibniz notation suggests the (o I towing in¬ 
terpretation of ft ft fix y) dx dy. Jf you form ft fix y,) dA, thinking of y, sis a 
constant, you obtain the area of Ihc vertical shaded plane region shown in 
Fig. 3S.9, which lies in the plane y = y, and under the surface t — f{x . yl 
helween x - u and i - b. Multiplying by dy, you obtain the volume of the 
slab shown in i-%. IK,ML and die iterated integral 



thus adds up the volumes of the slabs from y = c to y = d as dy —* f>. 
C learly ihc result for f{x, y) ^ I) is Ihe volume of the three-dimensional 
region under the surface t = fix. y) and over the rectangle R. which is 
precisely (he geometric interpretation of jJ R fix, y) dxdy. Similar geometric 
considerations indicate that fiJJ/U, y I dy dx must also be equal to 
Jfft fix. yj dx dy. We leave the sketching of figures like Figs, 18.9 and IK. Mi 
to the exercises (sec Exercise 5}, 



, 19.10 


Since % f (x h y) dxdy and a corresponding notation for an iterated 


integral contain two integral signs, integrals of functions of two variables are 


often called double integrals Iteration provides a technique for comput¬ 
ing a double integral, just as llic fundamental! iheorem of calculus provides a 
technique (or computing an integral of a function of one variable. In fact, 
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Example 4 


soli m<>% 


the computation of a double integral is reduced to the computation of two, 
successive integrals of functions of a single variable, 

In F.x am pie l, we estimated J] H {x 2 4- yMxdy for R given by 0 ^ .v r- 4. 

^ y 4, using upper and lower sums with n - 2. Leris compute its exact 
value using an iterated integral, 


The exact value of the imegral is given by 


11 (jri + 3^)dxdy = j | (jc 3 + y~) dx dy = | + y'x) 

f 4 /* 4 M 25h 256 512 

"1 (y + 4 v)^ - vy» T'T 


dy 


18.1.4 Three- 

dimensional iterated 
integrals 

Ef / is a function of three variables that is continuous on a rectangular box R 
where a, s r ■- h (l a, ^ y ^ V and a :l ^ z fi v then you can form 
several different iterated integrals, such as 


[ f f f{x, y„ z)dzdydx 

Jji, ^iij At , 


and 


r^- r i, i 

fix t y, z) dx dz dy. 

■*«•, Ai , 


The iterated integrals arc all to be computed “from the inside outward.” 
Any order of integration is possible; there are six possible orders in all (see 
Exercise 7). Iff is continuous over R, then all these iterated integrals with a t \ 
as lower limits aid b/s as upper limits arc equal, and equal the multiple 
integral JJJ R /(x T y\ z) dx dydz. 


SUMMARY Let fix. y) be conrircuous in the rectangle R where a ^ jc s h and c '= y s df. 

Partition R into n J subrecfangfes by subdividing both interval % [ a, h ] and 
ft, d | into fi sui>ntfmjafy of cqutn! lengths. Number the subrectangles from \ to 
n ? amt let rn. be the mbitmuni value and M k the maximum value affix, yl in 
ffie JLlh sflhrecfflrtgfe, Let (x t , y ft ) he any point irt the fcth yufwffcrartgie. 


l + 


\n = 


(fr - a){d c ) 



m fc is rlie nth lower sum. 


s„ ■ 


(b -a)id - cl 


I H Is the nth upper surra. 

L -X 
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Multiple integrals 


* « _ (* ” “ r) f ri . 

j. j„ “ - - ~—- - fiXk- VlJ 15 tin nln ritermimr junf, 

ft t - j 

4. s„ s ^ s S H fltuf 

linv^^ = irnv^ ^ 3£ = j| /(x y) dx dy. 

5. If dFidx - fix, y) t then 

r<i rh rd y=h *.i 

J f(x y)d*4y = j Fix, y) | dy =± J \F{b, y) - Fffl. y)] dy. 

6. If aGfdy = fix, y), ihtrn 

ft. *,j rh y~<i y 

f(x,y) dydx = G(x y) dx = fti(xd) - GU,c)]di. 

"*ci "t ■ti ®V“C 

I- JJ"^ /(*< y) ifr dy = |j^ f{x,y)dxdy = | fix.y) dy dx. 

■S. Amifogttus treatments hold for more than fwo variables. 


EXERCISES 


1. Give a geometric interpretation of 
iiu fix. vld* rfv where f is a function of Lwu vari¬ 
ables, continuous; over a rectangular region H. bid 
possibly assuming both positive and negative val¬ 
ues on R, 

2. We have treated only a very restrictive east* of 
multiple integrals of continuous functions in this 
section Can you guess the restriction: to which we 
are refer ring 7 

3. Let ft he given hv u x ^ b. c ^ x ^ d and let 
fix y> v for (x y) in R. Consider the partition 
of ft into n vertical strips of equal areas, as in lug. 
1 H.7 where ti = ft. 

a) Compute lhe upper sums and the tower 
sums for these partitions of ft. 

Hj Is i; true llmt Jim n ... x = lirtv . S„ for these 
partitions of R? 

c} What point is illustrated by this exercise? 

4. Show that the definition of J?fll fix, y) d* dy as 
given hv F.q, f*)> in the text is wrif- defined, that is, 
independent of the choke of “partial antideriva¬ 
tive'" F(x y>. 

$. Sketch hgxires similar to Figs. Ifi.9 and 18.10 to 
illustrate geometrically that fi } J fix y) dy d.t = 


Jin jffx y) di dy where ft is the rectangle u ’ 
* i= b. t* < y -•• d, nnd / is continuous over R. 

ft- In Section IK. 1.3 We defined Iterated integrals 
J? Jl! fix yl dx dy and f : \ |. J fCjt, y 1 dy dx over R 
where a jr ^ fr. c ^ y -= d for f Continuous nn 
R. We could alsn consider 



where, again, the integral :s to be computed from 
the “inside outward." Lisl all such iterated integ¬ 
rals of f arising facia R. and compare the values of 
these integrals, | ffani, ihcre arc eight of them I 

7. Let f be a continuous function, of three variables 
with domain containing a rectangular box a - 
x £: b^a .2 fa r flu ^ z s 

ai Show that there are six possible ’"orders of 
integration'" for an iterated integral, where 
each integral has some ri, far lower limit and h, 
for upper limit, 

hi How many iterated integrals can you form 
for f over the box if the d \ are not restricted 
to lower limits anti ihc ^ \ arc not restricted 
to upper limits? (See Exercise ft.) 













IS ? integrals aver 3 region 


617 


el Compile the values nf Ihe^e integral* de¬ 
scribed in i b), 

8. Id R lie ihe rectangle O ^ .v ■ 2. I ■-' y ^ 5. 

Estimate ftp U + yldxdy by s; and A\. 
fl, Repeat Esereise H. hut estimate JJ W (x • yldxdy 
using and [he midpoints of the suhrecl angles, 

IV. Let R be giver by 0 ji s 2. O'- y ^ 4. Z ^ 
z -.. -j. Estimate fJ[ K \ yzd.tifydz using SC and 
I he midpoints of l he regions ir the partitions. 


] |, I or R be giver by I) s x ■ ■ 4, L y ^ s. -4 v 
z - 4. Eistimate JJJiii jcv'z ' d.v .Jv dz using ./ 1 and 
the midpoints of the regions in the partition. 

12. Compute the integral in Exercise SC using an 
iterates! integral, 

13. Compute the integral in Exercise Kt. using an 
iterated integral 

14. Compute the integral in Exercise II- using an 
iterated integral. 


/h Fo'n-jsr.s t ^ 24. eoiNpufc die gfjjt'n imaU’d integral 


If. 

J fi + v') dx tiy 

16. 

| | X y tfy dx 

11. 

1*. 

1 x Sitfl y < 1)1 dx 
in Ja 


x siny dy dr 

Jn Ji i 

20- 

2!. 

III xy dx dy Jz 

22. 

| (jr + yz j dz dx dv 

23. 

24* 

xyW2 - x 2 - y 3 dx dy dt 

Jn Ai J<i 





x sin v d.v dv 


. | | InLtryJdrdy 

{X j-na fx 

23. J j xic k dx dy di 


162 INTEGRALS 
OVER A REGION 

10,2,1 Riemann sums 
O-ver regions 


A region G in the piano is hounded it' it is contained in some sufficiently 
I urge rectangle in the plane. Naively, bounded regions are those that do not 
go oET to infinity in any direction. We will consider "nice” bounded regions 
like the one in Fig. IS. 11* where we have a natural idea of the boundary 
Ihounding curve) of the region and the inferior (inside) of the region. A 
region is chtsed if the boundary is considered to be part of the region. 

Wc wish to integrate a continuous function / over a bounded region G 
of the plane contained in the domain of f. We shall restrict ourselves to the 
important case where the boundary of Ci is a smooth curve of finite length. 


V 























Multiple integrals 


Let R be some rectangle with sides parallel to the coordinate axes and 
containing G . Divide R into ir subrectangles of equal area as in Section 
18.1, This gives a grid of rectangles of equal size superimposed over the 
plane region CL as illustrated in Fig, 18.12, 


y 

4 



>1 18,12 


Consider now only those little rectangles lhal lie totally inside the 
region G, in Fig. 18 . 12 , they are the twenty lightly shaded rectangles. In 
general, there may be r such rectangles, which we number from 1 to r in 
some convenient fashion, Ii can be proved that if f is continuous on the fcth 
such rectangle* then f assumes a maximum value M k and a minimum value 
n h on that rectangle. Using only those r rectangles lying totally within G, 
we define the lower sum s n , the upper sum S M * and a Riematm sum ^ for 
fix, y) over G as follows: II each rectangle in the grid has area AA and if 
l*k* y fc ) any point in the kih inside rectangle, we let 


= (AA) X m k 



S„ = (AA) £ H 


Note that the dark-shaded rectangles in the partition of fi in Fig, 
18.12* which contain the boundary curve of G. are not considered at all in 
this formation of the sums s n , .9^, and S tt , This is permissible for the 
following reason. We assumed that the boundary curve of G has finite 
length, and it can then he shown that the sum of the areas of those 
rectangles containing the boundary approaches zero as n —* 00 . Conse¬ 
quently, if we did attempt to include their contributions in s„, or S tl , those 




































18.2 Integrals Over a region 
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contributions would approach zero as n —► and in the next paragraph, we 

are going to let u —* 

1 'or the kth litile rectangle lying inside G. you have 
( M k - m*) -+ 0 as n —*■ <», 


precisely as in Section IS, l. If h TI is the maximum of M k m k over these r 
rectangles, then 

- a n == Ji„ (area of G). 


Consequently, 


lim (S n ~ s n ) = 0, 


As in Section 18-1, it seems reasonable that Iim n ^ s„ exists and equals 
1im n JOt S rl . These limits can be shown to be independent of the choice of the 
rectangle K containing G, 


Definition 18.2 Let / be a continuous function over a closed bounded 
region G of the plane whose boundary is a smooth curve of finite length. 
The integral /(x, y) dx dy of f over G is the common value 



x , y) dx dy = lim 


n 




lim ?f tt " lim S H> 

n—M — 


where ,s„, 6^ and are as described above. 


It is obvious that this work can be extended to integrals of continuous 
functions of three variables over hounded regions in space, whose bound¬ 
aries are smooth surfaces of finite area. We need only replace our rectangu¬ 
lar grid by a grid of boxes r 


18.2.2 Iterated Hie integrals defined in the preceding article are usually computed using an 

integrate over regions iterated integral, much as in Section 18.1, Consider the plane region G 

shown in Fig, 18.13. where the “lower” portion of the boundary is the curve 
y = h|(x) and ihe “top” portion is the curve y — where h ] and h 2 are 

continuous functions. If f is continuous on G. we form the iterated integral 


J 'b j*fc*l*) rf» t fJi*,, x 

f(x.y)dydx = [ /UyWy d.t. (1) 

ft Ju ^,(*1) / 


The computation of (1) is again to be made from the “inside outward,” as 
indicated by the parentheses. The first integration is to be performed “with 



























620 


Multiple integrals 



v 



respect to y only/' and the first limits depend upon x. A function of i results 
upon substituting the limits after llie first integration, and this function is 
then integrated ‘’with respect to x" from a in h. Analytic and geometric 
arguments like those in Section 18.1 easily convince us that this iterated 
in lepra! is equal to jj <r fix, y I dx Jy, as ile fined above. 

We could also integrate in the reverse order, in which case we consider 
the “left" and “right" boundary curves of G to be given by x A;,<y) and 
.1 fcdyl as shown in Fig, IS. 14. Our integral then takes the form 

f{x,y)dxdy = ffje, y J kv th- * 

A- ! Cy > 

Analogous iterated integrals can lie farmed for continuous functions of 
three variables over a suitable region in space. 

F vim pic t For illustration , we evaluate the iterated integral f,| J '- x 'y dy tlx. 


S ^ \ 

( /feylifeW 



sou n ion Wc have 


I, I * vi/i</A J {£«.*»*)**di 



64 _ 64 256 

3 7 21 # 


It is important to be able to change the order of integration in an iterated 
integral. An outline of a procedure by which this may be done for double 
integrals is as follows, 
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Changing order 

tif intefltaJtWi 


Example 1 


Nf'JE.I IJUft 


Step L Draw a sketch* imd ‘-.hade the region of ihe plane over which 
integration lakes place. Draw a little “differential rectangle 11 of dimensions 
fix by dy in the shaded region. 

vn-.p 2. Convert your given iterated integral into one wilh the order of 
integration reversed hy looking at your sketch and writing down the appro¬ 
priate limits. The limits on the inside integral sign Eire functions of the 
remaining variable of integration, while the limits on the outside integral 
sign are always constants. 

Similar steps may be followed to change the order of integration in a 
triple iterated integral. 


Let’s reverse the order of integration for the integral 



dx 


considered in Example I. 


stop |, Starting with the limits on the inside integral, the first integration 
with respect to y\ goes from V - X 2 to y = 4, so We Sketch these Curves in 
the plane. See Fig, I ft. 1.5(a|. Since this lirst integration was with respect to y. 
we think of y = jc 2 and y - 4 as forming the bottom and top boundaries of 
our region. Now the final integration with respect to jc goes only from x - 0 
to a - 4. Thus the region is the one in the first quadrant only, shown shaded 
in Fig. IH, 1 f»CaL 

step 2, To reverse the order of integration, we wish to integrate lirst with 
respect to x. Pushing our differential rectangle as far to the left [negative 
x -direction) as it will go, it is always stopped hy the line x 0 . Pushing il to 
the right (positive x-direction), il is slopped bv the curve y x-. Since these 
inside limits must be expressed as functions of y, we write y = jr as 
x = v'y; the positive square root is clearly appropriate from the sketch. So 


V 
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out inside integral been tries 

J i v - v 

x'ydx, 

it 

This corresponds to adding the contributions to the integral over the thin 
horizon Lai strip shown in Fig, 18,15(b)* Now we must add the contributions 
of these strips from a strip at Ihe bottom of ihe region, where y “ 0, to a 
strip at the top, where y - 4. Thus we arrive at 

f 4 r ; -j, 

I x~ydxd\ 
as Ihe desired integral. A computation yields 



Of course, this is the same value as we obtained in Example 1, || 


E!x lhfii|» 1 L' 3 Let us convert 


to ihe order 


IT j 




xvz J dz dv dx 



xyz' the dz dv, 


solution step 1. The inside limits with respect to z show [hat the bottom of the 
region is the plane z - 0 and the top is ihe plane z - 3 - 3x (3y/2), or 
Cut' — 3y 4- 2? - ft. We sketch these planes in Fig, lIS.lft The remaining 
limits of integration then show [hat the region of integration is the tetrahed¬ 
ron shaded in the figure. 
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stv.p 2 Ln the new order, we wish to integrate first in the t-direction, from 
x - 0 out to the plane Ux — 3y -t 2z - fi. where x = j 4- (y!2) — (z/3J, 
Thus we start with 

xyz 2 dx. 


The next z-limits may he Sound from the back triangle of the region, in she 
yz-plane. which has as base the fine where z — El and as top the line where 
-3y + 2z = 6, or z - .3 + (3y/2), obtained by setting x = f) in 
fuc — 3y -f- 21 = b. We have arrived so far at 

1 3+<3tiTJ> r I < CjJ-ir-tz/31 

xy 2 2 dx dz. 

Finally, the constant y-Ism its go from She minimum y^vaEue of -2 to the 
mEixiimnrt y-value of CL so the desired integral is 


■Ml r\<LW<li j- 

J-2 it 'll 




.vyz d.vJzr/y. 


18.2.3 Areas anrl 
volumes by multiple 
integration 


Let G be a closed, bounded region in the plane. It is geometrically dear that 
for the constant function !. the integral 



Exainplte 4 


sou HON 


gives the area of the region . The integral is usually computed using an iterated 
integral. We give two examples. 

We stari by solving, using “double integrals,” an area pro bleat we could 
easily have solved in Chapter 7, Let’s find the area of the plane region in the 
first quadrant of the plane bounded by the curves y - x" and y = v‘x. 

The region is sketched in f ig. 18.17, Using Leibniz notation, we think of 


V 
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dxdy = dy dx as the area of a small rectangle in the region, and add up the 
areas of such rectangles over the region as dx -* 0 and dy —► 0 with an 
integral. The “lower" and “upper 7 bounding curves of the region are 


V - x 3 and v — v'x, respectively, so our iterated integral is 



(2 V2 _^\r _ 2 1 = _5_ 

\3 X 4 JJ n 3 4 12‘ 


Note ihiii the integral JA (v'x - x 1 ) dx that occurs in the middle of the 
computation above is the one we would have started with in Chapter 7 to 


compute the area. 

If we wish to compute the iterated integral in the other order, we must 
find the “left" and “right" bounding curves of our region, and we obtain 
x = v ? and jc - v 1 \ respectively. The iterated integral in this order is 
therefore 




Of course, we obtained the same answer. 

People often have trouble finding the appropriate limits of integration 
in setting up an iterated integral. Note in particular that the final limits (on 
the lefthand integral sign! are always constant, and other limits may be 
functions of only those variables with respect to which integration will be 
performed later + 



WRONG. 


Example 5 Let's find the volume of the region in space bounded above by the surface 


z = 1 — jc 2 - y", on the sides by the planes x = 0, y = 0, x + y = 1, and 
below by the plane z = (l The region is sketched in big, 18.18. 


solution We think of adding the volumes of small rectangular boxes with edges 


having lengths dx, d y. and dz * An attempt to find our iterated integral by 
integrating in the x -direction first leads to problems in the x -limits, for the 
“lower" boxes would have to be summed from the plane x = 0 forward to 
the plane x = 1 y, while the “higher" b oxes would have to be summed 


from x 0 forward to the surface x = V ) 


z, as indicated in Rig. 
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18,18 (a) The region of Example 5. {b) Computer-plotted representation 


LH.19. The same problem occurs if we integrate first in the ^-direction. Thus 
we integrale in the order 2 * x , y* and obtain the iterated integral 



dz dx dy = 



y 


18.19 


I fl-v v- 

z 


dx dy 
(1 - x~ - y z ) dxdy 


n 

f r 

i'( 


0 - y) - 


(1 - yf 


y - y + y 


f(- 

V ? T A 


- y (1 - y)^ dy 

•-w* 


(1 - y) 


12 


I 


1 

l 


1 _ i i _ j_ 

2 3 4 12 

6 + 4 - 3 + 1 


8_ = 1 

12 3 ' 


12 
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Note that we could have started with the integral 

|| U - x 2 y J )dxdy 

that appears in (he compulation if we just thought of our region as lying 
under ihc Surface z - 1 - x 7 - y 1 and over the triangular region in ihc 
x,y- plane bounded hy die coordinate axes and the line x + y = I. 


SUMMARY 


L A bounded plane region Ci is one that can he enclosed in a rectangle. The 
region is closed if the region includes its boundary, 

2. Lei a rectangle containing G be partitioned into n 2 subrectangles of equal 
size as in Section 3 H. 1, Upper, lower and Riemann sums taken over just 
those rectangles of the partition that lie foAll/y irwide G approach a 
common value jf Ci f(x, v) dxdy m n -»■ ® for a continuous function 
fix, y i truer a hounded region £ j with smooth boundary curve of jfiiiiie leugdt- 

3. firmed integrals are used for computation of an integral over a region. See 
Section I ft.2.2 for a description of the iinu'fs, 

4. Draw a sketch and work from that sketch when changing the order of 
integration. 

5. The area of a region G is found tov integrating the constant function l over 
G. 

6. Analogous integrariorr cern fre done tn space. 


EXERCISES 


1 rt Exercises l duwigh H. dampute iFic siren 

Derated integral. 

r c f v 

t- i 4xy dx dy 

Jn lo 

J. | j X iiv ih 

3 - 11 * dyd * 

4, [ | (jl + y*)dx dy 

f 1 f 1 f ■ ■■ 1 V ' 

5, y dz (he dy 

Ju Jn Jif 

f" r* ,J T 

fi. xdzdxdy 

ri ,3 = 

M. | yzdr dydz 

it ici Jii 

7+ 1 Idjcdyd* 

JV\ Ju Jr 1 !r" 4 


J,>i Etfraw.! l J rftraLigft If' skew ft the region of integration for the siwh iterated integral and th#n write an equal 
iterated fritegraf (or un equal sunt of iterated integrals) Hi fit the integration in ffte "reverse order." [ You are nos asked 
fr? cant pate ilir integral.) 


p i 

4xy <dx dy 

in j ji y< 

to. 

p-J. 

(sinxy) dy rfx 

III Jll 

"•I 

* f nil* i 

x^ydydx 

-Ml 

12 1 

j x' dxdy 
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13. | | yoos x dydjc 14. j J < ' dxdy 

17, Find ih^ appropriate limits for fJJ xyz' dx d\dz In 
< jrder lot it lo equal the iterated integral 

■ I F • I ~ n ! O V 


<• it: 


■ V fir r I fV*-* 

IS. li L jr enscydr dy 16. j J x'y 1 


dx tiy 


f I j" ■ I r! «- V 

f E-,1 ***' 


J dz dy fi£- 

I J- I ■ 

1 >i, i nol evaluate I he i [kte^ra t 


\K. bind the: appropriate limits tor jjj x sin yz dydzdx 
in order for il to equal the iterated integral 

|*il |P PiM-V 

l| L * stitt yz dx dz dy. 

Do not evaluate the integral. 


In Fxt'n-ises I St through 24, «se ai r iterated integral to find the area nr tjofum* of die indicated region 


19. 'llie region of the plane bou nded bv the L-urvcs 

y (], y = 1 + jc. and v Vl x 

2fh The region of the plane bounded by the curves 
y sin x, x ir.f 2, and v = x. 

21, The region of the plane bounded by y In Jt, y 
1 - k. and y \. 


22. The re gunk of space bounded by z = cos* for 
- n/2 ^ x -■■ tt/2, z th y = -1. and y ■= 2. 

23 + The region of space bounded by z 4 x y' 
and z x 1 + V - 4, 

24, The legion of space hounded by Z = 
1 + x‘ + y y = 1 - j ! , y = 0 ( and z * 0. 


18 3 MULTIPLE 
INTEGRATION 
IN POLAR AND 
CYLINDRICAL 
COORDINATES 


Consider the polar r.fl^etJQFdi nates in the plane. Recall that tile tfanslornia- 
tinn from polar Ml-coordinates to rectangular x,y-coordinates is given by 

x = j cos fl. . 

U) 

y = rsinfl, 

as indicated in Fig. 1K.Z0. 



18.3,1 Double 
integrals In 
polar coordinates 


Suppose we wish to integrate a continuous function over a region G in 
the plane. We may often express our function either in terms of the 
independent variables \ and y, or in terms of r and 9. tf I lie function is 
expressed by fix, y) in terms of \ and y, then in terms of rJl -coordinates it 
is 


li (,r. ff) _ f(r cos 9, r stn 0). 
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The differential area element, dx dy\ should be replaced by one in polar 
coordinates. Now the rectangular area element, dxdy, is obtained by start¬ 
ing at a point in the region, increasing x by dx increasing y by dy, then 
decreasing x by dx and finally decreasing y by dy. For r,Q -coord in ales, we 
start at a point, increase r by dr, increase 8 by dtf, decrease r by dr, and 
finally decrease 6 by d8. The result is shown in Fig, 18,21. 


V 



Note that the area of the element is approximately irdO)(dr), not dr do 
Then 


( 2 ) 


Differential area element = rdrdti. 


and the integral of fix, y) over G becomes 



A rigorous derivation of (3) is left to a more advanced course. The 
integral (3) “adds up. over G. these areas, multiplied by values of the function, 
and takes the limit as dfl —* 6 and dr —* 0." 


Example I Let's find the area of the region G bounded by the cardioid r = 1 + cos £#, 


shown in Fig. 18.22, by integrating the constant function 1 over this region. 


y 

x 


r = I + cos, fl 
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solution By symmetry, our desired area is 


TT f 1 + CDS# 


ff 

J |1 ^(1 


1 ■ t dr dO = 2 


fM 

*■ -113 


^ LTl 'Ksfl 


d0 = 2 


i 

— (I + cos OY do 

u * 


r 


= (1+2 cos 0 + cos ' 0) dO 


{ 0 sin 2(F 

= ^0 + 2 sin 0 + ~ + —-— 

ir 3tr 

- 7T + — = —. 

2 2 


Note that the integral 2j/ (l/2)( t + cos 0)~ d6 in our computation is the one 
we would have started with in Chapter 13 to find our area, || 


18.3.2 Cylindrical Recall that cylindrical r.6U-coordinates for space are formed by taking polar 
coordinates r,0-coordinates in the x^y-plane and the usual rectangular z-coordinate, as 
indicated in Fig, IK.23, The locus of the equation r - a is the cylinder 
shown in Fig, US,24; hence ihe name ‘"cylindrical coordinates/ 1 



18.23 



18,24 


Let h (r 0, z) be a continuous cylindrical-coordinate function defined on 
a region G in space; we are interested in the integral of h{r, 0, z) over G, 
The integral is 

■ j* j* 

h( rJ,z)-r dr dO dz , (4) 

J J Jo 


which is the analogue of the polar coordinate formula (3). We think of 
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rdr dtfdi as a little “volume element' in cylindrical coordinates, as shown 
in Fig. 18,25* 

Since x 2 + y 2 - r 2 , transformation to cylindrical coordinates is espe¬ 
cially useful in integrating a Cartesian expression involving x 3 + y 2 , or in 
integraling over regions bounded by surfaces with simple cylindrical- 
coordinate equations. If an integral involves x ? + z 7 \ we may take “cylindri¬ 
cal r,fl.y-coordinates, ’ corresponding to polar r,ff-coordinates in the x r z- 
plane. 



Fxampk 2 Let G be the region bounded above by z 1 + x 1 + y 2 t below by z “ 0, 

and on the sides by x : + y 2 4, as indicated in Fig. 18.26. Let's integrate / 

over G, where f(x* z) = x — y 4- z 2 m 



18.26 {a) The bounded region of Example 2. {b| Computer-plotted representation, 
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SOLUTION 


Example 3 


SOLUTION 


Our -integral would be 

i 7 |r Jl ~ f M*- 1 I V - 


J 7 p'-J V j* i 

-3 J- j'4 v ■' 


{x — y + z 7 ) dz di dy. 


which is not too pleasant to evaluate. However, changing to cylindrical 
coordinates, our integral becomes 

Ztt f2 r l+r* 

(r cos 0 - r sin 0 + zVdzdrdfl 


rn 

- rn 


in 


(cos 6 - sin 0)r 2 z + r 


<1 j <i 
2 if r 2 


r = 1 + r * 


dr dB 


■ ii 


= j | [{cos 9 - sin 0)(r 3 )( I + r) + 'r(l + r 2 > *] dr dtf 

- [(CO. » - «, «>(£ + y) + ! ■ lij ^ ± ]]_ " 

- 1 [ta»«-™«)@ + f) ti 2r] 

"I 

[ 


, . rtV 136 

{cos 0 — sin ft) _ + _ , 
15 24 


24 
dO 


dO 


.136 . Y 624 

= —- (sm 0 + cos + —— 0 

1 IS 24 


2 IT 


136 624 624 _ 

= 7? U_11+ 24 2w = l2 W = :,2,r * 

You probably think this computation is bad enough! ]] 

In many cases, the order dz , dr, d6 seems the most natural order for 

integration in cylindrical coordinates. However, other orders are possible. 

# 

Let's express the volume bounded by the sphere x 2 + y ? 4 z ? = a 1 as 
integrals that illustrate various orders of integration in cylindrical coordi¬ 
nates, 

The cylindrical coordinate equation of the sphere is of course r + z : = a ? , 
Then 


?'TF r v fl 1 —r ■ 


Volume = 


r dz dr dO 


Jo r 1 


r dr dz dO = 


-rr f 

At 

/• SJ P J TT P ■ 

J-U J(] 




r dz dO dr 


2 IT P V LH 2 1 


J Mtt |i*n r 

0 ^0 J— iftT i — r ' 

J ’2# pa j* 1 

[* J ( | 

I " a j*-, r- /■ 2-# ra f va 1 -^ 2 j*'2tt 

rdtidzdr— I rdfldrdz. 

0 J— V* J —r J ii ■*!) ■'ii 


r dr dfl dz 
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Ynu should sec from a figure how each of (hese integrals '-adds up the 
volume coniribulions" in such a way as to give the volume of the entire 
hall. || 


SUMMARY 1. An integral Jf f{x. v ) tie dy with appropriate x.y-limits becomes in polar 
coordinate* Jf f(r cos t*. rsin #) ■ t dr dH with appropriate- polar limits for the 
region, 

2. An integral JJtf /U. v, z) dx dy tiz with appropriate x T y*z-timh$ becomes, in 
cylind ncu J ctnmtinates. 


f (r cos flV r sin ft, z) ■ r dz dr dti 


with appropriate cylindrical-coordinate limits for [fie region. 


EXERCISES 


f/L Exert ixex I ihro\fyh J. mid die area of the prune regiem using double mtegnmnn »t pniar ewntlmules. 


1* The return inside the eardioid r = rrf I + cos fit 
mid outside the circle r = u, 

2t S he region inside ullc loop of the Four-leaved 
rose r - a sin 20. 

3r The region in iho First quadrant hounded hy 

x ■ + v' = u V and jt fi/2. 

4. The region inside the huger loop and outside the 
smaller loop iiF tiki limacon t oil + 2 cos 0 

5. Find the mlcgral of the polar function Mr, 0> 


rsio'fl, r --- M. over die closed dish bounded by 
r = a. 

* r Find the integral of the imlut function Mr. tn 
cos 0. r SI. over the region bounded by the 
eardioid t in i i siitfl). 

7. In cylindrical coordinates, (he level coordinate 
surface r a is a cylinder {see Fig- I>e- 

scrihe the Level coordinate surfaces 

a) 0 0, i and h'l z - b. 


in Exercises « rhmwgh 1L find ffie volume of the gruen region in space, ustn* triple integration trt ryfmdrfrd 

anwffflfltft. 


H. The region hounded hy the paraboloid s = 

4 x' - v" and ihc plane z = 0 

9, The region bounded hy ibe paraboloid z 

H v', the plane z - U, and the cylinder 

x- + y ? = 2x 

MX 'ITte region b ounded hy the hemisphere z : 

Jo - x y ' and the plane z = ft For 0 zc 
b < n 


11, The region inside the s emicircular cylinder 
bounded by x v'4 P and x =0. and 
bounded on I be ends by y = IJ and ihe hemis¬ 
phere y = Vl6 — x* — z 7 . [HinE, Use "cylindrical 
coordinalcs" ir. v. dj.l 

12- Find the integral of the cylindrical-eonrdinmc 
function Mrv 0. z) re cos' 1 f) for r s= 0 over the 
region in space bounded by t = a, z II, and 
z = 4. 
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13r hinti the integral of the cytiiidrkal-KKjtdiiiaie 
Function fur. ft zj = rz' for r • - H over the region 


i n Space bounded liy the etHEie i ' — x + v' and 
the p]arte 2 4. 


18,4 INTEGRATION Recall now rhe spherical-coordinate system,, where a point litis coordinates 
IN SPHERICAL (p. & fll as indicated in Fig, Ils„27. The coordinate p is the length ol Lhc Eine 
COORDINATES segment joining the point and (he origin, & is the angle from the z-axis to 
this line segment, and ft is the same Eingle as in cylindrical coordinates. Note 
lhat the locus of p a is a sphere with center at the origin and radius d, as 
indicated in Fig. IH.2K. This is (he reason for ihe term, “spherical coordi¬ 
nates, “ 




18 23 


Since p is ihe distance from the point to the origin, it es obvious that 

P 1 = x 1 + y 1 4- z 2 , (1) 

and consequently, transformation to spherical coordinates is useful in the 
triple integration of cartesian expressions involving x 4- y 1 +■ z\ or inte¬ 
grals over regions bounded in part hy spherical surfaces. 

We need io express x, y, and z in Icrnis of spherical p,^^-coordinates, 
so that we can express an integral JjjV q z) dx dy dz in terms of spheri¬ 

cal coordinates, From Fig, 18.29, we easily recall that 

x - p sin 4 * cos ft 

y = p sin sin ft (2) 

z = p eos 

Increasing and decreasing p. and hy amounts dp , and Jft you 

generate the differential element shown in Fig. 18*29(b). The volume of this 
element is approximately (p sin <p d&){dp){pd4>) t as shown in the ligure. 
Therefore 


Differential volume element = p y sin dp d<$ lift 


O) 
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A real proof that (3) is appropriate is left to an advanced calculus course. 
Remember that we restrict <£» to the range 0 ^ ^ tt; thus sin $ >; 0. 


Exmnple I Let's find the volume of the ball bounded by the 
which has spherical-coordinate equation p = a. 


x~ + y 2 + z 1 


a\ 


solution We integrate the constant function I over this region, using the volume 
element (3) and limits in spherical coordinates. We shall integrate in the 
order dp„ d<f>, d8 . We think of the first integration with respect to p as adding 
up our volume elements to give the spike shown in Fig. 1830(a). The next 
integration with respect to adds up the volumes of these spikes to give the 
volume of the wedge in Fig. lK3(Mbl, and the final integration with respect to 




I til Iniegmlfon with respect to j> 


ih> Subsequent integration willi respect to tfa 13.30 
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Example 2 

SOLUTION 


6 from 0 to Itt adds up the volumes of these wedges to give the volume of 
the entire ball. Computing, we have 


J '2u it Pa P2.m j*t r 3 "1 (■ =0 

(l)p 2 sin dpdrf) dO - — sin $ d<f> d8 

o ■Hi a* -b d J|j-n 


2ir j* tt „3 


f 2w f 17 a 3 

— sin dd> dO 


a* r* r 

= — I - cos $ dO 
3 Jfi A o 

a 3 C 1tt 

= — I H-l)+l]d0 

j i 

a 3 T* «' 

3 J, 3 


— 4 tt = - tra \ 
3 3 


Let's inte grate the fu nction /"{*, y, 2 ) = 2 over the half-ball bounded above 
by 2 - ‘Jl - x 2 - y 2 and below by z = 0, as indicated in Fig. 1831, 

In spherical coordinates, z = p cos by (2), so our integral in spherical 
coordinate form is 


J * 2it j* tt/ 2 r J 

I (p cos c p){p~ sin 4>) dp dO 
n J 11 Ai 


J ‘2tr r itJ2 J 1 it - I 

— cos 4> sin iji I <tt!> dO 
n J.i 4 -lp=0 

2 71 p -ttfl J 

— cos sin 4> d<f> do 


i-iTl 

Jn Ji> 

41 2 J u ' 

"J I 2 <W = 8 1 


M I 


1 2ir 


J II 


= - 2rr 
8 


iT 

4 ’ 



v 18,31 


* 




















Multiple integrals 



Hole that lhe rectangular-coordinate integral of 2 over ihiw half-ha 11 is 

I f v i v ' f v'i l v ' 


f I j*w I V f ^ 

11—1 

■SI j vl v J l' 


z dz dx (fv. 


This integral is kss piessam to compute’ 


Example 5 Let us integrate hi spherical coordinates to derive the formula V 

U/3)mrh for the volume of a solid right-circular cone of allitude h and 
radius of base a. 

solution The solid bounded by a'z' ~ h (jr + y’j and 2 ~ h is such a cone, as 
shown in Fig. IH.32. The plane 2 ~ h becomes p cos ^ - fo, and the 
integral is 


i '2 11 rtnn 'i.ij.i|»> r*i/‘n« 
J Jfl Jn 


p -sin if} dp dif> do 


- n 


2 it tain 1 1 LH.'Ji 1 1 

F J 


sin ib 


dtf> tlW 


it - u 


J - Pit r Iflii llrj.'M 1 

leosritf 1 sin cfW 

□ Ja -* 


-r-F 

-i 


ft ’ see 1 ’ <f> 


2 i Enin '(«a'IO 


dO 


* .■ -js.aa 


! * h* fa 2 -* h 2 i \ j 

Trai 3_+ ir* 


- -(- 

" 2,r (~y)fcli 5 )’£" , > 11 


SUMMARY I, The meaning of spherical -coordinates is gii^n m Fig, lb.27, 

2. TVans/drmaftOfli from i,y\z-coordinates to p,cT fi-cnordma rex j's accom¬ 
plished hy 

x = p sin 4* cos ft, 
y = p sin 4> ft 
z = p cos tp , 


3, An integral iff v, z ! di d\ dz wish appropriate \ . y\z-limits becomes, 
in spherical coordinates* 


II 


fip sin 4> cos 0, p sin ip sin W. p cos tM ■ p ' sin ip , i )< dtp dfl. 


with appropriate spherical coordinate limits (or the region chosen so that 

0 < <p is m 
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EXERCISES 


In Exercises 1 llvnu^ 4 find die ml a me of the given region in ,*paee /jy triple mfeurdiinn in sphfricnJ' cpnrri inures 


1. Th e r^ mti hounded by Nil- hemisphere z 

\‘ti ‘ a >■ ’ and the plane z b fen 0 -• b < ti, 
5 . The regimi hounded l> y the cone i x ■' v and 
the hemisphere z vlh ~P y. 

3. The region ho|i|Hied In 1 line hemisphere v = 
•v'4 — x - z' and the planes y x and y v3i. 
4+ The region between the cones z' - x + y* and 
3ir = f + y- snd below the hemisphere z = 


vV-^^y. 

bind the integral (4 the spherical coordinate June- 
tici n h(p. ifi. Ml = p'' over ihc hid I bounded hy the 
sphere x 2 + y + t~ - ti 

6, Find tlte integral nf the spherical coordinate 
function hip. <£, — P Cos «(* over the region 

hounded by the Ctmc z x' l y' ajld the 
hemisphere r = v'4 — ,t" — v". 


1S.5 MOMENTS AND Wc introduced moments and centroids in Chapter 7, treating only I he special 
CENTERS OF MASS cases that can be handled with an integral of a function of one variable. We 
can give a better presentation now, using multiple integrals. 

18,5.1 Mass Imagine a physical body to occupy some region fi in space. The mass m of 
the body is a numerical measure of the "amount of material'* it contains. 
Near (he surface of (he earth, the weight of a body is mg. where g is the 
gravitational acceleration; one slug of mass weighs about 32 pounds, 

The mass density of the hody is (he rnuu per huji uoftnne, If the body ss 
not homogeneous, the mass density may vary and be a function of the 
position within the body. To say that the mass density at a point (s 0 , y,„ z M ) 
is rri‘jt u , y,„ z u l is to say that, if the body had the same composition 
everywhere that it has at U u , y ||p zj, then its mass would be 


<r{x,>. y 0 . zj ■ (volume of H), 

Suppose the mass density fr(x, y, z) is a con fin wows function for {x. y, zl 
in Ci, If (jc, y h z> is a point of a small box with edges of lengths J\\ Jvh and 
dz. then the approximate mass of Ihc material in this box is 

o-fx, y, z) Jx efy dz, 

If you add all these small amounts, of mas* with an idle grid as dx, d>. and dz 
approach zero, you obtain the mass of ihe IhmIy 



crfjt, y. z ) dx dy dz. 


Cll 
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Multiple integrals 


Example 1 


SOI .I'll ON 


Example 2 


Of course, in cylindrical and spherical coordinates, our volume elements are 
r dz drdO and p- sin 4> dp d<f> d9> respectively. 

Let the mass density of a ball of radius a he proportional to the distance 
from the center of the ball, and let’s find the mass of the hall if the mass 
density at a distance of one unit from the center is k . 

If we lak e the ce nter of the ball as origin, then the mass density is given by 
h*Jx 2 4 y 2 f z ? \ It is natural to use spherical coordinates in integrating over 
a ball; in terms of spherical coordinates, the mass density is given by 


kJx 2 + y r + z 2 = kp. 

The mass is then 


m — 


kp ■ p sin 4> dp dip dO 


J '2*r fir r a 

Cl Jo 

- rr^r. 

j(l -Ml 4 J<> 

TT, 

= I J k 7* 

Jri 

kn 4 C 2u 

[-(-i) +1] m 


sin <p d<p dO 


sin (p d<p d$ = 


fea 4 1 1 " 

4 4. 


cos <p 


dO 


4 

2 fea 4 ^ 


4 


l 


ka 


-4 ~l2 


do = ~o 

2 


— kira 


if we are dealing with a flat sheet of material of constant thickness that 
is homogeneous in the direction perpendicular to the sheet, we often use 
mass per unit area as mass density. 


Let a flat sheet of material of constant thickness cover the region bounded 
by the eardioid r - a(l + sin 0) shown in Fig. 18.33, and let the area mass 
density of I he sheet be proportional to the distance from the y-axi$, Let’s 
find the mass of the body. 


y 

* 
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SOLUTION 


The mass density is then 

r r(x , y) - k\x\ 

= fc|r cos 

where fc is a constant of proportionality. The mass is given by the integral 


tt/2 f ti{ 1 '■Kin 4’J-J 


m 


■ »r f 

J -n« J « 

r 12 r' i" 

= 2fc 3 

1 tt/2 J Ml 


k (r ObS OjrdrdO 

n/2 .jWl+fcinfl) 


cos 0 dO 


tt/2 

tt/2 „ 3 


= 2 k — (1 + sin 0} 3 cos 0 dO 

*-it/2 3 


2 M + sin 6)+^ f2 

_ _ 5 —- 

3 4 


- 1-^2 


2 2 4 2 

= ^ka 3 j--kam 


Xka 


18.5.2 First moments The first moment (or simply the moment) about an axis in a plane of a 

“point mass" in the plane is the product of the mass and the signed distance 
from the axis. If the point mass is in space, we consider the first moment 
about a plane, which is ihe product of the mass and the signed distance from 
the plane. 

Now consider a body whose mass is not concentrated at one point 
(which is usually the case). We compute the first moment by adding up 
products of the masses of small pieces and the signed distances of the pieces 
from the axis (or plane), and take the limit as the pieces become smaller and 
smaller. Of course this leads to an integral. For a fiat sheet of material in the 
plane, we will let M x and M v he the first moments about the x-axis and 
y-axis T respectively, white M K¥ , M V3 , and M„ are first moments about the 
je,y-plane, the y,z-plant\ and the x,z-plane, respectively, fora body in space. 

We illustrate with two examples. 

Example 3 Let's find the first moments about the x-axis and y-axis of a flat sheet of 
material covering the region bounded by the cardioid r = a(l -I- sin 8) 
shown in Fig. 18.33, if the area mass density is the constant k, 

solution By symmetry, the moment about the y-axis is zero, since the mass of a small 
piece is multiplied by the signed distance from the axis; a positive contribu¬ 
tion of a piece on the righthand side of the y-axis is counterbalanced by the 



















Multiple integrals 


k\aniplv 4 


SUI.LTION 


negative contribution of the syrnmetric piece on the left hand side. Since the 
signed distance from a point (x, yi to the x-axis is y - rsin (L we obtain 

H'Q L-t-lUt rt> 


. = 217 f 

riri? J,.l | ir i I 

““L, 3 L 

-*r 

J iril 3 


tr sin i>)krdfiiO 

-jril 

rri'J , 1 j ii S I - -Mri ii i 

sin 0 do 


sin 0) 


sin (tdi) 


iri2 

3 


Esin d ■+ 3 sirrtf + 3sin '^ I sin 4 ®)^ 


Since sin o — sin (- ()) nod sin’t) = —sin l ( W). iheir integrals over 
[ it/2. tt/2] arc zero. Our integral reduces lo 




r it/'i 

(3 sin' 0 + sir 4 f/) dO 

' w!2 

_2ka'pti ^ 

3 It ~ _ 


3 \ 2 

2ka 1 /3tt 


sin 20 3d sin 2d sin 4 

- \ -■—-—— +• - 

4 8 4 32 


mi 


Ur /3ir 3 tt / 3rr 3ir\\ 

3~lT ~ \~T “ 15// 

/3ir + 3tt\ _ 2ka 1 I Sit _ 5k™ 1 

IT 4 T/ ~T fT 4 ' 


2ka' 

3 


Let a solid in space he hounded by the cylinder x ? f y J a 1 and the planes 
z = £) and z - fr, If the mass density at a height z above the x T y-plane is fcz, 
let ns lind the lirst moments of the solid about the coordinate planes, 

Symmelry shows at once that 

= M v: - 0, 

We use cylindrical coordinates and obtain 

'?-tt i ‘.i rh 


M 


>u rh f 2-tr fit Jr 1 If 1 

U)(kz)rdidrde = k 
0 J<| Jii J|. J|| 3 

, f- w f" fi T , , fcfr 1 r-’-r 2 ] 1 ' 

'*L I T ' drd0 1 

kb 1 r w « 3 _ ka-b> p* 

3 l 2 6 !u 3 


rdrdd 


16.5 3 Second The second moment I (or imimvnt of inertial about an asis of a ^point 
moments mass” is the product of the mass and the square of the distance from the 
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axis, A moment of inertia is used in computing kinetic energy uf rotation, 
which is given by the formula 

K-E. - 

where in is the angular speed of rotation, Computation of a moment of 
inertia often is accomplished hy integration. We illustrate with an example. 


5 Lei’s tind the moment of merlin of a homogeneous hall of radius a and 
constanl mass density about a diameter, 


solution We take the center of (he hall ai the origin, and let the z-asis be the 
diameter about which the moment of inertia is in be computed. The distance 
from el point (p, t ft. ff) in spherical coordinates to the z-axis is easily seen to 
he psjn^ I see Fig, Iff. 29(a) in Section 1&.4. Thus 


titf* dfl 


J *2ir rrr ipo 

ip sin <f)) J fcp 2 sin <b dpd<ft dQ 

)> -ffl 

r J-jt ^ it S ri r'in r ti _ J 

= fc sin*4ffcMff = fc — sin 3 * 

Jj| j(| - 1 Jjl 1?0 ? 

r ?ir r w fea^ f 2 " s 

= | (I - lxsh"</>> sin dnld>d& — - ( cos 0 I 


co s 3 if> 

3 


)]■ 


dti 


8i7Jta ^ 

15 ‘ 


IS.5,4 C&ntflr& of Consider a flal sheet of material in the plane. The center of mass of the 
mass nod centroids shed is (he point ai which you can consider all the mass to he concern rated 
For computation of first moments about the coordinate axes fsee Fig, 1K.34). 
Thus if the center of mass is (X y't and the body has mass m. we must have 

M, = my and \1 V = r»T 


V 



.1 Hut l-hhl*. 



(hj Center ol' in els* i'l I he s;tme brhJy in n 
dil'feicnL position 
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Multiple Integrals 


ft 




Hence 


II is a fact that 



pi 


y = 


M- 

m 


(2) 


die location \ 2) of the center of mans in relation to the body r.t independent 
of the position of the body in the plane 

(see 1%. 1B.34). We give some exercises that indicate (he reason for this at 
the end of the section (sec Exercises 1.2 and 13), Also 

the first moment of the My about any tixte is the product of its mass ami 
the [signed] distance from its center of mass to the axis. 


We should warn you I ha I. ill general, there is no single point in a body at 
which the muss enn l>e considered to he concentrated for computation of 
moments of inter tin about every axis (see Exercise 14), 

For a body in space, coordinates of the center of mass fi. t y. z) are given 
by 



- H, 

y = —and 
m 



,'rl 


(3) 


in analogy wilh (2), 

II a body is homogeneous with constant masc density, ihe center of mass 
is also called (he centroid nf the body, or I he cent mid nf ihe region 
which [he body occupies. 

To compute the center of mass, we simply form the quotients of the 
first moments hy the mass, and we have illustrated how to compute mass 
and first moments. 


Consider a solid hounded by the cylinder x~ + y = = a 1 and the planes 
Z — f) and z — b. Suppose the mass density of the solid at the point (x, y, z) 
is kr„ Let’s find Ihe center of mass of the solid. 


In Example 4, we found thal Af„ M yi = 0 and M IV = kira ?r ti*f3. 
It only remains to compute ihe mass, which is given by (he integral 


m 


-nr—-*rr? 

2 1 2 \.f 2 I, T 


- *rr? 

kim-b 2 


r dr dti 


de - ^ • 


r dr d6 


I fence 

_ _ _ (fewd a b 3 jf3} _ 2 

m (kv-a'irfl) 3 

so the center of mass is at the point (0, 0, 2b/3). || 
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SUMMARY Let a bodv in space occupy a region G 

L The mass of the body is m - <j{x, y. z) dx dy dz where oix~ y. z \ is the* 

rntisjs density of the body ue {jc. y, r>. 

2, The first moment of the body clhcHtr a plane is 



{signed distance to plane} ■ rrU. y* z) dx dy dz , 


where the distance is from the differential element of volume dx dy dz to 
the plane . 

X The second moment dr momtwf of inertia of the body about an axis is 

j 11 [disraitcc from axis'f ■ <t(x, y t z) dx dy dz, 

where the distance is fron\ the differential element of tv>(ume J.v dy dz to the 
axis. 

4, The center of mass of the body is (jc, y, z), where 

_ Arfyi - 

nl " * m ' ^ m 


Hen- M v: is the first moment about (he y.z-pfaraci, etc, 


EXERCISES 


U I-ei the area mass density m a point U. vP of a 
flai body covering ihe square O'- x L 0 

y £ (. be Jty : 

a) Find ilie mass of the body. 

i>) Find the center of mass of (he body, 

2. Consider h hat ln>dy covering the plane region 
bounded by y x and * = y 1 , and tel the area 
mass density of ilie body at a point {x, yl be cy 
Find the center of mass of (he body. [Hint, Use- 
symmetry, | 

3. Let a flat liody cover ihe closed dt&fc jc' + y" a 
in the plane, and let the area mass density be 
proportion:d to the distance from the center of 
the disk with an area density of It at h distance of 
one unit from the center. 


ui F'ind Ihc mass oF the body, 
hi Find the first moment of the body about the 
line x ™ ft. 

ci Find ihe absolute value of the hrsl moment of 
iht body about I he line X + y = 2a. 
d'i Find the moment of inertia of the body about 
an asb. perpendicular to the plane through the 
origin. 

4. Find ihe centroid of the plane region inside lhe 
cardioid r = u E1 + cos.ft) and outside the circle 
r = a, 

$. Ijet ihc mass density of a solid cone bounded by 
r + y 1 = s ' and the plane i = a be propor¬ 
tional Eo the distance from rhe r-nsis, with Ihc 
mass density of It one unit away from the z-nxis 
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Multiple integrals 


a) Find the mass of the solid. 

b) Find the tenter of mass of the solid. 

c) Find the absolute value of the first moment of 
the solid about the plane x = a, 

d) Find the absolute value id the first moment of 
the solid about the plane z - -a. 

e) Find the moment of inertia of the solid about 
the 2 -axis. 

G, Let a solid in space be bounded by the cylinder 
y = a z and the planes y = 0, x - tl, and 
jc = b. Let the mass density of the solid at a point 
(x, y, z ) be ky. 

a) Find the mass of the solid. 

b) Find the centroid of the solid, 

c) Find the absolute value of the first moment of 
the solid about the plane jl + y - 2z = 4. 

7, Find the moment of inertia of a solid ball in space 
of radius a and constant mass density k about a 
line langcnt to the ball* 

8* Find the centroid of th e hemispheric al region in 
space bounded by z - s/a 3 ■ x' — v and z — II. 

9. Find ihe centroid of the region in space hounded 
by z - 0* jc 2 + y” = 4, and z — \ + x 2 + y 2 . 

10, Find the centroid of the region in space bounded 
by x — 0 and x = 4 - V — z\ 

11. Find the centroid of ihe region i n space boun ded 
above by the hemisphere z - Vu x y" and 

y \ -=f 

below by the cone z — vx‘ + y“. 

12* a) Show that the Ktsi moment of a body in the 
plane about the line x = a is M v + ma. 
(This is known as the Parallel Axis 
Theorem,) 

b> Let a new origin (h, k) be chosen in the plane 
and let the x'-axis he the line y = k and the 
y'-axis the line x - h. Argue from (a) that the 
same location for the center of mass of a body 
in the plane, relative to the body, is obtained 
whether one computes coordinates of the 
center using the x-axis and y-axis or using the 
x'-axis and y'-axis, 

13* State the analogue for space of Exercise 12(a), 


14. Lei a Rat body of constant mass density k cover 

the unit square (1st < 1, 0 < y ^ L In the 

plane, 

a) Find the moment of inertia of the body about 
the y-axis. 

b) Find (he moment of inertia of the body about 
the line x = -a. 

c) Find a point U t , y,) in the body such (hat the 
moment of inertia of ihe body about cither ihe 
x-axis or the y-axis is the product of the mass 
and the square of the distance from (xu v,) to 
the axis. 

d) Find a point (x lt >s) in the body such that the 
moment of inertia of the body about either the 
line x — — a or the line v = u is the product 
of the mass and the square of the distance 
from fx?, yd to the line, 

e) Compare the answers to (c) and (d), and com¬ 
ment on the result. 

15, The radius of gyration R of a body about an axis 

is defined by 

R — vf/m. 

so thm f - mH". 

a) From the answer fc/3 to Exercise 14(a), what 
is the radius of gyration about the y-axis of a 
homogeneous flat body covering the square 
0 ^ x =£ L (I ^ y =s I ? 

b) From the answer 

^ ((a + l) 3 - « 9 ) 

3 

to Exercise 14(b)* what is the radius of gyra¬ 
tion about the line a = a of a homogeneous 
flat body covering this square? 
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18 6 SURFACE AREA Let z = f{x, y) he a function of two variables with continuous partial 


derivatives. Let G he a closed bounded region in the domain of f having 
boundary of finite length. The graph of / over G is then a smooth surface in 
space, as indicated in Fig. IK.35. We attempt to find the area of this surface. 

The situation is analogous to finding the length of a curve lying over an 
interval [a, h] on the x-axis, as shown in Fig. 18.36. In that case, we 
approximated the arc length over a differential element of the interval by 
the length ds of the tangent line segment lying over the differential element 
of length dx. For surfaces, we approximate the area of the surface over a 
differential element of G by the portion of the tangent plane lying over the 
differential element of area dx dy. 



As shown in Fig. 18.37, vectors along the edges of the parallelogram 
lying over the differential element of area dxdy are 



and 
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Multiple integrals 


Example 1 

SOLUTION 


The area of this parallelogram is the magnitude of the cross product of the 
vectors. Computing, we obtain the cross product 


i 


dx 0 — dx 

dx 

dz 

0 dy — dy 
dy 


= — dx dy)i — dx dy)/ + (dx dy)k 


The length of this cross product is the differential' element dS of surface area, 


so 


dS = 

Consequently, we have 


ViT 7 ! 


^ + 1 dx dy. 
dy) 


f f (dz\ 2 (dz\ 2 . j j 

Surface area = \ \— ] + I— ( + 1 dxdy. 

J Jf V \dxf \dy / 


(1) 


Let's find the area of the sphere x 2 + y 2 + z ? = a 2 . 

We find the area of the top hemisphere z = Vtr — x 2 — y 2 t and then 
double the result for our final answer. Computing, we find that 


Bz 


—JC 


tlx Ja 2 — x 2 — y 2 


and 


dz 


-y 


ay Ja 1 - x 2 - y 2 


He nee 


x/er ♦ gy ♦ ‘ - Vi 

-4 

- 4 . 


x ” + y 2 


2 2 2 

— x — y 


+ 1 


X" + y + a" — x 2 — y 
a 1 - JC 2 - y 2 


a 


a 


—y 2 Ja 2 - x 2 - y 1 

This computation suggests that we change to cylindrical coordinates, where 

a a 


Ja 2 - x 1 - y 2 


We thus form the integral 


r* r a 

Jo Jo 'Ja 2 — r 2 


r dr dB. 
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We should point out that our integrand is undefined for r = a* so this is an 
improper integral of two variables, which we really have not discussed* 
(Geometrically, this happens because our surface is perpendicular to the 
x,y-plane at r a* so that dz/dx and 3 2 /dy are undefined there.) In 
straightforward analogy with our improper integrals of a function of one 
variable* we compute 


j ( ,im } 

*|) ' (i —* 11 1 


dB 


a - 1 rir) <iQ = f lim (~oVa 2 — r 
Vo 2 — r 2 f 

= f lim (-fiv '« 2 — fr + a 

t h —mi — 


<10 


J ' 2 t f 

a 

0 


3^ 


2 d6 = a 7 


= 2ttci 2 , 


Doubling, we obtain 4mr as the area of our sphere, || 


Sometimes a surface is given in the form F(x, y, 2 ) — 0, rather lhan in 
the form z = fix* y). Recall that if F lias continuous partial derivatives and 
BF/Bz does not assume the value zero in a neighborhood of a point, Ihen the 
surface does define an implicit function z — fix* y) in a neighborhood of the 
point, and furthermore, 


Bz 

Ox 


We then obtain 


OFjOx 

OFjdz 


and 


OFfd y 
By OFjdz ‘ 




d(SFlHxf + (»Fldy) 2 + (*F/az)- 

| BFfBz | 


( 2 ) 


In case our surface is given in the form F{x, y, 2 ) 0, we may use this last 

form in (2) for our integrand in surface area. Illustrating with the sphere 
x 1 -f y 2 + z 1 — a 2 - 0 in Example 1, we could have computed our inte¬ 
grand as 

Jilx) 1 + (2y) 2 + (2z) 2 27.V 7 -t y 2 l z 2 

\2z\ ““ N 


2 -Jo 7 _ a 

\2z\ -Ju 7 - x ? - y 2 
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Muttiple jntonrni^ 


Illustrations of further computations of surface area arc really unneces¬ 
sary; one simply computes 



JidFlAx? + UiF0y) 2 + {ZFjazy 


or analogous expressions if the surface is projected on ihe x,z -plane or 
y.z-plane, and then evaluates the integral. 


SUMMARY I, The flfift* of o surface consisting of pari of a graph r = f (x. y) is equal to 
the integral! 



evaluated over the region G in the x,y-plane under the surface, 

2. The area of a surface con jibing of part of a. locus Fix, y, z ) - c f.s etfutii to 
t/rc integral 

f r JliFtax? + «FMv) r + HHizg . . 

Jl- M -** 

evaluated over tile region G in the i\y -plane under the surface. 

3. The differential element of surface area is 

dS - \i'(— ) + + I dxdy for the graph of z — f(x> y) 


tfy 


and 


dS = 


•JmFidx y -r in fix y > 1 4 fa Ffaz V 

\3Ffdz\ 


dxd y ~ j^iTj fer F{x - >' *) = 


EXERCISES 


I + Find the area of the portion, of the surface ? = 
J -i- y ' ) caver the rectangle £> -£ x - I, Ct s? 
y ^ 2. 


4. Find the ;irea of the portion of the sphere *’ + 
y ’ + z' ~ n J inside the cylinder x l + z~' = az. 


2. Find the area of the surface 2 x t y inside the 
cylinder x' + y 7 = a \ 


- Find the area of the surface 2 x' + y inside the 
cylindet x' + y jl = a\ 


5, Find the area of the portion of the surface ox = 
Z 1 - V which is inside the cylinder v' + z' a'. 


3^ Find ihc area of the portion of ike surface «f the 
■sphere x 2 + y' + z : - a' which lies inside the 


cone z v'V + y 7 . 


n of the surface of the fc. f ind the area of the surface of the solid bounded 
which lies inside the above by 2 - 4 — a" - y : llmiI below by 2 

-4 + x- + y\ 
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exercise sets for chapter 13 


review exercise set 18.1 

li Find the upper sum S 2 and lowei sum x, upprox- 
i mating the integral <4 the function fix, y) 

2 1 ly over the rectangle 1 x 3, - t s 

y == 3. 

1. Compute J', $ I l3xy“' - Zy) dxtly 

.I- Express f, Ji fx’ — 3xy}dy dx in the form 
jj(* Vxy I tixdy, reversing the order of .inte¬ 
gration. Do not compute either iutegpl. 

4, Compute, using an iterated integral, the area of 
the region in the plane bounded by y x and 
V = x, 

£+ FxprcSs as hu iterated integral the volume of the 
region in space bounded below by ; = x~ + y 
a nd a hove by (lie hemisphere z 4 - 
v'4 x v'. Do nol compute the integral, 


6. Find the integral of the polar function fi{r. 0f 
r Cos to, r (1. Over the circle r = 2q w #, 

7. Use triple integration in cylindrical coordinates to 
find lhe volume of the solid bounded by the 
piiriihotoiiU z = X 3 4 5 + y" and z = K — i" — y", 

H. Find lhe integral oF the spherical coordinate 
function ^ifp, dx to) pens ft csver the ball (F 

ft s tl. 

9. Find (he moment of inertia of n solid ball .i ' i 
V' ^2 ■- tl about the x-axis if the mass ilensity 

nf ilie bidl ai ir. y. z) ps given by |z|. 

10, hind lhe area of (he portion of ihc surFacc of the 
sphere x 1 2 + y' + z 1 a' tying above the plane 
z = h for 1) ’-i- h s a. 


review axereisu set 18.2 


1, Find ihe Riemaitn sum ifi, using midpoints of lhe 
finhrectangles, approximating the integral of the 
function fix, y) 3s 2y over the rectangle 
-1 Si fi 3 t | sys3, 

2. Compute J, ' |, (2xy ly ' F dy dx, 

Li. Express Irlfi" 1 “ $* , T ' jl'z dzdx dy in the form 
[ft v' : rjy dy dz. changing the order of integration. 
Do not evaluate cilhcr integral, 

4. Compute, using an iterated integral, the area of 
the region in ihc plane bounded by y I fx and 
x + V - i 

5, Compule, using an iterated integral, ihe volume 
of die region III space bounded below by r - It, 
on the sides by * EF, y (F. ami x + y 2. 
anti above hy Z = X~ + V , 

more challenging exercises IB 


6+ Using double integration in polar coordinates, 
find the area of one loop id the rose r = ns 3ft. 

7+ Rod the integral of the cylindrical coordinate 
f i met El m fur. t) r z ) rrsin'0. r x Cl. over the 

region bounded above hy z 4 + Jt ’ f v he low 
by z = ll, wild on the sides by x tv' 4, 

H. Use triple integration in spherical coordinates to 
find ihe volume of the solid bounded by the cone 
z ' - 3jt 4 3 y and the hemisphere z * 
v'lb - x' ~ y , 

y. Find llte eciblioid of the region in space bounded 
by z = "1 and z 3 x ' - y J . 

tfl. Find (he area of the surface Z = lb X'' V'\ 

which lies above llte plane ; = 12. 


U Use integration to find the four-dimensional H 'voi 
unne” of (lie lt 4-ball of radius u TP consisting of all 
ix. y. ;,wi such that x" + y' + z J + w'a ' 

] Hint, Use £p. if;. i) r w) ciHiriiinutes where p. ft>, md 


0 are the usual spherical coordinates replacing 
x, v, and z . This is analogous to cylindrical coordi¬ 
nates lr. n. z F in space compared with the polar 
coordinates lr, 0F in the plane.| 
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2. Work Exercise I again,, hut this time use E^iti?- 

PTts' Theorem and the fact that ihc.- centroid 
of the half-hull c i y 7 - i : Ti a , where z 11. is 
{(\0, (Sec Exercise 8 of Section 18.5.) 

3. I ind ihe three-dimensional volume of the 
'^-sphere Of radtUS ti" consisting of all {Jf, y, 2. w) 
such that Jt j + y' 4- t 3 + u J a [Hint. Recall 
that for a 3-haM *■' t y 7 4 z 1 s »■ of volume 


I he nrea of (he surface of the 2-sphcrc 
"+ V ‘ = a 1 is 4ira ; . Consider the relation 

between V (4/3)™’ and A 4w.tr in terms 
of approximaikHi of the volume V by a differen¬ 
tial for a small change in radius. Then jump up 
one dimension find answer the new problem with 
essentially no work, using (he answer to Exer¬ 
cise l.] 


If wr partition the rectangle <l =£ i - 4. -2 ■ ys( t into n' xubreaangles of equal areas, then each sufmctangle 
JiiiN circa 32/n . t >'xing Riernann srum,y ivrdf the Upper rrqhr t>rfrter r»f each xuhrcetangle cry the place ft* evaluate the 
function. vmi see that 


r,f-** “M0WX”) 


ises 4 i/twdjjli > f gitw you sumr practice im isriVin^ double integruf.i limits of tltmble snrm. mid in exfintofing 
some double sums using inttgrofo 


4. Wriic u sum whose limit as n -*■ *i is equal to 


ft. Use an integral lo estimate 


fi j"n l-i + 4y>‘ dxdy. 



5, Repeat Exercise 4 for fV JVtx 7 4 3xy>dydx, 7. Use an integral tn estimate ( 

1 fir ATPnroiJFEi; cxtvtJyr.y deal with u simple ufgefvdJC device that is useful in nudtJi'Ufjfthle rafrulur. Wf drfpjin' ,;j (lyjh;*- 
of product uf differential exprrxxionx, which is wrftfen uvuig the vyirtM a Ml the properties of regular uiuhi/dicodcm 
hold for this A-product t'Xt'rpf ifrtif 


white 


dx a dy = -dy a dx 
dx a dx = dy a dy = ti. 


WM three variables, you hate die (ugieuJ f-Xterwrori of inch relations hot rJtdfflpte, 


and 


dx a dy A dz ~dx a d 2 a dy 
dy a dz a dy U, 


Roughly speaking, a term cornuming the .'■.-product of differentials tike dx, dy. etc,, is zero if evw> differentials me the 
same, utiJ chun^r.s sign if two of the differential* arc interchanged, l or a funher illustration, 


(x" dx 4 y dy) a 1.2y dx x'v dy) ■ 2x l ydx a dx - x^ydx a dy 4 2jr dy a dx - x*y J dy a dy 

= - x "y dx a dy + 2y 3 dy a dx 
= — Jr^y dx a dy - 2y' dx a dy 
= -1jc' 1 y + 2y ? )dx a dy. 
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8* Compute as, in the preceding ilhiMnninn, simplify ins 

(x d* + x 2 y dy x z di > a ( yzdz + xzdy :’d:), HS mllL '* 1 “* 

JJif remednittg rxcrrixf.*, indicate that rhj.s new muin'pfjrafmn i.i \weful in chungim^ uoriflhfes in rmdu'pk* ItMewrafo. 


*i+ Keen El ihnt lor polar coordinates, x = r L -<>s tf ;ltk3 

V = r sip S, 

■a,i Compute tlx arid dy in terms of ihe pnhsr- 
coordinate variables. 

tri Using <a|, compute dx a dy in terms of polar 
coordinates, simplifying, as much as possible. 

10 , Uecall that, lor spherical coordinates, von have 
* p sin ^ cos ft. y ' p sill sft sin W. 

I = p e-ns rfr. 

at L iunpiiLe (f.c, dy L and dz in terms of spherical 
coord in a res. 

Hi I ising (a), compute dx a dy a d: in terms of 


spherical coordinates, simplifying as much as 
possi ble. 

1]. Consider JJ ( , ix yV’i'jjc + lyf dxdy where G 
is the parallelogram bounded by t - y = l, 
x y 3, 3s + 2y = — I. and 3x + 2y 2. 
This integral is lough to evaluate In s,y- 
eonrd males. The hisi iw-n cscmscs should give 
you ihe due ns Jo how lo proceed. Make the 
variable slibsi Elution a y, u 3jt 4- 2y. 

Solve for it and y in terms of a and i\ and 
compute dx and dy. Then compute dx dy = 
Jv a dy in terms of du and du horrn tire new 
integral in terms oi -coordinates^ be sure vnti 
change to- u, e-limits.. Evaluate the integral. 
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Divergence, Green's, and Stokes' theorems 


19.1 PHYSICAL 
MODELS FOR GREEN'S 
THEOREM AND THE 
DIVERGENCE 
THEOREM 


19.1.1 A new look at 
the fundamental 
theorem of calculus 


Theorem (9.1 


()ne ■ tlimensitimit flow 


This chapter gives an intuitive introduction to some fundamental integral 
theorems of vector calculus. Precise statements and proofs of the most 
general cases of these theorems are not appropriate for a first calculus 
course. 


The theorems to he studied in this chapter are all of the same nature. They 
all assert: 

The integral of some quantity over the boundary of a region is equal to the 
integral of a related quantity ouer the region itself. (1) 

Weeks could be spent discussing what is meant by a region and by iis 
boundary. Your calculus course is almost over, and you have only a few days 
to spend on this material. We shall be very intuitive, and hope it doesn’t get 
us into any trouble. Throughout this section, we assume that all the. 
functions considered have continuous partial derivatives, so that we can 
consider integrals of these partial derivatives. 


We shall start oil with a new look at the fundamental theorem of calculus in 
Theorem 19.1. We then describe a physical demonstration of Theorem 19, i. 
This demonstration will generalize to give us Green’s Theorem in Section 
I 9 L2. and the Divergence Theorem in Section 19,1,3, 

(Fundamental Theorem of Calculus) If fix) has a continuous derivative f'{x) 
for all x in the one-dimensional region [ft, /?], then 



When stated this way, the fundamental theorem is of the type described 
in (1). Surely fix) and f(x) are “related quantities, 4 * and (he endpoints a 
and b can be viewed as the boundary of the one-dimensional region [a, />]. 
By suitable definition, fib) — f(a } can be considered to be the “integral*' of 
fix) over this boundary. 

For a physical demonstration of Theorem I9J, imagine a gas flowing 
through a long cylinder with cross section area l and reaching from a to b on 
the .x-axis, as shown in Fig. 19.1. In this idealistic situation, we shall suppose 
that the velocity and mass density of the gas depend only on the location x 
along the cylinder, and are independent of the up-down and front-back 
locations within a cross section of the cylinder. This is a model for orce- 
dlmensional flow . Both I he velocity and mass density may vary with time, 
hut w'c shall concentrate on one particular instant, and consider how the 
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total mass of gas in the cylinder would change if it were always to flow just 
as it did at that instant. 

The velocity could he represented by a vector function 


V - n (x)i 


and the mass density by a scalar function p(x). The vector function 


F = p{jc)t'(*)i' = fWi 


is known as the flux vector of the flow. If the flow did not vary with time, 
then, since the cylinder has cross section of area one, f(x) would be a 
(signed) measure of the mass of gas that would go past x in one unit of time. 
Thus fib) is the mass of gas leaving the right end of the cylinder in one unit 
time, and /(a) the mass entering the left end per unit lime. Consequently 


m-m = { 


Decrease of mass of gas in the 
cylinder per unit of time. 


(2) 


The same reasoning applied to Ihe short element of cylinder from x to 
* + Ax shown in Fig. 19.1, shows that 



Decrease of mass of gas in this 
cylindrical element per unit time. 



x x + At 


b ~^x 19.1 


Therefore 


f(x + Ax) — f{x) Average decrease in mass of gas per 


Ax limit length of cylinder, per unit time, 


and 


f(x) = lim 

A. c-i _ i 


fix f Ax) - fix) 
Ax 


[Decrease of mass of gas measured at 
[x per unit length, per unit time. 


Consequently j^f{x)dx has the Following interpretation: The product 
/'(x) * dx may be viewed as the decrease in one unit time of mass of the gas 
over a short length dx of cylinder at x. Thus 
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Decrease of mass of the gas over the 
entire cylinder in one unit of lime. 


Decrease of mass of the g 
entire cylinder in one unit 


(3) 


Comparison of (2) and (3) shows that yon must have 




19.1*2 A physical 
demonstration of 
Green's theorem 

Two - d im e. ns kma t jto w 


which is, of course, the fundamental theorem (Theorem 19.1). 

The same ideas as those of the last article, hut with a two-dimensional flow, 
lead us to Green's Theorem. Imagine gas to be flowing between two 
identical parallel plates, placed with one unit between them , with the lower 
plate in the x.y-plane, as in Fig, 19.2. This time we suppose the gas flow is 
fwo-dimensional, so its velocity vector 


V = Ui(jc, y)f + r 2 (x, y)j 


has no k -component, and also does not depend on the position 0 ^ z ^ | 
between the plates. Also, we assume that the mass density p(je. y) does not 
depend on z. The flux vector 


f = pix , y)V = P(x , y)i 4- Q(x, y)/\ 


where P(x, y} = pix, y) and Q(x, y) = p(.t, y)v 2 (x J y). again mea¬ 

sures the flow of mass of gas at each point per unit time. This flux vector has 
as direction the direction of Ihe (low. To interpret the magnitude of t\ 
imagine a small square placed perpendicular to F at a point, with Ihe flux 
vector ai the center of the square, A certain mass of gas flows through this 
square per unit lime. The magnitude of the flux vector F is the limit of the 
quotients of these masses of gas divided by the areas of the squares, as the 
areas approach zero. That is, the magnitude of the flux is the mass of gas per 
unit time flowing per unit area of cross section perpendicular to the flow. 


19.1,2 A physical 
demonstration of 
Green's theorem 

Two - d im e. ns kma t jto w 



19.2 
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19.1 Physical models for Green's theorem and the divergence theorem 


Figure 19,3 shows the region G in the x,y-plane occupied by the lower 
of the two plates. The boundary of the region is denoted by BG t read Li the 
boundary of G," Imagine I hat you travel along this curve, dG , so that the 
region G lies on your left hand side, as indicated by the arrows on the curve. 
From previous work, you know that 


dx dv 

is a unit vector tangent to this curve at each point. It is then easy to see that 

_ ‘iy. dx . 

is a unit vector normal to the curve, and directed ouiward from the region. 


y 



Now look back at Fig. 19.2. How much gas is flowing out of the region 
lie tween the plates through the little strip of height one and width ds along 
dG, shown in the figure? This outward flow is measured by the normal 
component F*n of the flu* vector. Thus the mass of gas per unit lime 
coming through this strip of area ds (recall that the plates are one unit apart) 
is approximately {JF * n) ds, Consequently the total mass of gas leaving the 
region between the plates per unit lime is 



(F*ii) ds % 


(4) 


w here denotes the line integral once around the boundary of G in the 
direction given by the arrows in Fig. 19.3. But 


F - n [PU> y)i + 0(x\ 



dx 

ds 



P(x T y ly - QU, y)” 
ds ds 
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Therefore (4) becomes 

(Mass of gas leaving the region ^ 

lbetween the plates-per unit time. 

Let's now compute the mass of gas leaving in another way, namely, by 
considering separately the contributions of P(jc, y)i and Oix, y)j to the flux 
vector F* The vector Fix. y)i is the horizontal component of the flux, The 
region between the two plates over the strip of width dy shown in Fig, 19,4 
is a cylinder having area of cross section (dy)(l) = dy. Referring back to (31 
in Section 19.1.1. where we discussed flow along a cylinder, and considering 
just the component P(jc, y)> 

£ Mass of gas leaving the ends of the cylinder 
— (x, y) dx ~ \ . . 

J ox ' fper unit area cross section, per unit time. 


I [ 


\P{x, y") dy - Q{x. y) dx ] 


y 



Since the cylinder has cross section area dy (the plates arc still one unit 
apart), you have 


( 

fw*'ap \ 

dx)dy = 

4i<vl 

J Mass of gas leaving the cylinder 
1 at the ends per unit lime. 

Therefore 



ft 

gfey)d*)dy=J| 

y) dx dy 


_ I Mass of gas leaving the region between 
Ithe plates per unit time due to P(,\\ y)i. 

A similar computation with a vertical cylindrical strip of width dx and the 
component Q(x , y )j of F shows that 
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r ao 

J J G dy 


U\ y ) dx dy = 


Mass of gas leaving the region between 
the plates per unit time due to Q(jc, y)j. 


Thus 


f( [-(x. y! + — (x, v) 1 dx dy ={ MaSS ° f eas lcavin » the re 8 ion 
J c)y J between the nlafes ner nnir ti tt 


'gl-oa ay J ' Lbetween the plates per unit time. 

Comparing (5) and (6), you have 
BP . . BQ 

[x, y) dx dy — i 

tec 


( 6 ) 


BP, v BO I f 

dx y + ^ (JC ’ y) J dxdy " j 5 l p (*. y) d y - 0(X, y)dx], (7) 


which is again a relation of the form (1). Equation (7) is known as Green's 
Theorem. 

Tfuftircm 19.2 (Green's Theorem) For a suitable plane region G, and for functions P(x, y) 
and Q(x, y) with continuous partial derivatives , 




(K) 


In the line integral , BG is traced in the direction that keeps G on the left. 

Eq nation (8) is often stated in vector form, reflecting the physical 
demonstration we gave for it. Let F = P(x, y)r + Q(x. y )/ be a flux vector. 
A symklic operator 

_ fl B 

V = — i H-/ 

dx dy J 

is introduced, where V is read “del.” Symbolically, you have 
V'F = (G + Ly)• (P(x, y)( + 0(x, y)/) 

PC*, y) + ~ OCx. y) 
dx By 

BP BQ 

- — + — * 

rtJC rfy 

Also, you have seen that if n is a unit normal vector to the boundary, then 


<t (P dy - O dje) — N (F * n) rR 
Tta J Jc 
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Divergence 


Example 1 


SOLUTION 


Thus (8) becomes 


Jrlf i 


(F * n) ils 


{V * F) dx dy* 

J J<3 


(9) 


The scalar V ■ F is the divergence of F. It measures the rale at which the gas 
diverges (leaves) at each point. 

In the next section, we shall give a mathematical, rather than physical, 
demonstration of Greens Theorem. In the exercises of this section, you are 
asked to illustrate the theorem. Here is an illustration to use as a model. 

Let’s illustrate Green’s Theorem for the functions 


Fix, y) =■ x* and Q(x f y) = 2x + y* 
over the region G bounded by the circle x 2 + y 2 = a 2 ., 
Now 


so 



and 





3(* 2 + y 3 ) dx dy. 


Changing to polar coordinates, 


3{x 2 + y 2 ) dxdy 



3r ■ t dr d8 




3a% 

2 


The boundary SG may he parametrized by x = a cos 0, y = a sin 0 for 
0 0 ^ 2tt. The integral around the boundary becomes 
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;) 


220 1 | ^ a . 

f - ) H- 2a~ sin 0 cos 8 


+ cos 40 I _ 

H- -1 + 2a" sin 0 cos 8 


-rpR 

,/i sin 40 1 \ 

a ( a ® - 7T~ + t 0 ] + a 

l \4 16 2 / 


dd 


de 


sin 0 


The same answer was obtained, illustrating Green’s Theorem. Obviously, 

the area integral was much easier to evaluate than the line integral in this 

case. 


19.1.3 The divergence If you repeat the gas-how arguments we made earlier, but in a three- 
theorem dimensional setting, you obtain the divergence theorem. Let G now be a 
region in space with boundary fiG, as illustrated in Fig. I9J. This lime 8G is 
a surface. Imagine gas flowing in space, and able to flow in and out of G 
without impediment. (You can think of the boundary of G as not being 
physically present, or, if you prefer, consider it to be a netting through which 
gas can flow unhindered.) Let 

F - Ft*. y, z)I + Q(x\ y, z)j + R(x, y„ z)k 

be the flux vector of the flow at (x* y, z) in the region* Let n he a unit normal 
vector outward from the boundary surface at a point and let a litlle 
“differentia!' 1 piece of surface at that point have area dS'. Then the mass of 
gas flowing out ol the region G per unit time is given by 

[[ iF'n)dS, ( 10 ) 

by reasoning like (hat in the last article. 







y 


19.5 
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Theorem 19,3 


SUMMARY 


The contribution of the z -component R{x, y, z)k of F to the mass 
leaving G can be computed by finding the contribution in the cylinder of 
cross-section area dxdy, shown in Fig, 19,5, and then adding these contribu¬ 
tions over the entire region G. Obviously you obtain 

— dx dy dz 
J J J G &Z 


by reasoning just like that in Section 19.1,2, The total mass of gas leaving 
the region per unit time is thus 



ar + so 

Sx rjy 



which may also be written 



V * F dx dy dz 


where this time 





01 ) 


( 12 ) 


This gives the divergence theorem; V * F is called the divergence of F. 

(Divergence Theorem) If F = F(x,y^z)i + Q(x. y, z)j + i?(x t y, z)k ts a 
vector field with continuously differentiable components over a suitable region 
G in space , then 



(F ■ n )dS 



(V * F) dx dy dz , 
o 


(13) 


In the exercises, you are asked to illustrate the divergence theorem for 
a box region with faces parallel to the coordinate planes. Illustrations 
for regions with more general curved boundaries will have to wait until we 
have discussed integrals over such surfaces, Wc wanted to take this oppor¬ 
tunity to present the divergence theorem, while you have the gas-flow 
argument well in mind. 


L The theorems to be studied in this chapter all relate the integral of a 
quantity over the boundary of a region to the integral of a related quantity 
oner the region itself. 
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2. (Green's Theorem) If P{x> y) and Q{x r y) are continuously differentiable 
throughout a suitable plane region G with boundary tiG, then 



In the line integral m dG is traced in the direction that keeps G on fhe left 

3. (Vector Form of Green's Theorem ) // F = P{x, y)i 4- Q(x, y)j is a con¬ 
tinuously differentiable vector field throughout a swirab/e piane region G 
with boundary ftG, then 



(F * n) ds = (T * F) dx dy. 


where n is an outward unit normal vector to dG and V is the symbolic 
operator 


4, (Divergence Theorem) Let F = P(x, y, z)i + Q(x, y, z)j + R(jc, y> z)k be 
a continuously differentiable vector field over a suitable region G in space 
with boundary surface dG. Then 



where n is a unif normal vector outward from dG, and d.S 1 is a differential 
element of surface area, and V is the symbolic operator 



EXERCISES 


1* Gas is flowing in the cylinder y 2 + z 2 = 1 for 
0 ^ x S t with flux vector at a certain instanl 

equal to F - (4 + x'^)i r Find the rate of de¬ 
crease of mass of the gas in the cylinder at that 
instant. 


2» Repeat Exercise 1 if the flux vector is 



16 


In Exercises 3 through 6, diuilrate Green’s Theorem b\ computing 



(P dy — Odx) and 


/HP 90 
o W dy. 



for the given P(x> y)« 0(x> y) t and the region G. 



























664 


Owargnnoc, Greati's, and Stokes' theorems 


3. P{*. y) *V. Qlt. y) 2x 3y, where G is 
the square region bounded by s = C5. x = 1, y 
0, and y ™ l. 

4. vi = I'y, Gl*. y) ry \ where G is ihe disk 
x 2 + ff * 4. 

As ttuliftiU’d by Example t. rt mny bt the case that tme. of 
to compute than (hr other. in Exercises 7 dirough III, find 
easier. 


5. P(Jt, v) y, GU- v) Jty. where G is the region 
bi i li mksI by y = x~ and y = x. 

fi, Pi i, v i = .le**, 0 (j, y} = .iv . where G k the 
iriauguEai tegtem hounded by x = n. y = U, and 
x f y = 2. 

tii 1 mirijrtrb. ctppittirmj: in Green* Theorem is nturJi nixier 
the indicated cjuantrly b\ cwnpMtmg wiurJu.'u it imi-grti/ j's 


7. I'wo parallel kicTUieal plaie-s arc three units apart 
willi (he lower one having as boundary ihe circle 
(je 3?'' + y' - lb in the icy-plane, Gas (lowing 
between the plates lias as flux vector 

(Zx + y')i + (e 1 Ay)j 

in a certain instant. Find the rate at decrease of 
mass of gas between the plates a! that instant 

*L Find the imcRritl of the normal component of llv 
vector Add 

F - (jf'y + ky'U + Uy 1/ 

counterclockwise around the triangle bounded by 
1 = 11 , y » U H and y = I - x- 

d. Find the- integral of the divergence of the vector 
liekl if i y/ over (he ellipse (.t'/a'l i [v' fb'\ 

3, [/-frnf. A parsamciTization of rhe cilip&e is. 

i - a cos t, y = & sin t 

for 0 -j: f 2u.| 


12,. Suppose that F P(x. yW + 0(jf, V) j is n vector 
field such that iiPffrx aQ/fiy, Show lh«l the 
integral of the normal component of F around &G 
is zero Ibr any region Ci in the domain of F tin 
which Green’s; Theorem iipplics. 

13. Let G be a region where Green's Theorem ap¬ 
plies. If fix. y) tins G in ils domain, find a line 
integral around dG equal m Jj e , |T ■ Vf) di dy, 

14. Follow ihv steps indicated to illustrate ihe di- 
vergeticc 1 theorem for the vector Held F 
x 1 i ! + xzj + ,vy J U + Die and the unit rube G 
with one vertex a l the origin and ihe diagonalLy 
opposite vertex, at (I* 1* 1). 

a I it Compute ft (F ■ n l riS over I he square l uce 
of G in ihe *,y-coordinate plane, where 
z = (I. llere 

n = — k and dS - rto dy. 

it) Compute ft i F - u i dS over the square face 
ciT G in. (he pintle z = 1, Here 

rt fc and dS = dx dy 


III. Find the inu-gral of the normal component of ihe 
gradient vector liehl of llle function f\x. vl 
x t\ counteidoekwise around the boundary of 
the recbmpuhir region Ittjunded tiy 

x - 0, x = 4. y = 1, and y ^ 3- 

II. Sh-tiw that for a region Cf wtierc Green's 1‘hcorem 
applies 



iii'l Proceed as in bl and lti) to lind the intc- 
grals ft if ■ n) dS over (he square faces of 
G in (he planes y = d and y = L 
h) Prfheeed as in (t> and (iij to find ihe imu- 
grah ft (F ■ n I rf.s over (he squfire faces Of 
G in ihe pi Lines t d and x - I 

vl Add up the six answers. Found in (if 
through tiv) !u give ft jr , [F - jlJifi’. 

t>l Compute ft/n (V - FI dx dy dz; (he answer 
should be the same as in tv I of pari fa). 
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19.2 GREEN'S 
THEOREM AND 
APPLICATIONS 

19.2.1 Proof of 
Green’s theorem 

Simple regions 


TAoirrm 


A^iiin. wc just assume you have the correct notion of a plane region G and 
its boundary flG, traced so (hat G is on the loft. A region is, hounded if it all 
tics inside some sufficiently large square, and is closed if (he boundary is 
considered to be pari of the region. 

U is usual 1o prove Green's theorem firsi for a special type of region G, 
and then extend to more general regions by decomposing them into regions 
of the special type. We shall call a region G simple if any line parallel to one 
nf the coordinate axes crosses the boundary of G in al most two points. (We 
allow such a line to coincide with the boundary for a whole interval.) The 
regions shown in Fig. 19,6 are simple. 



You will note thal Green's Theorem in (he following form differs 
slightly in notation from Theorem 19,2 of the Iasi section. The substitution 
O (A‘, y) " Pi -V. y) and P[x, y \ = Q(.x, y) in Theorem 19 2 gives (1) below 
in Theorem 19.4. The reason for our change of notation appears later in this 
section, 

(Green's Theorem for Simple Regions) Let G he rt hounded, simple, closed 
region in die pic/nc wfifi boundary rifG. If P(x, y) and Qfjc, y) ore continuously 
differentiable functions defined on G. then 

^ [P(x. y) di 4 OU. y) dy] =| J ~ [ dxdy. (11 


Proof. Since ti is a simple region, HG can be split Into a “top curve” and a 
“bottom curve," possibly separated by straight-line “sides/ 1 as shown in Fig. 
19.7. The top and bottom curves may be parametrized by the parameter X ; 
we lei ihe equations of these curves be 


and 


y = u(x) for the bottom curve 
v = i?(jc) for the top curve. 


ns shown in Fig. 19.7. The integral ] P{x, y)dx over any portion of flG 
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y 



consisting of vertical line segments is zero, since x remains constant, so 
dx = 0 on any such segment. Consequently, from Fig, [9,7, you obtain 


<j> P(x, y) dx — J 


P(x T y) dx = | P(x T w(x)) dx i P{x, u(x)) dx. 


i 


( 2 ) 


where the right-to-left inlegral sign R occurs since the top curve is traced 
from right to left. From (2), 


i 


P(x, y ) dx 


f 

I 


(x)) - P(x, v(x)}] dx = 




V - y{s > 


dx 


V I 


ft f 

— — dy dx = 

fi J u( A |i 




-dx dy. 

c ay 


(3) 


A similar argument, which we ask you to give in Exercise 5, shows that 


j 1 


Otx, y) dy = 


J<5 dX 


(4) 


From (3} and (4), 

<J> [PU, y) dx + 0 (x, y) dy] = Jj 
which is the assertion of the theorem. □ 


ap 

dy 


dx dy , 


The result in Theorem 19.4 can easily be extended to a region that can 
he decomposed into a finite number of simple regions. Consider, lor 
example, the region shown in Fig. 19.8. This region G is not simple, but it 
may be decomposed into the two simple regions C, and C 2 separated by the 
curve y< shown in the figure. Let's introduce some convenient algebraic 
notation. If y* is the curve traced in the direction of the arrow in Fig. 19,8, 
let - 7 , be the curve traced in the opposite direction. From line integrals, 
you know that 


. 


(Pci* + Qdy) 


- 


(Pdx + Ody ) 


(5) 


■*71 
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y 



(see Chapter 17, Section 17.5, Exercise 14). Symbolically, we write dGi = 
7 i + y 3 and dG 2 = 72 " 73 . in view of (5), we have symbolically 


4 + 4 =4 +4 

-IrlG, -WCj 7 1 + Vi \;~y 

= y = i - 

*-y , I -y j flfJ 


+ 


*V| 


M- 




( 6 ) 


where we have omitted the integrand P dx + Qdy for brevity. Theorem 
19.4 applied to the simple regions G T and G 2 tells us that 

£ (Pdx + Gdy) = || (7) 


and 


4 (Pdx -T Qdy) = 


(IM£W (S) 


Adding Eqs, (7) and (K) t you see from (6) that 

(?2 - 2 ?) , Idy . 

V dx dy) 


4 (Fdx + Qdy) = 


which is Green's Theorem for the region G. Similar arguments can be used 
for any decomposition of a region into a finite number of simple regions* 
and w r e state the result as a corollary. 

Coroffory. (Green 's Theorem for More General Regions) Let G he a bounded t closed 
region in rfte plane that can be decomposed into a finite number of simple 
regions. If P(x, y) and Q(x , y) are continuously differentiable on G, then 


(9) 
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Example 1 


SOLUTION 


Lei G be Ihe annular region between the circles x 2 + y J =4 and x 2 + y~ = 
16 shown in Fig, 15M). The direction in which the boundary circles should be 
traced to keep G on the left is indicated in the figure. Now O is decomposed 
into four simple regions by the coordinate axes. Let’s illustrate Green’s 
Theorem for G using Pfx, y) — xy and G(x, y) = —x. 



19,9 


Let y ] be the clockwise-traced inner circle parametrized by 

x = Mr) = 2 cost* y = fei(f) = -2sinf for 0 ^ r ^2 it, 
and let y 2 be the counterclockwise-traced outer circle parametrized by 
x - h 2 (0 = 4 cos L y = MO = 4 sin t for 0 ^ f ^ 2 tt. 

Then 


(xydx - xdy) - {xydx - xdy) + 

^Yt+yt nr> 


{xy dx xdy ) 


[8cos / sin 2 / + 4 cost] dt 
+ J [-64 cos t sirrr — 16 cos Y| dt 

r'2 it 

- [-56 cos tsirrt - 12 cos’t | dt 


2 7T 

= — 12— = — 1 2 TT. 
2 















19.2 Green’s theorem and applications 


669 


On the other hand, we obtain, using polar coordinates. 



ac*yh 

dy I 


dx dy 


a 


I -1 — x) dx dy 


r cos &)r dr dO 


ff ( — 

I 


t 4 


da 


( 6 — cos 0) dO 


i-hO - 


] 2ir 

= - 

V 


= 1 2tt , 


The same answers were obtained for each integral, illustrating Green's 
theorem. 


19.2,2 Independence In Chapter 17. Section 17.5, we showed Lhai 
o path p ^ 

+ Qdy is cm exact differential, then j y (Pdx + (Jdy ) depends 
only on the endpoints of y. 

Such independence of path is equivalent to ihe assertion that the integral 
about any closed path is zero. Hor if y L and y 2 are two paths joining A to 
then Y, — y 2 joins A to A . Then 


f 



if and only if 


We also slated in Chapter 17, Section 17,3, that 



in a region with no holes in it , Pdx H Qdy is exact if and only if 
dP/dy hQfHx. 

Green's theorem provides an easy demonstration that if J (Pdx + Qdy) 
depends only on the endpoints of y for all choices of y in the region, 
then aPf fly = HQ/nx (Theorem 19.5 below proves this.) Combined with the 
statements above, I his yields the following. 

It r ii region G with no holes in it, the integral f v (Ptt# + Qdy) is 
independent of the path if and only if dP/By = dQfdx. This in turn is true 
if and only if Pdx -+ Qdy is an exact differential. 

We now proceed to show independence of path implies dP/dy = BQ/Bx. 
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rtMWfffl I9.S 


19.2.3 Application to 
circulation of a flow 


Let P|x,y) anti Q (jc, y l be continuously differentiable, and suppose that 
f T i ,P tlx + Qdy ) - 0 for criery closed path y in a region G. Then BPfdy ~ 
BQlBx throughout G. 


Proof. Lei {x £ >, y fl ) he a point in G that es not. on a boundary edge of G, 
Suppose 


BP 



(»n» y c .1 


we shall derive a contradiction to the independence of path hypothesis 
Then 


BO BP I 


c f 0. 


Suppose c > 0; a similar argument will work if c < 0, By continuity of 
BQ/Bx BP/B y + there exists some small circular disk D of radius t > U 
inside G with corner at (*„. y\ f ) ihmughoui which {BQfBx - BPfBy) > c/2* 
Let y he the dosed curve consisting of the boundary circle of this disk, 
traced counterclockwise. Then 



dx dy > 


TTfV 

~Y~ 


> 0 ; 


so by Green's Theorem, 


i 


ire ? c 

tPdjt + Qdy ) > > 0, 


contra dieting I he hypothesis that such an integral over every dosed curve is 
zero. So the assumption made, above is false, and 


BP 

By 


CJt,_ v„J 


BQ 

Bx 


Cs„. 


for every (i 0l y J3 ) in G not on a boundary edge. But then BPfdy - BQiBx ai 
ail points on ihe boundary edges also, since these partial derivatives are 
continuous. □ 


Lei F — Fix, yh + Q(x> y)f be the flux vector of a flow over a region G. 
You have seen a physical interpretation of Green’s Theorem in terms of the 
divergence of the flow, which measures the rate that mass is leaving G. This 
interpretation arises from integrating the outward nornaf component of the 
IIux over the boundary of G. 

The integral of the irtngettfitiJ component of the flu* over the boundary 
measures the rotation or ctrcttiafiort of ihe flow around the boundary of G. 
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IrrOUttional /low 


19.2.4 Application 
to work 


C{Hi3fnMJiL , 'e force field 

Potential funelrnn 


A unit tangent vector is 


dje dy 


The circulation around dG is 


(F ' t) dj? = <£ (f^ + O— ds (P^:r + Qdy }. 

/<. ho ■ M U-S f J.ic; 

By Theorem 19,4, 

Circulation of flow around BG = ^ (F-t)cfs - (Fdx + QtJy) 

J cS dx By / 


4x 4y r 


(The notation in Theorem 19.4 was changed from that in Theorem 19,2 
precisely to illustrate this application of Greens Theorem,) The scalar 
quantity BQfBx - dPfd y thus measures the tendency of the Row to rotate or 
curl at each point (x, y). This is seen if you lake a very small disk wiih center 
(x, y) as your region G. For this reason, we write 


We then obtain 


curl F = — 
dx 


9P 

dy 



iF‘l)ds 



(curl F) dx dy. 


( 10 ) 


If curl F = 0 at all (x*y) in G, ihen the integral of the tangential 
component of F is zero about any dosed path bounding a suitable region 
lying within G, That is, she total rotation or circulation around any such 
closed path is zero, Such a flow is called irrotatumal 


If F - Pfx. y Si + GKx, y)j is regarded as a force field, then the integral of 
the rangemial component of F along a curve is the work done by the force 
in moving a body along the curve. Once again, if BQfdx ilPfdy = 0 for all 
(x. y.i, ihen the work done by the force in moving a body around any closed 
path bounding a suitable region is zero, fn this context, the force held F is 
said to be coiisemative. The work done by the force field along a curve 
depends only on the endpoints of the curve; he., you have independence of 
path, Note that Pdi -I- G dy is then the exact differential of some junction 
u(x, y). 'Then u(x, y} is called a potential function oi the force held. The 
potential function gives the potential energy of the field at each point <x, y). 
By our work in Section 17.5, the work done hv ihe force in moving a body 
from A to B is then -u{H| (--u(A)) = uiA) - u{ B). 
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19.2.5 Ineam possible i hink back Again to Hie divergence interpretation of Greeirs, Theorem 


flovii (Theorem 1 C >,2), You see thill if F - P( jl, y U + Q(x,y)j is si flux vector 
such Thai the divergence V - F = oPf&x + BOItty = 0, for alt (jt, y), then the 
total flux of mass outward lor inward) through the boundary of any suitable 
region is zero. Such a Row is said to l>e iRC0fflpre&ibfe. 


SUMMARY i, (Green's theorem) If P{jc,y) and Q{x t y) are ctmrtriuauf/y difftreniiahle T 
and if G can he decomposed into a finite number of simple regions, then 



2, If (*{x v y) and OU, v) are co;itinuoitsfy differentiable and BQfbx ~ HP!tty, 

then i,, (Pdx 4- Ody) = J^fFdx + Q dy) if T] and ti join the same 
pointy and if ls die boundary of a region O fhaf can he 

decomposed into a finite number of simple regions, 

3. If F P(x, yli + y )j is the |Trtx vector of a flow, then 



where curl F = BQfBx rtP/fiy. If curl F = Q, then jfie flow is called 
irrotational, 

4. The work done by a force field F a fang y is J, Y {F ■ rl ds. 

5. A force held F = P(x, y)l + Olx, y )/ is conservative if &Qf&x - BPfdy = 
H. tor a conservative force field rn a region with tto holes in it. the work 
done is independent of the pailu and u(x, y) such that d(-ii) - 
Pdx + Qdy is a potemW function of the force field. J'Jte work done by the 
force field i>t moiHHg a frady from ,4 to B is die?i iil .A) - uf/J}, 

{i. A flow kvtfJi flat rector f r P(jr T >11 +■ Q(x, y)j is incompressible if 
V F = cl iPfitx + dOfdy - il 


EXERCISES 


l. Let G he Lhe region between tire Iwo situate?- 
wills renter :ii the origin and sides of Icngih* ? 
a tihl' J Illustrate Green's Theorem for P<\, y '< - 
v ‘ and Oft, y) = -* 1 '; i.e,. for the vector field 
F y'l x'j. 


3. Lei E ami F be two Vector tieWs mi a simple, 
doMid. bounded region G. Suppose that E F 
a i each point on 30. 


where H i* die region be 1 ween the iwo click’s, 


2. I ,el F he a valor field in the plane. Suppose e tie 
integrals f? (F ■ i) its taken counterclockwise ahum 
the circles x' t- y 10b and i' i y 25 are 
35 anti -24, respectively. Find I curl FI da dy. 


.si Show dial 
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b) Show that 

| j (curl £’) dx Jy = 11 (curl F3 jJjt Jy. 

4. Lit G he a simple, closed, hounded region, and 
let F be a vector field or G. 

a) Suppose = 0 Fur every closed 

curve y lying in G, Argue as beat you can that 
curl F = £1 at each (*. y) in G, 
bi Stale a result similar to that in part (a) under 
Ihe hypothesis f, {F‘ti)ds = 0, 

5. Prove Fq 1 4) of I he proof of Green's Thenrem pti 
the text, 

fi. I cl is plane region G, which can he decomposed 
into a finite number of simple regions, lie 
hounded hy a piecewise smooth curve y. Using 
Green's Theorem* show that the line integral 
f. ( ydx + xdy) is equal to twice the area of G, 

7, I el F he a vector Held defined ;U nil points except 
a point A of the plane, and suppose that curl F 
ii. Show that for any two closed piecewise'Smooth 
curves y, anti y .. bounding simple regions and 
each going a round A OnCe in the same direction, 
we have . - 

d) (f j i) iis = A (F ' *) 4 

[Hint Consider J Vjl1 , , for y. H shown in big, 
19,10.] 



>4 18,10 


F = 


T 1 ” 


r" 4 y'" x 3 4- y’ 

aj Show i hut curl F = 0. 


/ for (*. y i ^ (Jl, (If. 


bi Let v be the ellipse about (0,0) given by 
x '79 + y J /4 - 1. Use (ai and the result of the 
previous exercise to compute f, IF*fids by 
computing, in its place, the integral of the 


tangential component of F around a more 
convenient curve that encircles the origin once 
counterclockwise. [Hrnr, Try a circle nr a 
square.] 

9, Show that tf f(j, yl hus continuous second partial 
derivatives, lhen curl Vf = Q, 

JO* Show that if Vf is the ilux vector of an incompres¬ 
sible flow, ihen / satisfies Laplace's equation f xx 4 

f„ - 0. 

II. Use Greens theorem to find the work done hv 
the force Held F{m. y } - (jc’ + y’jf - 2jey/ in 
moving a body counterclockwise around the 
square with vert ices a| ( 0 , 04 T (|,tj), U, I}, and 

Hi IX 

I I. Find ail functions g(x, y) such ihar the force field 
Fl e, v 'i * 3xy i + hL.v. v)j is conservative. 

14- Let the flux vector of ii plane flow be FG, y) = 
U 7 4 r)i 4- 2xy / 
a I Find she divergence of F, 
b'l Use Green's Theorem to And the flux of the 
flow across the border of the square with 
vertices £.0, 11), (1,0), (1* 1), and (0 + 1), 

14, For the flow 1 in f-.jrcrebe 13, use Green's Theorem 
1 1 > find the circulation of the flow counterclock¬ 
wise around the circle x' I y : = 4. 

15, Show that every constant force field is conserva¬ 
tive. What can be said concerning the work done 
by a constant force field in moving a body from a 
point A to a point B7 

16, S h ljw that every constant llux field in the plane 
gives a flow that is both irrotational and incorn 
presssblc. Give physical interpretations of this re- 
su H. 

17, IjcI F and F he conservative force fields in u 
plane region G. 

a) Show that for any numbers u and fr, the force 
field »E 4 /)F is conservative. 

It I If n is a potential Function of F. and u a 
potential function of F in G, describe all 
potential functions of uE + h F. 

18, Consider the force field F 2xyi + x'j in the 
plane. 

a I Show that I he field is conservative. 
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b) Find a potential function for the fiehi. 

c) Find the potential energy y) of the field 
such that u(0, (I) - 5, 

d) Find the work done by the Held in moving a 
body from the point ft* —!) to the point (2* !}, 

19* Let F be a force field in the plane, and let the 
position of a body in the plane at time / be given 
by jc = Ji,UK y - h 2 (t) for a ^ t < h. [jet the 
position l>e A when r a and B when f - b. Lei 
W( A, J9) be (he work done by the field in moving 
the body from A to B for u ^ s k Show that 

W(A * tft = mi 11^(Jb)I' - 4mtufa)! 7 = fc<#>) - Ada), 

where fttf) = 4m |u(t)| 2 is the kmefic energy of the 
body at time t. | Hint. Use Fit) — m«{f) mu'(l) 
and drfdt = t? (i) to express W(A.B) — 
(F m dr) in terms of u.] 

20. Continuing Exercise 19, show thai if F is (he 
force field for a potential function u, then u{ A) 4 
k(A) - ulfl) + k(B), so the sum of l he pofipn- 
tial and kinetic energies remains constant. (Note 
that it is permissible to write u and k as functions 
of positions in the plane since F is a conservative 
Force field, so the work in Exercise 19 is indepen¬ 
dent of | he path.) This is the reason why such a 
force held is called con seme fiufi . 


21. A positive electric charge in the plane at the 
origin exerts a force of attraction on a negative 
unit charge in the plane lhal is inversely propor¬ 
tional to the square of I lie distance between Ihe 
charges. Let the force of attraction on a negative 
unit charge at ( L0) he k units. 

a) Find the force field created by the charge at 
the origin. 

b) Show that the force field in (a) is conservative 
by finding a potential function; the function is 
the Newtonian potential. 

c) Using the answer to (b) T find the work done by 
the field in moving a unit negative charge 
from (0, 2) to (2.3), 

22. Let a be a potential function of a conservative 

force field F in the plane. Level curves of u 
are known as equipatential curves, 

a) What geometric relation exists between the 
field F and its equipments! curves? 

b) If and y. are equipolential cutvcs, show 
that the work done by the field F in moving a 
body from a point P, on y, lo a point P : on y 2 
is independent of the choices of P, on y ( and 
P 2 on y 2 . 


19.3 STOKES' 
THEOREM 

19.3.1 Integration 
over a surface 


Recall the Divergence Theorem from Section 19.1* which states that, if 
F = Pi 4 Qj 4 Rk is a continuously differentiable vector field over a 
region G in space with boundary surface dG, then 

JjjF.„MS = jj[ gf+f + !*)*■**• < L > 

Here n is the outward unii normal vector to the surface dG. We did not 
illustrate the Divergence Theorem Cl) in Section 1,9.1. We must first explain 
how to integrate the normal component of a vector field F = 
Pi 4 Q/ + Rk over a surface. You can compute F*n if you know n; 
presumably F is given. Now if the surface is given in the form z — fix, y), a 
normal vector is 
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Example 1 


SOi.UTlON 


HO 


a - ± 


v'(/j r + </,)* + 1 


</,i + U - *)• 


( 2 ) 


It is usually best to see which xisn is appropriate for the outward normal by 
sketching. From Section IK.6, yon know that 

dS - V(fJ 2 + (fy) 7 +■ 1 d*dy 


is the differential surface area. 

Suppose, on the other hand, that the surface dG is given in terms of 
f(x, y, z) = c, Then a normal vector is f x i + f v J + / z k T so 


n 


^ _I_ 

± 'f(L) 2 + (fyf + (L¥ 


(fj + fj + Uk) 


(3) 


This time 


dS 


V (/,) 3 + (U 2 + (f ,) 2 

IS, I 


dx dy\ 


Let’s illustrate the Divergence Theorem (1) for the vector field 


F = xi + y j + 2zk 

over the region G, which is the tetrahedron with vertices (0, 0,0), (L 0, Oh 
(0,2,0), and (0, 0, 1) shown in Fig. 19.lt* 



19,11 


The volume integral is 


fftls- 


SO 

ciy dz 




(1+ 1 + 2) d* dy dz 
a 


= 4(volume of tetrahedron) 


= 4 . i. 1 . j 


























676 


Divergence, Green's, end Stokes’ theorems 


Now wc turn to ihe integral (F ■ n) dS over the four triangles that 
form the surface of the tetrahedron. For the triangle in the x,y -plane, 
n = ~k, 1 — 0, and d$ = dxdy m so the integral becomes 



The integrate over the triangles in the x,z -plane and in the ya -plane are 
similarly zero. 

We must now find the equation of the front plane of the region, 
determined by the points {1,0,0), (0,2,0) and (0,0, 1), A vector perpen¬ 
dicular to the plane is 


I jk 

-l 2 0 = 2* + y + 2Jt, 

-J 0 1 


so the equation of the plane is 

2x + y + 2z = 2. 

For this from triangle, you see from the equation 2* + y + 2z = 2 of its 


plane that 

and 


" = + 5 / + jk 


dS = (v‘4 + 1 + 4/2) dxdy = (|) dx dy. 


Therefore this integral becomes 





(3 - 4x + jc*) dx 


3 ” - 2,!+ t)I 


Thus both sides of (5) are equal to 4/3, illustrating the Divergence 
Theorem. || 


19,3,2 The curl of a Let F = Pi + Qj + fik be a vector field in space. The curl of F is the vector 
vector field defined by the symbolic determinant 
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curl F = V X F = 


i j k 

d d d 
Bx dy &z 
P Q R 


Note that curl F is a vector. Our definition of curl F as a scalar quantity in 
the preceding section was a temporary expedient in discussing rotation of a 
flow in the plane, and is explained in Example 3 below. 

Example 2 If F = xyi + y z / + yx^fc. then 


curl F — V x F = 


B_ 

ax 


xy 


j 

b_ 



Example 3 If P(jc, y, z) 0 SO F = Pi + Qj T then 


z 2 i + <ij - xfc 

z 2 i - xk. 


cur/F = V x F = 


i 

B 

5x 

P 


7 

A 

(Jy 

O 


k 

Bz 

0 


..•e lt !? J+ («-2k 

$z dz vdx dy / 


You see that what we called curl F in Section 19.2 for F = Pi + Qj was 
really the k-component of curl F * viewed as a vector in space. !| 


19.3*3 Stokes’ theorem We make no attempt to prove Stokes' Theorem, but shall, roughly, state it. It 

is the generalization of Green s Theorem to a two-dimensional surface G in 
space. For example, G might be the surface shown in Fig. 19.12* (T he 
theorem is not true for some “one-sided"' surfaces, which we shall not 
describe.) Figure 19.12 also shows a unit normal vector n at a point on G T 
and indicates by arrows a direction around BG. The directions for n and 
around 6G arc always to be related so that as the fingers of the right hand 
curve in (he direction given by the direction around BG. the thumb points m 
the direction of n (a righthand rule). This is illustrated in Fig. 19.12, To lie 
this in with G and BG for Green s Theorem in the plane, note that this 
means that when walking along BG with your head in the direction of n. you 
have the region G on your left. 

Theorem 19.6 { Stokes' Theorem) For a suitable surface G it i apace and a continuously 

differentiable vector field F = Pi 4 Qj 4 Rk. you have 



o 


[<V x F) * n] dS. 


(4) 
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19.12 



19.13 


Iii words, the integral of the tangential component of the vector field 
around dG is equal to the integral of the normal component of cuH F over 
the surface G. If F is the flux field of a flow, this has the interpretation 
that the circulation around dG equals the integral of the normal component of 
the cur! over G. The curl measures the rotation of the flow at each point, 
and the normal component measures the portion of this rotation that acts 
tangent to the surface. Remember that the direction of a tangent plane to a 
surface is specified by a normal direction to the surface. 

Example 4 If G lies in the x,y-plane, then n = k and dS = dxdy. If R(x, y, z) = 0 so 
F ^ Pi + Oj\ then as shown in Example 3, 


V X F = 


ao ap 

— i + — 

dz dz 


/ + 



Equation (4) then becomes 


O (F • t) ds 

J JO 



This is Green's Theorem, which is thus a special case of Stokes' 
Theorem. || 

Example 5 Let u s illustrate S tokcs n Theorem if the surface G is the hemisphere 
z = 'Jir — x 2 - y a , shown in Fig, 19,13, and 


SOLUTION NOW 


F = yzi xzj + 3Jt. 


n = — (xi + y/ + zk) 
a 

and Fig. 19.14 shows that we could use spherical coordinates and take 
dS = {a sin dfl)(a d<j>) = a 2 sin 4> dip dd. 














19.3 Stokes' theorem, 
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Also 


V X F 


f j fc 

A _JL £ 

fljc 3y Bz 
y i -xz 3 


= xi + yj — 2zk. 


Consequently, 


(VxF)‘h = -(jc 2 + v 2 - 2 z 2 ) = -(x 2 + y 2 + r 
a a 

= — (a 2 - 3 z 2 ) = — (a 2 - 3a 2 cos 2 <£) 
a a 


~ 3z 2 ) 


= £j (1 - 3 eos c p). 


Then 



x F) * tt) dS 



a(l - 3 con 1 sin <f> d<f> de 



Turning to f 30 (F -1) d.y, we parametrize dG by x = a cos t and y = 
a sin 1 for f) ^ t s 2tr. Then 


t 


dx dy * 
— i + — / 

da ds J 


+ Ok. 


Since 8G lies in the plane z = 0, you see that there F = 0i + 0/ + 3fc. 
Therefore Fm = 0, so (F - 1) ds == 0 also, illustrating Stokes' 
Theorem. || 
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SUMMARY JLff ¥ — Pi + Qj + Rk be a continuously differentiable vector field * 

L Cur/F = V x F. 

2. (Dii>ergenct j Theorem) If G in a suitable three-dimensional region with 
boundary surface dG and n is a unit outward normal vector . then 


u< 

J ho 


{F'tt)dS = 


(V - F) dx dy dz. 


■fa 


3. (Sfofc^s’ Theorem) If G is a suitable surface in space\ and if the directions 
of the unit normal vector n and the boundary dG are related by the 
right hand rule, then 

i (F • l) ds = j j f(V x F) • n] dS. 


EXERCISES 


In Exercises 

1. F “ 

4. 1 lluslrate the Divergence Theorem for the bait <7 
where x + y + 2 s <r and F - xi ■+ y j + zfc, 

5. Illustrate Stokes’ Theorem if G is ihe portion of 
the sphere x 1 4- y' 4- z 7 ' - 5 on or above Ihe 
plane z = I, and if F =* 2yi 4 3 xj + xzt. 

In Exercises 1 through 9, use Stokes Theorem or the 
indicated surface integral 

1<. jjfi [(V x F)* rt] dS where G is the cylindrical 
surface x 7 + v" — h : between z — II and z = h , 
n is the outward normal, and F = X2i +■ 
(4 + z 2 )} + xe v 'k. 

H. JJ<i (F*it) dS where F = 4x/ + Sy/ - 3zJt, G is 
the sphere x 2 + y 2 4 z' — a~, and n ts the out¬ 
ward norma], 

9. ffn |(V x F) * n]dS where G is Ihe portion of the 
sphere x + v + z T = 3 6 below the plane z — 2, 
it is the outward normal, and F = yzi + 
3xz/ + z Jc + 

HI. 1 xl G he a three-dimensionat region where the 
Divergence Theorem applies. Use I In theorem to 
show that 


Illustrate Stokes' Theorem if G is [he triangular 
region consisting of the portion of the plane 
2x -l- y + 2 z — 2- in the first octant, and F = 
yzi + yj + xyk. 


Divergence Theorem to make an easier computation of the 
Volume of G - - j | [(xi + yj + zk) • n ] dS. 

11* Let F be a continuously differentiable vector field 
on a surface G in space. 

al Show that if F is normal to the unit 
tangent vector i at each point on dtT Then 
fji? [(cur/Fi ■ n | dS = 0, 

b) Show ihai if the vector eurf F is langent to G 
al each poim of G, then f M - t lF-t)ds — 0. 

12, Use ilie Divergence 1 In cirem for the region a ’S 
x " + y + z J ^ h 2 tii show that the flux of ihe 
gradient field F of the Newtonian potential funo 


1 through 3, find eur/F. 

x i + y‘7 + z k 2. F = xyzi - 2 y zj + 3z L & 3* F - (sin xy)/ + xe v / ■+ (In yz)ic 

6 . 
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lion (a - 4 v 4 z ) across a sphere with center 
al the origin is independent of the radius of the 
sphere, 

13* A vector field JF in a region of space is irratotianal 
if curl F — 0 thoughout the region. Show that the 
circulation of art irrotational vector field about 
every piece wise-smooth closed palh bounding a 
suitable surface G Iving within the region is zero, 

14* A vector field F on a region of space is incom- 
pressible if V ■ ¥ = 0 throughout the region. 
Show lhai die flux of an incompressible field F 
across the boundary of each ball inside I he region 
is zero, 

15. a| Show that V * (curl F) = (1 for a twice continu¬ 

ously differentiable vector field in space, 

b) Show lhai V x (Vf) - 0 For a twice continu¬ 
ously differentiable function of three vari¬ 
ables, 

16, Often V * (Vjf) is written as V /. Show that for a 
suitable region G in space, wc have 


(V 2 f) dx dy rfz 


fG 



(V/ - a) dS 


for a twice continuously differentiable function f 
of three variables* 


17. Argue as best you can from Stokes’ Theorem that 
if G is a surface that is the endre boundary of a 
suitable three-dimensional region, then 

JJo 1<T X F) * i«3 dS — 0 

for every continuously differentiable vector field 

F 

18* Let F be a twice continuously differentiable vec¬ 
tor field and let G be a three-dimensional region 
in space where the Divergence Theorem can be 
applied. Show that 


JL 


licurlF] ■ n ] dS 



V * (curl F) dx dy dz. 


19* Use the results of the last two exercises to show 
that for F and G as described in Exercise \ ft. 


V - (curf F) dx dy eta = 0. 

20* Argue as best you can from the preceding exer¬ 
cise, with no computation^ that V * (V x F) = 0 
for every tw r ice continuously differentiable vector 
field F. You were asked to show this by computa¬ 
tion in Exercise 15a* 



exercise sets for chapter 19 

review exercise set 19,1 

1. State Green’s Theorem. 

2. Use Green’s Theorem to compute 

f T \xy dx 4- (jc 1 + y ') dy] 

where y is The boundary of the region G bounded 
by y — jc 2 * 4 * * and y = 4 r 

3* State the vector form of the Divergence Theorem, 
and explain ils interpretation for the flux vector F 
of a flow, 

4. Let F be the vector field 

F = x 7 i + y V + z 1 *- 

Use the Divergence Theorem to compute 


J_U- (F * tt) dS where G is the region bounded by 
Z = x' 4- y and z — 4. 

5. Let F = Pi 4- Qj be the continuously differenti¬ 
able flux vector for a flow in the plane. Give the 
conditions for F to be 

a) irrotational, b) incompressible. 

6. Let F = xyz ? i + 2yzj - xk. 

a) Find curlF. bl Find the divergence of F- 

1. Let F = 4i + xzj - xy Jc. Use Stokes' Theorem to 
find fM(mrlFU«]d5, where G is the surface 
x = y * 1 + z~ foT 0 ^ x ^ 9, while vectors it are 
chosen so that their i-components are positive. 
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review exercise set 19.2 


1. Slate 4 vector form of Green’s Theorem, cl Find the ■work done by the force field in (b) in 

, . moving a body from (-1.2) lo £3,-1), 

2. Use Green s Theorem m find the trrrcubtion liF ihe 

How wilki flux vector 5. Find curfF if F - il + yz/ + xvzk 


F nf 4 iiyf 

.sbout ihe boundary of [Iil l plane region bounded 

l = y " and y = jt — 2. 

J. Let a hall of mass density t he heumlol hy ihc 
spherical surface wilh equation 

X 2 + V" 4 z 1 = 

Show chat the moment of inertia of the ball about 
the z-elkis is-equitl In 


6. Let G Ixj the surface z =44 vd n' v 7 with 
normal vectors n having positive k -component. Lei 
O* be I hi- portion of the sphere V + y' i z 
±5,. Where = " 4, with outward normal vectors n 
Lei f he u vector field, What relation holds be¬ 
tween 

i u 

(i curf F) ■ »[ dS 

J Jn 
and 




where it W the outward normnl in the sphere - 

4. at Give the condition for a force field F Pi h 
Of in the plane to be uonservfllive, 

hi Show the force Held F v i 2.ty/ is conser¬ 
vative, and find a potential function M. 


j i curf Ft* n | d.S ' 1 
J Jo 1 

Why? 

7. Use Stokes' Theorem to find [}, , [(curf F> ■ n]dS 
where F syf J v/ “• yzlt and G is the surface of 
the cubical bn\ with no lop and having diagonally 
opposite vet I ices ;it Id, il.OI ami (l. I. I). Lei n be 
[liv ouEwiii il normal 


more challenging exercises 19 

1. Let G he a suitable surface in space and let 
Ff.t„ y r zl. Of*, V-and Rlc, y, z) he continu¬ 
ously differentiable functions.. Stokes’ Theorem is 
often stilted in ihe form 

(Pdx 4 Ody + Rdt) 



Convince yourself that Ihis is equivalent lo the 
stale merit 




T x F) 


■if dS 


for F Pi + Of t- titi. 


The ft 1 warning exercises use the rumium «•/ rlir n-firuttuci intrtnhtceti In Iftc Imi exercise \«T of Chapter IH. Rewew 
j/iuf material before proceeding. 
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The rn/de Mow rndirtws what is meant by a differential form w, the order of the form, and as exterior 
derivative dm. Here P. O. and R are difJeTFTiiitihlc funtiitttis of two at three variables (we ijiL'f 1 the table far three 
variables 1 „ and far P(x , y, z!u 


i*P t flP , ap a 

tlP - — Jjt + — dv •+ — dz 
dx &y rii. 


as fr.sutd. 


Differs ntinl forms to 


Order d <\> 

(d 

d*i 

0 

P(x. y, 2 } 

dP = — dx +- — dv + — dr 
dx dy 3 Si 

3 

P dx + Q dy + R dz 

dP a dx + dQ a dy + iiR a dz 

2 

Pdy a dz + Qdz a dx + R dx a dy 

dP a dv a dz + dQ a dz a dx +■ dti a dx a dy 

3 

Pdx a dy a dz 

t!P a dx a dv a dz 


2. Show that if <u = Pds a dy a dz, then da* n. a) a* xydx x'dy 

3. Note thal if q> has order r, then dat has order h] «i = tz dx a dy - ye ’ dx a dz 

t + 3. Compute dw, simplifying as much as 

possible, 

AiJ the mam theorem;-', irr this eftflpier rtiri. hp expressed in jfre fafinwing farm, us she rt’mainii g 1 'trnitf.t a'.It you to 
show. 

frrntTiiFrzrtf Stokes' Theorem If ai fs tt differential farm of order r wilh cnnlinienu'dy differentiable coefficients P. O. 
etc,* arid if G is a sMireihfe fr + I l-druimitontii! region. then 

J oi = dta. f 1) 

in (L), a single integral sign is i-rs+’ci for each integral, rathe r Than using double or triple integral signs as wv have 
rn She past. The integrals at differentia! farms are defined so Unit 

J Ptx. y)<Ix a dy = J J Pit, y)dxdy = — | P{jc. vMv a dx. 


L 


Pt\, y. £ > dx ' dy a d: 



Ft x, y. z 1 d.x lJv dz 


| P(x, y, z) dz a dy a Ja. 


etc, 

4. IT G cs. a one-dimensions I region consisting of a 
curve joining point A to point B. then rK7 Li [he 


symbolic expression J3 - A- The inLeurjl. ot n func- 
Lion f fa form of order 0 ) aver riG is. defined to he 
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f(B) — /(A), Show that if g-j — f{x) and G is the 
line segment [a, b] from a to fr, then {1} reduces to 
the fundamental theorem of calculus. 

5* State (1) for the special case of lo = fix , y. z) and 
G a curve y joining A = (a j »a 3 l a.r) to H = 
(h u b 2 ,h A ) in space. (See the preceding exercise.) 

6, State (1) for w = P{x,y)dx + Qfay)dy in the 
plane, and G a plane region. Simplify the state¬ 
ment as much as possible. What familiar theorem 
do you obtain? 


7. State {1) for tu = Pdx + Gdy + jR dz and G a 
surface in space. Simplify the statement as much as 
possible. What theorem do you obtain? 

8. a I State (1) for w = Pdy A dz + Qdz A dx + 

R dx a dy. simplifying as much as possible, 

h) Convince yourself that the statement obtained 
in (a) is equivalent to (he divergence theorem. 














differential 

equations 
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Differential equations 


20,1 INTRODUCTION A differential equation is an equation that involves derivatives (or differen¬ 


tials) of an “unknown function'" /. To solve the differential equation is to 


The notion find all possible unknown functions f for which the equation is true, You 


of a differential first encountered differential equations in Chapter 5, under the guise of an 
equation antidifferentiation problem. For example, the general solution of the equa¬ 
tion 



is 


y = fix) = - x J + C, 


where C is an arbitrary constant, for this expression embodies a// solutions 


of dyidx = x". This equation is of order 1, since only derivatives of order 


1 (be,, first derivatives) appear in the equation. The order of an equation is r 
if the equation involves an rth derivative, such as d r y/djt r , but no derivatives 
of higher order. Thus the equation 


is of second order. Solving the equation, we have 



so 



is the general solution. Without going into detail, we state that one expects 
the general solution of a differential equation of order n to contain u 
arbitrary constants, 

A differential equation of order 1 need not be of the form dy/dx = 
gU), Recall that wc considered equations such as 


in Chapter 6, and solved them by separating the variables: 


dy i 

— = jc dx< 

r 



V ^ X) (jc 2 /2) + C x 1 + 2C 


We ask you to review this technique in Section 20.2. 
















20.1 Introduction 


687 


20.1.2 Geometric 
interpretation of 
the equation 
V' = Fix, Y) 


Example 1 
SOLimON 


Let a function F of two variables be given and consider the differentia! 
equation y r = y). If y = fi(x) is a solution of this equation, then for 

each x in the domain of /i, you must have 

h*(x) = FU, y) = F(x, Ji(jc)). 

Now Ji'U} can be interpreted geometrically as the slope of the tangent line 
to the graph of h at the point (x, y) = UJiU))- Thus if F is a known 
function* the equation y f = F{x, y) allows you to compute slopes of tangents 
to solutions at points U, y) in the domain of F* If you place a short line 
segment of slope m = FU* y) at each such point ( x , y),_you obta in the 
direction field of the equation y' = F(j t, y). By actually drawing a few""of 
these line segments in a direction field, you may be able to obtain graphi* 
cally some information aboul the solutions of the differential equation. We 
illustrate with two examples. 

Let’s sketch the direction field of the differential equation y' = —xf y. 

A useful device in sketching direction fields is to find all points (jc, v) where 
the segments in the field have a particular slope e. For an equation 
y' = F(.x, y), the locus of such points is the curve 

FU* y) = c t 

and for simple functions F, this curve may be easy to sketch. In our case, 

FU, y) = —i 

y 

and the equation F(x, y) “ c takes the form 
—x — 1 

— = c, or y = —x where y^O. (1) 

y c 

This is an equation of a line through the origin with the origin omitted- Thus 
at all points but (0,0) on the line y = -xjc 7 the segments in the direction 
field have slope m = c. For example, all segments have slope -1 on the line 
y = x; all segments have slope 1 on Itie line y = —x ; all segments have slope 
2 on the line y = (-t/2)jc, etc. Putting c = 0 in the first equation in (1), you 
see that the segments at all points but (0,0) on the line x = 0 (that is, on the 
y-axis), have slope 0. We have sketched the direction field of y* = —xf y in 
Fig. 20.L labeling some lines through the origin and indicating the slopes m 
of the segments of the direction field on these lines. 

From Fig, 20,1, we would guess that solutions of the equation v r = —xf y 
have as graphs portions of certain curves about the origin; we might even 
guess that they are the circles 


x 2 + y 2 
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-7 


- 2 


20.1 


which arc level curves of the function 


G (x, y) ” Jt 2 + y- t 

We can easily check our conjecture. We find that for y defined implicitly as 
a function of x by 

G(x. y) = x 2 + y 2 = a , 


we have 



so our guess was correct. 


GJx t _y) 

Gyix, y) 


2x 

2y 


x 


y 


Example! The direction field of the differential equation y' = x is sketched in rig. 

20.2. This time, segments of equal slope m = c lie on the vertical line 
x = c. Again, we have estimated a couple of graphs of solutions from the 
direction field; this time, the solution curves look like parabolas. Of course, 
we can easily solve y' — x, and obtain as general solution 


which is indeed a collection of parabolas. || 


20-1,2 An existence We state without proof an existence theorem for solutions of a differential 
theorem equation y r = F(x, y). The hypotheses of the theorem could be weakened 
somewhat and the conclusion would still hold; however, the statement 
suffices for our needs. 
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x « — 4 x = 0 .v - 4 

m ™ —4 n,r = 0 /ij = 4 20.2 


20.3 





>-V 


Thfurfm 20*1 Ler F he a continuous /uncfion o/ two £?ur,i«b/es widi domain containing a 
neighborhood (x - x n ) 2 + (y - y L} ) 3 < r of (x (>T y t> ) in which F y exists and is 
continuous. Then there exists a number c > 0 and a differentiable function 
h{x) for x 0 — c < x < x 0 + c such that y = fi(x) is a solution of the differen¬ 
tial equation y 1 = F(x ; y) > and s«ch that y it = h(x it ). Furthermore t h is the 
unique sue#! function with domain x Q — c < x < jc 0 + c* 

Theorem 20.1 essentially asserts the existence of a (unique) solution of 
y = F(x, y) through any point (jc t|t y,*), provided that F is sufficiently well 
behaved in some neighborhood of (*,„ y £> ) t A sketch illustrating the theorem 
is given in Fig. 20.3, and the direction fields shown in Figs, 20.1 and 20.2 
also illustrate the theorem. 

In finding the solution y = Mx) of a differentia! equation y* = F(x* y) 
such that y„ = h(x t X one often attempts to find the general solution of the 
differential equation, The general solution frequently can be expressed in 
the form 

G(x t y) = C, 

where C is an arbitrary constant. (Recall that you would expect the general 
solution of a first-order differential equation to contain an arbitrary constant,} 
Faeh individual solution then appears as a level curve of the function G, and 
the solution 


y = h(x) such that h(M = y u 
is given by the level curve of G through (x ni y 0 )> namely. 
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G(X y) = G(x lt , v M ). 


Thus the mitiaf condition y (> = M*,,} can be used to determine the value of 
lhe arbitrary constant in the general solution to give the desired particular 
solution through < i„, y 0 )» 


SUMMARY l. A differential equation is one involving derivatives lot differentials) of an 


unknown function f. The order of the equation is that of the highest-order 
derivative that appears. The general safutfan is the expression, containing 
as many arbitrary constants us the order of the equation, which yields 
functions ft A l satisfying the equation as the constants assume all uafues. 

2. The equation y' - F(x,y) can be viewed geometrically as .spm/yfng ffoe 
slope at each point (x, y) of any iofah'on of the equation that passes 
through that point , If a short line segment of slope Fix. y) is placed at 
(x, y]L we obtain the direction field of the equation. 

3, f.et F be a continuous /tmcffOPi a/ (wrj variables wtfii domain conffliumg a 
neighborhood of y lK ) in which F v exists and is continuous. Then there 
exists a number c > 0 ami a differentiable function h(x) for x Li c < x < 
x it -+ c such that y = h(x) is a solution of the differential equation 
y' = Fix. y) and such that y,, = Mx,). Furthermore, h is the unique such 
function with damain x it - c < x < x tt + c. 


EXERCISES 


In Exercise* 1 through IS, sketch the dirrainn field <4 the differentia! equation, and estimate a few' sofrrttoji curves, 
in figs. 20.1 tuui 20,2, 


l. y' - y 


2* y‘ = -y 


3* ¥' = *- + y 7 



ti. y' = * + y 



t*. (This exercise allows that Ihe number c in our 
existent* (huoreni (Theorem 20.1) may lie very 
small compared with the radius r of the neighbor¬ 
hood of (x,,. y, I in which F., exists find is con tin □- 
oii&J Consider ihe differential equation 


bi Whtit h the largest value of r such that (here 
exists a differentiable function htx) for ~c < 
x < f that is a solution of y' I t y’ with 
h(0) = 0? [Hint Solve the equation y' " 

I + y\ and examine the solution through 

(0,0).] 


y' = 1 + y~ = F[x, y>. 


UK nf Check ihiil 


mi For what values of r js ii true that F and f\ 
arc continuous within the neighborhood x * 
y- ^ r * 2 3 Of (a, 0)T 


y = h,(i) = -x'74 
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y = fc.-tx) = l 

[ - * for x ^ 2, and that ft, (2) = h,(2) =— L 


arc hothsoJufaoso* th* differentia] equation h > Wh V ,hc rtfHy]l iE1 < a ! ^unradiet the 

uniqueness statement in Theorem 20.1'? 

J _ -a + (jc" + 4y) m 
y “ 2 


202 VARIABLES 

SEPARABLE AMD 

HOMOGENEOUS 

EQUATIONS 

Recall fmm Chapter ft that, if a differential equation y f = F(x, y > can be 
expressed in <be form 

r d y 

dx ft{y y 

20,2.1 Variables 
separable equations 

then the variables can be separated and the equation solved as follows: 

fi(y)dy = f(x) dx. 

jsfytJv = JVoiMx. 

F.rimiilt 1 

1 hat i^. one puts all terms involving y (including dy) on the iefthand side of 
the equation and all lerm* involving x (including dx) on the right hand side: 
the variables are ihen ''separated.” The equation is then solved by finding 
two indefinite integrals of a function of a single variable. 

Let’s solve 

dy In X 
dx xy 2 

SOU mON 

The equation is of variables separable type. and 

2 , hix 

V' dy dx, 

X 

so 

| dy = J ^ dx 

and 

1 (Inx^ 

3 * 2 

is the general solution. We may also express this as 

2y" = 3 (In xf 4- bC, 
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nr, since 6C may again be any arbitrary constant, il is- acceptable to simply 
write 

2y* = 3 (In xf + C. 

Such in formality with arbitrary constants is conventional. || 


20.2.2 Homoqeneous L he differential equation y' - F(jc, y) is homugerteoks if Fl>, y) can be 
equation* expressed in the form 

F(*.y) = s0- 


A criterion for this to be the case is (hat 

F{k$, ky) = Fix, y) for all fc # 0 T 
for. if this is true, then taking, k - l fx you obtain 


FU,,) = l^*iy) = F(l^) = , 0. 


Conversely, if F(x y) = g(y/jch then 

Fffcx. ky) = zikytkx) = g(y lx) = F(x,y). 

Such a function Fix, y) is called of decree 0. (If F{kx, iky) _ 

fc + F(jt, y), then Fix. y) is homogeneous of degree r) 


F sample 2 i he equation 


dy 


X s + V s 

2r 2 


is not of variables separable type* hut is homogeneous, for it Cun be written 

dy _ x 1 r _ 1 . IfvV 

dx 2x ? 2.x 2 2 2\x/ 


Note that 

Fikt.ky) 


jkxf + jky) 2 
2(kx) ? 


feV + k 2 y 2 


2k 2 x : 


x 2 + y 2 


2x 2 


= FUy). 



i I) 


If 


dy 

dx 
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i '.vainpte ^ 


soixnrroiN 


then (he substitution y — ex yields an equation in p and x of variables 
separable type. For then, from y ~ ux. 

dy dv y 

— = v ■ I + I-— and - = v. 
ax dm x 

Then the Eq. ( I} he pomes 

du . t dv 

v + x — = g(o) or x— = ft(u) - v 
dx dx 


or 


du 


dx 


g(w) - v X 


1 2 > 


and the variables arc separated. Equation (23 can he integrated to find the 
solution relation in x and u* and then e replaced by y/x to find the sol til inn 
in terms of x and y■. 

Let us solve the equation of Example 2, 

dy = x 2 4 y= _ 2 1M 7 

dx lx 2 2 2 lx / + 


The substitution y = dx yields 


dp ! I 

e 4 x — = - 4 - v 

dx 2 2 


so 


Then 


lienee 


du 

I + D 2 


v 1 - 2p + 1 



X dx ' 

2 

v — 

2 



dp 

dx 

so 

Id — l)" 1 ' dii 

l 

dx 

2u i 1 

2x* 

irM 

II 

X 


( dx 

so 

(V - I)"' 

5 ln 

xl + C. 

1 X 

-1 


Substituting v - y/x, we obtain 


or 


(y/x) t 2 
—2x 


- rln x + C 


y - x 

as our general solution relation. 


- Ln x] + C, 
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Differential liquations 


20.2.3 Applications 
to geometry 


rvunipk' 4 
sfflimoN 


Lei Cf be a function of two variables with continuous partial derivatives. I lie 
relation Gfx v) - £' for an arbitrary constant C gives a family n/ curves, 
one curve for each value of C, Another family of curves H(x, v) = K is 
orlhuf'uaai to the first family (or consists of orthogonal trajectories of the 
first family) if every curve of the first family is perpendicular to every curve 
of the second family at all points of intersection. 

The problem of finding a family of curves orthogonal to a niven family 
<?(*, v) = C is a problem in differential equations. and can sometimes be 
solved by the techniques described in this section. We illustrate with an 
example. 

Let’s liud the family of orthogonal trajectories to the curves x - v = C 

Let C(jr, y) 3 x 1 y : . The slope of u curve in x' y 2 - C at a point (x, y) 
is given by 


dy dGjilx lx x 


dx 5G/dy --2y y 


fhe slope of a curve m the orthogonal family at (jc, y) is the negative 
reciprocal, yfx, Thus our orthogonal family of curses consists of the 
solutions, of the diifereniial equation 


dy _ _y _ Ijx 
dx x 1/y 


The solution of this equation is 



or 


In |x| + In |v| ~ K, 


(3) 


We may write (2) in the form 


In Ijcji | - K. 


Then e 3 " 1 "-' = j sy| — e K , so — ±c K . Now as K runs through all constants, 
runs through all constants except II, A special examination shows that 
the curves x ii tuld y = tl are also orthogonal to I he curves x' - y = C; 
changing notation, we obtain, as orthogonal family, 


20.2.3 Applications 
to geometry 


rsuniple 4 
sfflimoN 


*y = K. 

Figure 20.4 shows some of the curves of these iwo orthogonal families, || 
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20.4 


SUMMARY I A differential equation dyfdx F!i. y) r.s of variables separable type if alt 
the terms involving y, induding dy, tan be placed on fJi? lefthand side and 
all the terms ijiiWuing x, fridudmg d4. on the ri£JirJicintf jitf?. The equation 
f.v then naked by integrating each side of this separated equation. 

2 . The equation dyidx - Fix, y) is homogeneous if T\x. y) caft he written ifi 
the form y/x), This is the ease if and only if Ftkx, ky[ Fi x. v i 
for all k / 0. 

3. If the vtibtt/rYurrun y ~ ox is made rri a homogeneous equation dyfdx ~ 
giyfx), so jifmf 

dy d/o . / y \ , , 

- = „ + *- and *fc) - ■(•>. 

then the wix equation in x and v is of variables-separable type. Sahmg (ft? 
new equation, and then replacing v by y/ t yields the solution of the original 
equation, 

4. For a family of curves Gix, v) - C fhe family of orthogonal trajectories is 
found -us faib>ws: 

STS* ] . Compute 

dy _ ri&fdx, 
dx dGfft y 

lo find the slope of u curve of the first [amitx at lx, y 1, 
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D-rffererrUat equations 


step 2. Solve the differential equation 

dy _ dGjfty 

dx BG/Bx ’ 

the solution is the family of orthogonal trajectories. 


EXERCISES 


In Exercises t through UJ, find du? general solution of the differential equation. 



3. 


dy 

dx 


= x= + jcV 


5. ^ = x(\ - y 2 )’" 

dx 


dy _ x + y 
dx 2xy 
9- x dy - (jc + y) dx 


2. f = e* » n y 
dx 

. Jy . j 
4. — sin x cos y 
dx 


9. - - = v (In y I coslx 

dx 


H. (x + y)dy - (y - *)dx 
10. xdv = (y + xsin(y fx))dx 


It i Exercises 1 1 fhrowgh 16, fbtd the particular solution of the differential equation that satisfies the indicated 
initial condition. 


11. y - 1 

H 

w 

II 

1 

12. 

IT 

y* — X sin y, y (2) = — 

13, y' = - 

. y(-2>-—3 

14. 

y* = x 2 y + 2xy, W2) - 1 

y 


15. y' = - 

+ 

•< 

II 

16- 

y r = y’e’\ y((l) = 2 


xy 


in Exercises 17 through 20, find the family of orthogonal trajectories of the giuen ftmiify of curves. Sketch both 
families as in Fig. 20,4, 

17, y - x ^ C IK. y - x 2 = C 19. y 2 + x = C 2th x 7 + y t = C 


20.3 EXACT Consider the differential equation y' — F(x y y). Suppose 

EQUATIONS 

F,(x, y) 

F 2 (x, y) 


Fix, y) 


(0 
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20.3.1 Solution 
of an exact 
differential 
equation 


for functions Fj and F 2 , and suppose we can find a function G of two variables 
with continuous derivatives such that 


fix 


F|U, y) 


and 


dG 

dy 


-F 2 (x, y). 


( 2 ) 


Then a function y = ft(j) defined implicitly by a level curve of G will he a 
solution of y' = F(x, y). for the derivative of such a function h will he 



dCi/dx 

dGfdy 


Pi*, y > 

~F 2 {x, y) 


“ Fix, y). 


The general solution of y' = F{x t y) will therefore be G{x, y) = C 

We have reduced our problem of solving y J = F(jt* y) to expressing 
F(x, y) in the form (1) and solving the two partial differential equations (2). 
Of course, f I f can always be achieved; you can take 

F, = F and F 2 (x, y) = l. 


In fact, (t) can usually be achieved in a number of ways: for example, if 
F(x, y) = x 2 fy\ then 


Fix, y) 


x 2 jy 2 

1 



2 

y 


X 2 I y _ X 

y y 2 /x 1 


so there are many possibilities for Fi and F 2 . The assertion that the partial 
differential equations (2) have a simultaneous solution is precisely the 
assertion that 


Fj(x, y) dx - F 2 (x, y) dy (3) 

is an exact differentia L Note I hat (3) can be obtained from 

dy Fjfo y) 

— ^ " T - (4} 

dx F 2 (x,y) 

by formal algebraic manipulation; namely* we obtain from (4) 

F 2 (x, y) dy — F 5 (x, y) dx 


or 

F,(x. y )dx - F 2 {x,y)dy - 0. (5) 

Once more, Leibniz notation works beautifully. We shall view (5) as an 
equivalent form of Eq, (L). We now replace by “Al” and Li F 2 " by 
so that our discussion from here on will use the notation classically 
employed in treating exact differential equations. 
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Differential equations 


Definition 20.1 A differential equation 


Mix. y) dx + Nix. y)dy = 0 


( 6 ) 


is exact if Mix. y ) dx + N (x, y) dy is an exact differential. _ 

Our work in Chapter 17 shows that if M and N have continuous partial 
derivatives in a suitable region of the plane, then the differential equation 
(6) is exact if and only if 

BM BN 

v = ^- (7) 

If (7) is satisfied and if G is a function of two variables such that 

dG = M(x, y) dx + N(x, y)dy, 
then the differential equation (6) has as general solution 


( 8 ) 


GU. y) = C 


The technique used to solve an exact differential equation Mdx + 
N dy = 0 is, of course, precisely the technique employed to find a function 
G{x, y) such that dG = M(x t y) dx + Nix. y) dy, described in Section 17.3 
of Chapter 17. Wc illustrate with an example* 


Example 1 Let us solve 3x 2 y dx + (x l - y 2 ) dy = tl 
solution The differential equation 

Mdx + N dy = 3x ? ydx + (x 3 - y 2 )dy - 0 


is exact since 



BN d(x 3 - y 2 ) 


dy dy 

Setting BGfBx = 3x z y, you find that 


dx Bx 


G(x, y) = x 3 y + hfyh 


(9) 


Then 



Consequently. 


3 


fa r {y) = —y 2 and h(y) = 


G(x, y) = x 3 y - y 


This shows that 


3 





















20.3 Exact equations 



20.3 Exact aquations 639 

20.3 2 Integrating 
factors 

has differential 3x y dx + (x* - y)dy, so the general solution of our equa¬ 
tion is 

*^T“ C 1 

Let a differential equation 

, r-/ >. ~M(x,y) 

y = F(*, y) = ... . 

N (jc. y) 

be written in the form 

M{x, y) dx + N(x, y) dy = 0, (11) 

and let (11) have general solution 

G U, y ) = C (12) 

From ( 12) you see that, at any point on a solution curve y = fi(x) T we have 

, dGIdx 

3 Gfdy 

Thus we must have 

dG/Bx _ M(x> y) 

BGfdy N’fayY 

From (13), we obtain 

BGjdx BGJdy 

<l4 ’ 

where we let |jt(x, y) be the common ratio in (14), From (14), we obtain 

3G 3G 

— = n(x* y)M(x* y) and — = jUx, y)N(x, yL (15) 

dx dy 

The Eqs. (15) show that the equation 

jjl(x, y )M(x, y) dx + jx(x, y)N(x, y) dy = 0, ( 16) 

obtained by multiplying (1 l) by /i(x, y), is exact. 

Definition 20.2 A function jxU, y) is an integrating factor for a differential 
equation M(x*y)dx + N(x,y) dy 0 if 

(x (x. y)/Vf(x, y) dx + tx(x t y)N{x , y) dy - 0 

is an exact differential equation. 
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Differential equations 


Example 2 


20,3.3 Finding 
integrating factors 
by inspection 


Our work prior to this definition shows that if the differential equation 
(11) has a general solution G(x, y) - O then the equation has an integrat¬ 
ing factor y). 

Integrating factors are by no means unique as the following example 
shows. 

The differential equation 

3xydx + jc 2 dy - 0 
has x as an integrating factor, for 

x(3xy dx + x 2 dy) — 3x ? ydx + x 1 dv 
= d(x*y) t 

Another integrating factor is l/x 2 y, for 

I 3 1 

t*- (3x\ dx + x 7 dy) = - dx + - dy = d(3 In \x\ + In |y|h 
x y x y 

Exercise 15 indicates that, in general, the Eq. (11) can be expected to 
have an infinite number of integrating factors. 

In Exercises 16 and 17, we give a partial differential equation involving 
MU. y) and N(x, y) which a function p, must satisfy to be an integrating 
factor of (11). From this differential equation, one can characterize the 
differential equations (11) that have certain types of integrating factors, such 
as factors that are functions of just x or of just y, Some results and 
illustrations along these lines are given in Exercises 18 through 20. In the 
article that follows, we indicate how one may sometimes find an integrating 
factor by “inspection/' 


Integrating factors for certain differential equations of the form (11) can be 
found by inspection; facility requires a certain amount of practice. One 
useful technique is to watch for expressions such as y dx + x civ that are 
themselves exact or have obvious integrating factors; note that 

d{xy) = y dx + x dy. 

Thus the presence of y dx + xdy suggests that a function of xy might be an 
integrating factor. Similarly, the differentials 

d(-^ = - xdy) and ; (x dy - y dx) 

suggest watching for the expressions y dx - xdy and xdy - ydx, whose 
presence would lead us to try integrating factors of the form 
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Exam pie 3 


solution 


Example 4 


SOLUTION 


\ fitly) and 

y x 

respectively. We illustrate with some examples. 


Let’s solve the differential equation 

y dx + ix + x : y) dy = 0. 


The expression y dx + xdy contained in this equation suggests an integrat¬ 
ing factor that is a function of xy. Tf we divide through the equation hy (xy)'\ 
then the term x 2 y dy becomes (l/y)dy, which can be integrated. Thus we 
take as integrating factor l/{xy) 2 t and obtain the equation 


y dx + x dy x 7 y 


(xyf 


4 


or 


(xy) : 

I 


dy = 0 


(xy)'" dixy) + — dy = 0, 
V 


Integration of the last equation yields 


-f in | v I = C 

xy 

as general solution, || 

Let’s solve the differential equation 


(xy 1 + y) dx — x dy = 0. 


The presence of y dx - xdy suggests an integrating factor of the form 
(l/y")/(x/y). To “eliminate'’ the y 4 from xy 4 dx for integration, we use 
(\{y 2 ){xiyf as integrating factor, and obtain 

73(7) x > 4 dx + p(f) dx - x w = o 

or 

dx + ( 7 )^( 7 ) = °- 

Integrating this last equation, we obtain 


as genera! solution. 
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SUMMARY I . The differential equation M(x. y \ dx + Nix. v) dy 0 ix exact if arid r>n/y 
if dMfdy ilNfdx. and JVf{t, y) and Nix. y) satisfy suitable conditions, ln 
this case, fipid tdfx. vj Sdch f^rtif 

£jfC - Mix , yJ dSt + Nix. y ) dy 

as described jn Section 17,3 of Chapter 17, and the rotation of the Ktpcn 
equation is G (X, y> = C, 

2. If M(Jt, y) Jt 4 Nix, vl dy = 0 tads ti solution G(a* y) C ifccri there 
exists a funefiVm (rrifcgmj'rng /flrlftf) fjtlx. yl sueh Thai 

n (x. y }M(x. y) dx + nix. y)N(x, y) dy 0 

is an exacf ecfuttflmil, arid ca« be soloed its in i 5) above. Integrating factors 
can sometimes be found by inspection ; attempt to create obvious exact 
differentials sucJi as 

d(xy) " xrfv t y dx, 

“ “5 ( V dx - x Jx), 

d('^) = 4j {x dy - y dxh 

See Examples 3 aiid 4 in the lex! for dfuxfrrtfjon. 


EXERCISES 


/ip fc'xerrises 1 rfirwigls '■, verify dinr she equation rv exact and find die general .vrduiton. 


1. u<«i ydx + (I — x sin y} d y - II 

3. v dx 4 + 2xvj dy = 0 

5. <e v v cos xyitJx + (xe v — t cos vy I dy = 0 
/pi Exereixes 7 through 14, }\rut an dri^'^rclINI^ r<i*r f 

7. \xy ? 4 v )dx + lx 3x?)dy~0 
9, Ixy' + vl dx — (x + y) dy = <1 

I t, 14 + yji dx — (x + 3x ? )dy = 0 

13, (1 + 2 xY)dt + Uy* + 3x>-| dy - 11 

15. Ix;i Mfx, y)ifit + N(x. y|Jy = ft have general 
solution r; In, y } C and lei ^ he an integrating 
fiietOf such thui dG pJlfd.t + aft 1 dy. Shmw 


2. 2xy dx Mx - t! * > dy (l 1 

4. i v scc'xy) dx + < 5 + x hfre , ' 1 xy> dy ft 

fi, (2Jty 3 - \ldx 4 (3j' y : + 4y) dy = 0 

Jfispeerion, and snl\-t' the di dene rift ed c^Haiiun 
«. uV + v')d* 4 (2xy + x) dv = ft 
ID. (4 - vW.t 4 (X + 3x-)dy =* ft 

12, j- 4 v j dx + (2a - <ndy - ft 

14. (x 2 y 1 4- 2 .tv I dx - {i 2 4- 3) dy = 0 

that if f is any continuous function of one vari - 
ahle T then (t(x y)'/(G(i, yil is an integrating 
liiclnr iThis Indicates ihnl I he di He re ruial eijLta- 
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lion [ID can be catpected to have an infinite 
number of integrating faem™,) 

Ui, Show ih.ii fi ts an integrating factor of a differen¬ 
tial equal ion MiJi - 4 Ndy 0, whore M arid iV 
are continuous!? differentiable functions in a suit¬ 
able region, if and only if fi is- a Solution of the 
partial differentia] equation 

*u 9ft mi 9N\ 

&x ay \ay ax) 

IHirU. Apply lhe condition Tor |J-iVf ih + p.N dy in 
l>u eMiCt-l 

17, Show dial I he partial dilferenlial equation in l : .s- 
ertisc Lb can be written in the form 

hl 3fln |p|) m AN 

pi - - - - nf—— -—- =-. 

Ax Ay Ay Ax 


18. Using Exercises Hi and 17, show [hat if M ami N 
are continuously differentiable in a suitable ive- 
mn. I hen Mdx + Ndy = u hus an integrating 
factor fi w!itL']t is a function of * iftilv (that is, 
AfiJA y Hi if and only if (L N*) {AM/Ay aNfdx I 
is a function of x c»n3y r suv f(jt j, arid Lhat I lui 
Integratinit factor jx is then of the form nU) 

19+ Use ihu result in Exercise IK to solve llte 
diflerentini equations 

It] iry" + X + y J + D dr 

4 (Jury ijcy' I Sjcy 3jr a )dy = 0 

b) txy y)dx 

4 |.r 4- x con y - x - cpsy)dy <1. 

2D. State a result analogous to lhat in BxereLse 18 in 
ihe cuse 1 3i.ii l iVf dt + N dy - 0 ha_s an integrating 
factor that is a function of y only. 


20.4 FIRST-ORDER En this sec Lion, we are concerned with finding hi solutions in u neighborhood 
LINEAR EQUATIONS oF some point Jt,, of she first-order Linear differential equation 

+ p 5 U)y = qU) 0) 

where pd x), and qf r) ure known i'uneLions defined in some neighbor¬ 
hood of X,,. We shall restrict our discussion to Lhe case where the coefficient 

Pjj(x) of v" in Rq. (1) takes on only nonzero values Ihroughoul some 
neighborhood of i, h We ittill v ihen divide Eq. (11 by p^a) and sei pU) = 
p t {and gU) - q(x)fp ti (x) to write L : .q, (D in the more simple Form 

y p + p(jc)y = k(jc). (2) 

We assume that (he functions p{x) and g(jc) in Fq. tl) are continuous near 
k ( ., so (hat we can integrate them. This differential equation <2> is one whose 
solutions can be found easily: we can actually obtain a Formula for lhe 
general solution. 

The trick i". to find a continuous function p,(i) that is nonzero in the 
neighborhood, and which has the property 

mWv* + = r r (3) 

for some function v, tSuch a function p iis an ittieffatiny, factor*) Upon 
multiplication hv the Eq {2} would (hen reduce to the equivalent 



















704 


Differential equations 


equation 

Li' = tx{x)g(xl (4) 

which can be solved by a single integration. It has been found that 

fi(x) - «*«*’>'“i (5) 

for any choice of antiderivative of p(x) T is such an integrating factor, 
(Observe that |x(x) is continuous and (.i(x) # 0,} To see that p, is indeed an 
integrating factor, note that if 


v = uM ■ y, 


( 6 ) 


then 


v f = ^-{pL(x))'y + ^(xVy' - y + [fr(x)*y'] 

ax ax 

= (—)f p(x)dx-e f '’ wd '-y + [nW-yt 

= p(x)n(x)y + p.(x)y\ 

which is Eq. (3), Thus multiplying Eq, (2) by our ^(jc), we obtain 

o' = (fi(jc)y)' = tx(x)g(x), (?) 


which yields 


From (8), we obtain 


v-My = 


|fi(.r)g(x) dx. 




<S) 


(9) 


If we take J* p,(l)g(0 dt as a particular antiderivative of (x(x)g(x), then Eq. 
{9) becomes 

y = -E [|‘ n-(t)g(t) dt + c]. (10) 

We have almost proved the following theorem. 

Theorem 20,2 Let p(x) and gU) be continuous in a neighborhood of x u , and let y 0 be any 
real number Then there exists a unique solution y = /(x) of the differential 
equation y* -t p(x)y = g(jc) such that y(xo) = y 0 , and this Wufion satisfies the 
differential equation throughout the neighborhood. Furthermore , the general 
solution of the differential equation is 


7-7 J fl(x)g(x)tfx 


pU) 
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Example I 


SOLUTION 


Example 2 


SOLUTION 


where 


Pl(x) = 


Proof. We have already seen in Eq, (9) Ibat the general solution is as stated 
in the theorem, and that these solutions are valid for all x in the neighbor¬ 
hood. It remains only to demonstrate the existence and uniqueness of a 
particular solution through the point (x a , y t( ). But putting x = x 0 and y = y 0 
in the forni of the general solution given in Eq, (10), we obtain Ihe relation 


1 


y 0 = 




C 


and hence C = y n ji(x (T ) yields the only solution through (x, h y 0 ). □ 


We showed in Section 8.4 of Chapter 8 that the general solution of the 
differential equation y' = ky is y = Ae kx , where A is an arbitrary constant 
that controls y(0). Let us obtain it again by using the theorem. 

Our equation is y f - ky 0, so we have p(x)=-fc and g(x) = 0. Our 
integrating factor is thus 

p,(x) = e'~ k4x = e~ k *. 

The general solution is therefore 

y = ^ • o dx =-l i C = Ce^. 

This coincides with our previous result. \\ 

Let’s find the particular solution of the differential equation 

y r + 3xy = x, 

which passes through Ihe point (0,4). 

Here p(x) — 3x and our integrating factor is 

|t{x) = e^* 4 * = e* xV1 . 

By 'Lheorem 2IL2. the general solution is 

V = } «’*''* dX = ^ e3X ' n + C 

Putting y = 4 and x — 0, we find that 


= - + Ce 
3 


4-i + C.l 
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so C ~ 11/3, and the desired particular solution is 

y-|+y II 

The only problem in using Theorem 2U..2 to solve v' 4 pl.\Jy = fi(*J is 
that the solution contains two integrals, namely 

pt(x) e eJ'"'" 1 * 1 mid |pb(x)g(jc)dx. 

Sometimes it is impossible to evaluate ore of these integrals in terms of 
elementary functions* even if p(x) and gU) arc themselves elementary 
functions. For example, if p{x) - —x and g(x) ~ I, then for x fl - 0, we have 

ti(x) = e ' ? and jpUtaUldx = jr l ' r dx. 

This last integral cannot be evaluated in terms of elementary functions 
However we have seen how this integral can he expressed as Lin infinite 
series (This particular integral is so important hi the theory of probability 
that lie ‘ di has actually been tabulated for many values of xj There are 
many numerical methods For estimating ait integral, so the presence of 
integrals in the general solution oF the lirsl-order linear differential equation 
is not really a serious problem in practical applications. 

SUMMARY 

!. The general solution of the differential equation 

y' + ptx)y = gU\ 

where pix) and gU) satisfy suitable conditions described iVt the text r can he 
found as follows i: 

smp 1 * Cumpiffe rfie integrating factor 

p. (x) = E irilUI \ 

where fp(jt) dx in a«v parfieufar antiderivative of pfx)* 

step 2, Upon multiplication hy the equation y 1 4 p{x)y - g{x) 

ftccnrrtes 

■ y.) - pU)gU! dx. 

sn-r 3. The solution is then 

iu(xl ■ y ~ jgtCvlfiUlti* 
or 

y= i) W u)<ii 
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EXERCISES 


hi Exercises I through K. find the wnemi mfuiitm rif the differential equation 
1. y — _ty = 0 2. y' — 3y * 2 3, y' + y = 3e' 

4. y r + 2y = * + e~* 5. y" 4 2y = *e' 3> * 3 

ti* jcy 1 + y = 2 jc !iin jt; x > 0. | HrnJ. Reduce in the form of t£q. (2) t>v dividing by x.] 

7. y’ 4 tent *)y = 3x + t. f) < jt < it 8. y* + fsin *)y = 3 sin x 

In Exercises 4 ihmugh 12. find the solution y ft a'I of the differential equation having fhe indicated value fur 
yUJ. 


% V 1 - 3y = JC + 2, y (0) = -1 10. 

11. (1 4 x J )y r + y = 3, y(0) = 2 12. 

L3. Find llie general solution of (lie differential equa- lb. 
lion y" sy = a" by using theorem 2fl,2 and 
expressing the integral in juries form. 

14. Find ihe generrd solution of ihe differentia] cqua- 
i ion 

y* * 2jefcoix"iy 3 h 11 c x < Vrr 

by using Theorem 211-2 and expressing the in¬ 
tegral in series form. 

IS* If do «■> Lbe current at Lime f ill an electrical 
circuit with constant resistance R, canstunl induc¬ 
tance F. and variable electromotive force fcui. 
then it can be shewn lhat 

L— 4 Ki - E’(t). 

dt 

a} Let the currenl at lime I = 0 Inc i„. and let 
E{.t) be a continuous function of lhe lime i 
Fiotl an expression fnr 4 at lime r. 
bf Show rhat if IT is constant, then for large 
values of I. we have f =* EfR (so ihm Ohm's 
law is approximately true after a long time}. 

e} Describe ihe current after a long period of 
lime if £i diminishes exponent!ally, that is, iF 
B(f} = |T,*£ L| where 

fc'n £(0) n ntl A > II. 

df Describe the behavior of lhe current as t * » 
if jE is abruptly cue off at time r,„ mi that 
£(/) (1 for i > In. 


xy' - y = t\ y{U 5 
y r — (cos 2x.ly = eos 2x, yfrr/S) 3 

According in Newton’s law of cooling, ihe rale al 
which a body m » medium changes temperature is 
proportional in. Hie difference between its tem¬ 
perature and die temperature of the medium. 

ai Assuming that ihe temperature of ihe medium 
remains constant at u degrees and that the 
temperature T,. of She body at time f = fl is 
higher than that of ilie medium* express the 
temperature r of the body as a function of 
the time J for l o. (Lei the constant of pro- 
pnrticmFility in Newton's law be fc.i 
hi For Jt > U, wlui i is (he approximate tempera¬ 
ture of the body as i — * 

IT. If ji h it constam different from u or L then the 
equation 

y J 4 ?U>y = afitiy" 

is known us tfeniouUi's equation, i For boifi rr = 0 
and ii = l, the equation is linear and can be 
solved as described in (his section.} 
al Show ihat the substitution i> y 1 " enables 
US to reduce the solution of Bernoulli's equa¬ 
tion in a differential equation fnr t which is 
linear. 

lb Use ihe result of (a) and Theorem 2(1.2 to 
solve (he differential equation 

y' - Ixy $x.y\ 
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Differential equations 


20.5 HOMOGENEOUS 
LINEAR EQUATIONS 
WITH CONSTANT 
COEFFICIENTS 

20.5.1 The existence 
theorem 


Theorem 20,3 


20.5.2 Polynomials 
in the operator D 


We shall state the main existence theorem for solutions in a neighborhood 
of x 0 of a linear differential equation of order n. and then restrict ourselves 
to the ease of a homogeneous linear equation wiih constant coefficients for 
the rest of the section. Suppose that the coefficient of y (nl assumes only 
nonzero values throughout a neighborhood of x tu so that we may divide by 
this coefficient and assume that the equation is of the form 

y 1 "' + PiOOy*" - " + ■ ■ • + p„_|My' + pJjeJy = r(jc). (1) 

We state the main existence theorem without proof. 

If p,(x),. * *, p n (x), gfx) are continuous in a neighborhood of x tt and if 
ai*--,,dn t are any constants , then there is a unique solution y = f(x) of 
Eq . {L) that is valid throughout the neighborhood and has the property 

y(x t >) = a 0 , y'UJ = o 1 -y u, ~ 11 Uo) “ a„_ s . 

In the case to be considered in the remainder of this section where the 

coefficient functions p,^),__ f>„ (x ) are constant functions and where 

gU) = 0, Eq. (1) takes the form 

y°° + 6 1 y ( "" l> + - * * + b*_ t y # + b H y = 0. (2) 

Equation (2) is a linear homogeneous differential equation with constant 
coefficients. In this section, wc shall see how the general solution of Eq. (2) 
can he obtained in terms of elementary functions by very simple algebraic 
means T 

We may write Eq. (2) in the form 

O'y + f),D p ‘ ‘yd- 1 **4 b^Dy *+ b^y = 0, (3) 

where of course Dy = y', D"y = etc. Proceeding purely formally, it is 
natural to factor out v on the lefthand side of Eq. (3) and write the equation 
in the form 

(£>" + b,D-' + - ■ - + b„ ,0 + bjy = (I (4) 

or, more briefly, 

P{D)y = 0, (5) 

where P(D) h the polynomial D n 4 frjD"’ 1 !' ■ ♦ + 4 h tl in D. 

Suppose that the polynomial PfD) factors (in the sense of polynomial 
factorization) so that PtD) = 0,(D)Q 2 (D) for polynomials O^D) and 
Q;>fO) in D, It is not difficult to show that 

PID )y - Qi(D)(Q z (D)y\ (6) 

where y “ /(*) has derivatives of all orders A careful proof of (6) can 
be given using mathematical induction: you will probably find it sufficiently 
convincing if we compute a special case to illustrate what we mean. 
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20,5,3 Case1:P(D/ 
factors into distinct 
linear factors 


Example 2 
soi JimoN 
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As it polynomial, wt- have 

D 2 - 3D 4 2 = (D - 1HD - 2). 

Computing, we find that for a twice differentiable function y = /(*), we 
have 

(D - I )((D - 2)y) = ( D - \}(Dy - 2y) 

= D(Dy - 2y) - HDy - 2y) 

= D y — D(2y) — Dy 4 2y 
= D 2 y - 2Dy — Dy 4 2y 
= D y — 3Dy 4 2y 
= (D 2 - 3D 4 2)y. || 

The result in (6) can easily be extended to more than two factors. Since 
polynomial multiplication is commutative (i,e., docs not depend on the order 
of multiplication), we see at once from (6) that 

0 1 {D)(0 2 (D)y) = 0 3 (D)(0 1 {D)y) (7) 

for polynomials 0,(0) and O s (0) f Equation (7) can also be extended to any 
number of factors in any orders* 


We first consider a differential equation of the form 

P(D)y = (1, (8) 

where P(D) is a product of distinct linear factors. In ihis case, we have 

P(D) - (D - r,)(D — r 2 ) * * ■ (D - r n ), (9) 

where r p ^ i, for i # /. Such an equation can be solved by repeated application 
of Theorem 2(12* The technique is best illustrated by an example. 

Let’s solve the homogeneous equation y H 3y J 4 2 = lh 

Our equation can be written in the form 

(D 2 - 3D 4 2ly = (D - 1)(D - 2)y = 0. (10) 

If we let u = (D - 2)y, then we must have 

(D — U« - 0. (11) 

Equation (l 1) is a linear first-order equation for and by Section 20.4 we 
have 

u = ~^\ e ' ■ Cl dx = c,e*. 
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Theorem 20*4 


1’ simple .1 


SHU (ION 


We then solve ihe equation 

*D 2>y = u = C,c\ 

anti ohiain 


V - 3< (CYc*) dx 


= -T7 {-c\e * + C ; ) 


- -C,*' + C 3 e‘V 

If we write our linear factors in the reverse order so that Rq, (10) 
becomes 


(D - 2)U> - l)y = 0 

and make (he substitution (D l)y = ls we obtain lirst the c ' part of the 
solution, namely v CV' 'ITlc- equation (D - Uv = v then yields the 
same solution y - Ciff 3 * + C,e'. 

It is clear that if D — r is a factor of P(Dh then some solutions of 

F(D)y - U are given by y = C.V, since 

(L> - r)iCe fi ) - rCe** - rCe rK - 0. 

The argument in lixample 2 can obviously be extended to give the following 
theorem. 

Let P{D) if > - r,)U> rd ■ ■ j fP rj where r t ^ r, for i # /, Then the 

general solution of the differential equation PiO )y (1 is 

y =C,e'<' + C ? c^ + ■ - + C.c'-\ 

Let s solve the differential equation 

3y J,r - 2y" - y' = CL 

We write our equation in the form 

OP 1 - 20- - Ply = D(3D + I HD - ])y - 0. 


While Theorem 2tL4 treats the ease where the coefficient of D" is 1. the 
solutions of our differential equation remain the same if we divide through 
by 3. We see that the numbers r, in Theorem 20.4 can be characterized as 
solutions of the polynomial equation 


Pin o. 


(12) 










20.5 Homogeneous. linear equations 


20.5.4 Cese 2: 
Repeated linear 
factors 


Thiiirfm 20.5 
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whether the coefficient of D" is L or not. This polynomial equation (.12) is 
the oujti^fzrv or chartu'teritiic equation of the differential equation P(Dly = 
li, Out 1 characteristic equation in this example is 

3r" - 2 r - t = K3r + I ){r - i) - 0, 

and has as solutions r, = 0, r a = —1/3. and r, — 1. Thus our genera! 
solution is 

y = C L eP* + Ctf -** + = C t 4 C\c '*» 4 C,e\ || 


We tlOw lake up the case where the polynomial P(.Ul factors into a product 
of the form 

PfDl = (D - r,r0 - riT> ■ - (D - r„)S (13) 

where. of course, n, 4 n,4 - + n,., - pi. 

The general solution of P(D)y - 0 can again be obtained by repeated 
application of Theorem 2IL2, To see what form ihe solution now lakes, we 
consider a simple case where P(D) (D - r) : . Lei u {D r)y, so that 
the equation (D r)"y - 0 becomes (D r)ii 0 r We then obtain 2 * — 
Cie™. Therefore 

(D - r)y - € t e“ 

and 

v = -^{ e “O" <** - ,r.T }c. ^ = T^tc.AT + cy 

= + C t X 

It is easy to check (hat the general solution of (D rh'v = 0 is 

y C^ + C,x 4 C*)< 

The factors in 11 3) can be written in any order. For the given order, the 
lirsfi u i iterations to solve P(D)y = f) show that 

f'VC.i"' ' + c,*- 3 + + CJ 

forms a portion of the general solution. We consider thai we have proved 
the following theorem. 

Let P(D) = (D riY*'■ w m (D r p „)' 1 - where iq + ■ ■ - 4 n ri( - n, 
general sefutiprt of P(D )y — (l is 

y = c r 'Tf>''' 1 4 Cl 1 ' 1 — 4 C 2 J + ■ ” 

1 + c„ + C„). 
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DrftferBntj&t equations 


Example J 

soumnni 


20.S.S Case3:P(m 
Contains quadratic 
factors 


Lei’s solve y* + 2y w + y' = 0* 

The characteristic equation of v r " + 2y" + y J = G is 
r' 4- 2r 3 + r - rfr 4 l) 3 - I), 
and wc see that the general solution of the equation Is 

V =c,f“ + c-lCj* + C,) - C, + c *(Ci* + CA |1 


It is a theorem of algebra that every polynomial with real coefficients can he 
factored into a product of linear and quadratic factors with rea] coefficients. 
Namely, it can he shown lhal a polynomial can he factored into a product nF 
linear factors if one allows complex coefficients. {This is the Fundamental 
Theorem of Algebra.) If D — [a + hr) is a factor, then D (a hi) can he 
shown to he a factor also, and the product D 2 - 2uU + (a 2 -4 h z ) is 
therefore a quadratic factor of P(D) with real coefficients, Wo are interested 
in discovering what such a quadratic factor contributes to the general 
solution of jPl£>)y - 0, 

Proceeding purely formally with complex numbers, we might expect (he 
general solution of 

fS'D 1 - 2uD 4 (a 7 4 h 2 )h = ID (a + bi))(D - (a bi))y = (1 U4) 


to he 


y = + C 2 e 


1.1 Si jjt 


= C t 4 CV JI c 


= f ns (C,e ,(h11 4 c ; f " fe) ), 05) 

In Exercise 35 of Section I 1.3, we asked you Ui formally verify Euler’s 
formula 


e* — cos Jt 4 r sin x. 

Using this formula and proceeding. Formally from (151, we obtain 

y e“fCi(cos hx 4 j sin bx ) 4 £\(cos, (— bx) + i sin (—foe))] 

= e a, \{C\ 4 C.) cos bx + (Qi - CjLsin hx]. (16) 

Replacing the arbitrary constant C, + C 2 by C t and replacing C,j f\i by 
C a , we obtain from (16) 


y — cos bx 4 C 7 sin &jc). (17) 

We conjecture that U7) is the general solution of (14). The preceding use of 
complex numbers can be justified, and our conjecture is indeed correct. If 
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Example 5 

MlLLJIKIK 


l.xpmplc 6 
•KOMTIHWl 


SUMMARY 


you are noi satisfied, you may compute directly ihut 

[ D J — 2a0 4 {a 2 4- fr 2 )](e‘“(C 1 cos bx + C ; , sin ft*)) — <1 

I see Exercise I K From our work with repeated linear factors, we would 
guess that a repeated quadratic factor if), - 2aD 4- fa" + ft 7 )) 2 would give 
rise to a repetition of I171 with an additional factor jc in the general solution. 
This can also he verified. 

We can now solve any homogeneous linear differential P(Dly — 0 with 
constant coefficients, provided we are able to factor the polynomial P(D) 
into quadratic and linear factors. Wc conclude with two examples. 

Let’s solve [he differential equation 

D(D - l) 2 {D 4 2D + 4)y = 0. 

The characteristic equation is Hr - l) 7 (r + 2r + 4) - 0, which has a root 
r t - 0. a double roof r 2 = 1. and complex roots - \ + iV3 that are obtained 
by solving r' 4 Jr + 4 - 0 by the quadratic formula. The general solution 
of our equation Ls therefore 

y = C| + e' (C 3 x + C,) 4 cos *J3x + t^sin v'3*). || 

Let’s solve the differential equation 1 D f ' 4 4D l f 4D 3 )y - 0 
We turn to the characteristic equation 

r° 4- 4r J 4 4r 7 = rV + 2? = (K 

Here r, = fl T r 2 = \/2i, and ^--^2/ are all double roots. The general 
solution of our differential equation is 

V = r,jf + C 2 4 (cos v2x)(r\x 4- r, t ) 4 (sin v'SxftGjjt + Q). II 


L The differentia/ equation 

y tHh 4 ft]y <n ~ u 4 b 3 y^+ - +b n ,y' + ft„y - 0 

is a linear homogeneous differential equation with constant trtefliritfrtfx ft,. 
Wc kt 

P(D) = IT 4 Jqtr 1 4 f!,D" ? + * ■ + + b„ 

he f he polynomial in the differential operator D (standing far differentia¬ 
tion). The equation then is symbolically written 

P{D) y = 0. 

2, If P(D) ~ (D r t )(D r 2 ) ■ ■ ■ (D r„), where r, ? 4 r, for i¥= j, then the 
sdluritin of the equation Is 

y = Cyfr + C 2 e'* + - ■- + cy\ 
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Differential equation? 


3 Let P{D) = (D - r % }' l< - * - (Ph r lpl where rt, 4- ■ ■ « + ii ni = n. Then 
the general solution of P[D) y - 0 is 

y = * 1 + C 2 Jt n ' 2 + ■ - 4- t'J + ■ ■* 

+ c 1 + * + * - - + CX 

4. An irreducible quadratic factor in P(D) hating as camp^JC roofs a * bi 
and a - />r giue.v rise to a .Hmimattri of the general solution of P(D)y ~ 0 
of the form 

c‘" (C, cos bx 4 C ? sin h.r). 


EXERCISES 


I. Convince yourseJl by direct compulation ihmi 

| D 2«D f (a ? + friV'lC, oos h* 4 C. sin tn)) 0 
in Exercises 2 through l ft. find the general solution of the gitxn differential eefutifiem. 


1. 

y' 4- 3y • o 

J. 

2y' + 4y = 0 

4. 

y" 1 4 v r 4 3y 

= 0 


s* 

4 V 17 + 12y* +■ Sy = 0 

6, 

y" hv‘ 4 9y = 0 

7, 

4y” + 4v" 4- y 

- 0 


8* 

y" 7 — 3y" - 0 

9. 

y" + 3y = 0 

HI. 

y* + 2y* 4 fry 

= n 


11. 

y m y = II 

U. 

DID - 3|W + i)y = 0 

13. 

D <D 4 2il.D 

+ 2)y 

= 0 

14* 

DID 3 + ir'v is 

15- 

{P 4 lf(D 3 4 D 1 2)y <1 

14. 

PHD + SmD 

4- 3D 

+ Spy U 


17, Find the particular solution y f(jt \ i>{ 

v' r 5v" i fry Osuch thal y(01 = I and > ,r (tO 
-t* 

£8* Find the particular solution v fix) of 4 y 
0 such that ylir/21 3 and v r fW21 =-2. 

19. Find the particular solution v /(.t) of 

v'" - Sy e- 0 such that yfdt 2. y'fll) = 0. and 

y"((» 4. 


20 6 THE NON HOMO¬ 
GENEOUS CASE; 
APPLICATIONS 


In the first two articles of this section, we consider the problem of finding 

i he solutions of a linear differential equation with constant coefficients of the 

form 


V 1 " 1 +■ + -• + *„_, y'+h.y = g(x) 
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20.6.1 The form 
af the solution 


20-6.2 Successive 
red nation to first- 

order equations 


for a continuous function giv). The existence theorem was slated m the 
preceding section. If g(.\) It, lhe equation is called homogeneous Writing 
ihe equation in the form 

P(D}y = *{*>. (1) 

suppose Ihul C^tx) + — + C,y„(x) is (he general solution of the 
homogeneous equation obtained from Eq. ill by replacing g(x) hy 0. 
Suppose also ihal f(x) is any particular solution of P(D)y - girl. Then 

y - C,y,(x) + * - + C ti yjx) + fU) (2) 

gives solutions of {1,3, for 

P(D)y = PtD)iCjyM + • ■ ■ + C lt yjx)\ 4 F(D)f{x) 

= <1 + r(t> - |fi). 

Also, if h(x) is any solution of 11 ). then 

F{D)(b(x) - f(x}) = P(D)h(x) - FiD)fix) g{x) g(x) - 0, 

so M.rt fix) is a solution ot (he homogeneous equal ion obtained by 
selling g(x) = I). Thus 

ill'XI =■ [A solution of Pl fJly = 0] + fix), 

so any solution h(x) k of the form 12). Thus 12) is I he general solution of (I). 

In this section 20.5, we showed how to find solutions of the homogene¬ 
ous equation, We therefore fnctis our attention on finding a particular 
solution y - fix i of fciq. ill. Two methods arc preserved im Sections 20. (i, 2 
and 20,11,3. In Section 2tUi.4 we turn to applications involving seennd-order 
linear differential equations with constant coefficients. 


Let P(D) be a polynomial in D [hat factors into (not necessarily distinct! 
linear (actors, so (hat 

PCD) = (D - r,)(D - rd - (D r„). 

Consider an equation of the form 

P(D)y = if> jqXD - rd ' - ID - fjy = g(x). {3) 

We can solve Eq. ('33 by the method illustrated in Example 2 of Section 
2(3.5. This technique consists of setting 

(D - r 7 )< - ■ tD - t n )y = il (4) 

so that Eq. (3) becomes 

(L> - F|)n = g(x). (5) 
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Differential equations 


Example 1 

soLtrnoN 


20-6-3 The method 
of undetefmined 
coefficients 

Riampte 2 


Equation (5) is tint a f in ii and can be solved using the method of Section 
20.4. We have thus reduced our problem to the solution of Eq, (4h which is 
a differential equation of order rt L Repetition of (his process n rimes 
enables us to find y, 

Actually, the procedure just outlined yields the genera! solution of Eq_ 
C3|. Since it is easy for us to write down “most” of ibis general solution, 
namely the pari in Eq. (2) involving the tubilrnry constants, it is mure 
efficient when using this technique to take all arbitrary constants 0 and 
obtain just a particular solution of Lq* (3). 

Let's solve the differentia] equation 

y" — 3y' + 2y = jc + 3, 

Our equation can be wrilten in the form 

{D 1){D -2)y - Jt + 1. 

We let [D 2)y it, and lind a particular solution of (D - Uu x 4 l. 
Integrating by parts or using tables, we obtain as particular solution, la king 
zero for all constants oF integration, 

u = — \e + 1M* = — 1 - 2c L ) 
e'* } e 

= -x - 2. 

Solving (L> — 2)y = u —— .t 2 by the same method, we obtain as a par¬ 

ticular solution of our original equation 

y - + 3 g* - §«- + j*-“) 


Our general solution is therefore 

y - Ctf* + €^e lx + ~x +|. 9 


Sometimes a particular solution of Pff>iy = g{jc) can be determined by 
inspection. Equations for which this is true include those where gU ! is a 
polynomial function. 

Obviously a particular solution of y" + 4y' + 4y = 12 is y 3; just check 
that v - 3 satisfies the equation. Since the characteristic equation is r + 
4r + 4 - (r -I- 2\ l = 0, we sec (hat the general solution is 

y - c^fC.jc + C ? ) + 3. |l 
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Example 3 

SOLUTION 


bxumple 4 

SOLUTION 


Lei ua find by inspection a particular solution of ihe equation y" 3y r + 
2y = x + 1, which we solved in Example 1* 

We try to tind y = such that we obtain x + \ upon computing 

T" “ 3y J + 2y. Clearly y - s/2 will give the desired amount of jr; namely 
for y - s/2, we have 

y" - 3y' + ly - D*g) - 3«g) * ag) = 0- g) + X 

To gel the desired constant 1 ralhcr than 3/2, we need to udd to our s/2 a 
constant which when doubled yields I - (3/2) = 5/2, since our equation 

contains 2y. Thus the needed constant is 5/4, and a particular solution is 

v - (jc/ 2) + (5/4), as obtained in Example L || 

A more systematic attack suggested by Example 3 leads to the method 
of undetermined coefficients 

Let’s solve the differential equation 

y* + 2y' - 3y = 2x - 17, 

From Example _1, we would guess that y = ax + ft should be a solution for 
some a and ft. For y ■ ar I ft. we have 

y = ax I ft, y r = a t y" = 0, 

Multiplying the first equation by -3, the second by 2, ihe Iasi hy 1, and 
adding, we see from our original differential equation that we must have 

2x — 17- — 3ax — 3ft 4- 2fl. 

Equating ihe coefficients of x and the constant terms, we obtain 
-3a = 2 and 2a -3ft — 17. 

Thus a = —2/3 and ft - 47/^, A particular solution is therefore 

2 47 

y = ~3* + _ 9 ' 

The general solution is ihcn easily found to be 

v = + O' -?*+ T. g 

The method t>f undetermined coefficients illustrated in Example 4 works 
well when ihe function g(x) on the righthand side of Eq. (1) and derivatives 
of all orders of g(x) involve sums of only a finite number of different 
functions, except for constant factors, For example, a polynomial of decree 
n and its derivatives of all orders involve only sums of constant multiply of 
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ftsswipta 5 


SOLO IIOK 


the finite number of functions 1, x. x x". Also, derivatives of sin ax or 
cos til are just constant multiples of ihcse same trigonometric fund ions. 
Derivatives of the exponential function *■'“ involve only constant multiples 
of e* x . If g(xi contains only sums and products of these Functions, then the 
method of undetermined coefficients is often useful, If g(x) is a function of 
this type, arid if none of the summands in g(x) or uny of their derivatives is a 
solution of the homogeneous equation where gfjti U T then one lakes as a 
trial particular solution a sum of all the summands in g(.x) and derivatives of 
all orders of these sum m a mis, with coefficients a, h. c T etc.., to be deter- 
mined. f.f lomr vwimmrraJ of g(jc') ora derivative of any order of a summand is 
a sohuiort of the homogeneous equation Ctimssponditi% (<* an s-folcl root of the 
ehumcteristic equation. then one sbdafd stun with a trial putiiadar solution it t 
which tiuti summand of g(,Jt \ is multiplied by x before taking tfemxi trues of if. 
This seemingly complicated procedure is quite simple (although frequently 
tedious) in practice, and is best understood by fun her examples. 

1 jet's solve ihc differential equation 

y" = 3y r + 2y = 2 cos 4 a, 

Now cos Ax is not part of the solution of the homogeneous equation 
y" - 3y‘ \ 2y ()„ so we try as particular solution 

y = a cos 4x + b sin 4x, 

which is a sunn with cue I lie tents o and 6 of cos 4x and all different types of 
derivatives of cos 4*. We then obtain 

y — a cos 4x + b si n 4x, 

y f - 4b cos 4 a: - 4a rin 4 a t 

y Jr |ha cos, 4A 16b sin 4 a. 

Multiplying the first equation by 2, the second by 3, the last bv 1. and 

adding, wc see from our original differential equation that we must have 

2 cos 4 a ■ (2u 12b 16a) cos 4x + (2b + I2ti - 16b) sin 4x 

= (-14a - 12b) eos 4x + (12a — ]4 /k i sin 4x. 

We therefore must have 

- I4ti - 12b - 2, 

12a - 14b - d, 

which yields upon solution a — 7/85 and b = 6/85, Our general solution is 

therefore 

7 A 

y = C,e* + C ? £ 21 - — cos 4 a - sin 4 a. [| 










2Q.fi Tha nDnhom^6nouu5 case AppliutkiiVS 7^9 

hAjtmple 6 

Lei’s solve i lie differential equation 

y ff - 2y r + y - e\ 

SOLUTION 

In this ease, e* is part uS the solution of the homogeneous equation 
corresponding, to | he double tool r I of the characteristic equation 
r - 2r + 1 Mr H J = CP. We therefore multiply by JT. and start with 
x t ,:i and functions obtained by differentiating it; thru is. we lirsl take as a 
trial particular solution 

y - mrV + fixe* + re \ 

Bui since e' and te 1 are solutions of the homogeneous equation, ihu hxt-' 
and re' portions will Oort tribute 0 when wc compute y" - 2y' 4 v. We thus 
simply take y - tu'e' as trial solution. and we find chat 

y = **V, 

y' = aiV 4 

y" = ax 2 e* 4 4rtjce 1 4 

Multiplying the lirst equation by 1. the second by -2, the last by I, and 
adding, wc obtain from out Original differential equation 

r 1 = (lf.vV) 4 U{xe*) 4 2 ae* - 2ae\ 

so we must hive 2p = 1 or a 1/2. Our general solution is therefore 

y = c‘(C t x 4 C ,) + fc*V + || 

20.6.4 Applications 

l.ei us consider motion of a body of mass f?t along a straight tine, which we 
consider to be an s-axis. Ry Newton's second law of motion, wc have 

J-e 

Fit) = m-i, 
dt 

w here Hf) is the force at Ejmc t acting on the body and directed along the 
line. Frequently, one denotes a derivative with respect to lime / by si dot 
over a variable, rather than by a prime, T’hus we tel s - tb/di, s tl'xfdt' . 
etc. 

There are many physical situations in which the force on the body has a 
certain bask component gtri at time ; kigeiher with components due to the 
velocity and position of ihe body, If these additional components due io 
velocity and position are constant multiples of the velocity and position, 
then by Newton’s law, we have 


3 = M 4 fcjS 4 — gBI (6) 
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Kvuniplv 7 


fvuutlpk H 


Knamplf' t> 


for constants fc, and fc,, The differential equation (6) is linear with constant 
coefficients and might he solved by the methods we have presented. We 
illustrate several particular eases. 

< Fret' Fall in a Vacuum) We consider a body falling freely near the surface 
of a planet without atmosphere and with gravitational acceleration g, which 
is essentially constanl near the surface. The motion of the body is then 
governed by the differential equation 

y = -g, (7) 

where .s is measured upwards from the surface of the planet, the general 
solution of Eq. 17) is easily found to he 

s = C,t fC r j gr, 

and the constants C, and C\ can be determined if the position s and velocity 
s of the body are known at a particular lime t u , I 1 

(Free Full in a Medium) Let a body be falling freely through a medium 
(atmosphere) near the surface of a planet with gravitational acceleration % 
near its surface. Suppose that, due to the medium, the motion of the body is 
retarded by a force proportional to its velocity, The motion of the body is 
then governed by the differential equation 

$ — —ks — g, (8) 

where k > 0. The characteristic- equation of (K) is r + kr U+ and a 
particular solution is easily found to he s- (g/Hi. The general solution is 
therefore 

+ <•» 

Again. C, and C\ can be determined by the position s and velocity x at a 
particular Lime r h . 

Differentiating (9V. we obtain for ihe velocity 

s = -kC^- k ' ~ 7. 

fc 

As t becomes large, the term -jtC.,c kr becomes very small; Ihc terminal 
velocity of the body is thus -g/k. Note that the body approaches this 
terminal velocity exponentially (quite rapidly). i| 

4 (/inhimped tahrafing spring i Consider a body of mass in banging on a 
spring, shown in natural position of rest at x - U on the vertical s'-uxis in 
Fig. 20,5, ff the spring is stretched lor compressed) from this natural 
position, then the spring everts a restoring force proportional to the dis- 














721 


2Q.E The nonhonia^ttrieous case: Applications 



20.5 


placement of the body, assuming that ihe elastic limit of the spring is not 
exceeded. If the body is set in vertical motion and this restoring force is the 
only force on the system, then the motion of the body ntust satisfy the 
differential equation 

uil=“fcs (10) 

for a spring constant ft > th The characteristic equation for (10) is 
no I k - 0, and we see thui the general solution is 



whore C, and C v cat! be determined by the position and velocity of the body 
at a particular time | (f . 


If wc scl A VCl" 4 C. 1 , then (II) can bo written 



Since (CjAv' + (Cj/AV J - t T there exists ft where 0 ^ ft < 2ir and where 
sin d = C,/A and cos ft — C\JA. Thus 


s 


- A ( 


sin ft cos 



cos ft sin 



= A sin 



( 12 ) 


Equation (121 shows that our vibratory motion is sinusoidal, with amplitude 
A and phase angle ft. Such sinusoidal undamped vibratory motion is 
frequently referred to as "simple harmonic motion." ]" 


Example 141 


(Dumped vibrating spring) Suppose the spring in Fig. 20.5 has a damping 
mechanism attached that exerts a force against the direction ot motion and 
proportional to the velocity of the body. The differential equation then 


becomes 


ml = ks - cs 


(13) 


for k > 0 and t > 0, The character of (he general solution of this equation 
ms * cs + ks = 0 depends upon (he relative sizes of m. c, and ft, and upon 
the initial conditions. In the exercises, we ask you to describe ihe nature of 
particular motions in Ihe oemJamped case where o’ > 4ftm, Ihe critically 
damped case where c~ = 4Jem, and the underdamped case where c 2 < 4km 
(see Exercises 17, 18, and lVj, || 
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Differential equal tons 


SUMMARY \ r The centra/ solution of ti Umar equation Hii/t consent coefficients 

P{D)y = g(x) 

is of the. form 

y - [General solution of P(D)y = 0] + fix), 
where fix) is any particular xtdution of P( O) y = k£ a ). 

2. If P{D) ~ iD - r,HO “ J'z)-' (D - rj, then P(D)y = *(x) can he 

solved by setting a = (D - r 2 ) ■ * * {D - rjy, so P{D jy = fi{x) becomes 

{& nUt ~ gU). StWut for o, anti apply the same Iccftmqiue a%aiti to 

(L> - r±) - ■ * (D - rjy u, eft , to find the fteifeml solution. 

3. The method of midefermfned rotfflirienfs to find ra pArricufttr solution fix) 
of P{D)y = %{x) is too complicated to describe in a summary . Sec Section 
253,6.3 and ihe examp kx 


EXERCISES ____ 

j rt Hiertises L tirroupfi 4, find ihe general vtt^fnuH of the differential eq-uafeon fry findm^ a particular whitian by the 


method of successive reduction rrt firvr order equmiowr, OS 
i* y" - 2y’ - 3y T Ax 
3. y* + 2y r + y = r ' 

fn Exercises 5 ihnutgA 14. find iJftt general solution of 
coefficients. 

5. y" - 3y J + 2y x - 3 
?. y" + 4y ■ sin x 
*l. y*' 4 3y" = x + r lB 
IS, y* 4 4y' 4 4y = e ?m cow x 
13. {D* - 2D ’)y = *' + 3x 2 

15. A body of mass 2 slugs is dropped from inn 
aliilude of 300(1 ft above flu? Atlantic Ocean, 
Suppose i he motion of the body ifi retarded Ivy a 
force due to air resistance anti of magnitude 
ty'2 1b& where v iff the velocity m the body meas¬ 
ured in ftfsec. Hud the height s of the body above 
the ocean ^ » function of lime t, and find the 
termini! velocity of (he body. (Tike k = 
32 ft/s*e J .> 

lb. A body or mass One slog (weighing 32 lbs') is. 
attached to a vertical spring, and stretches the 
spring two feet "I'he body is then rawed one Fool 
and released. 


irr Example I 

2* y r — y = coE. x 

^ yt* y" = J.1 

the differential equation by the method of undetermined 

6* y H -4 4y‘ = JC r 

ft. y* - Jv f Sy = x- + 2e ' 

Ut. y w - y" = x' \ e\ 

12. y g - 4y - x sin '2jt 

14. (D- L) J y - 4 .V 1 

Lit Find the displacement s, ot the body from its 
natural position at res I al the end of the spring 
as a function of the time after it was released 
(For esample. .s I when i = 0.] 

IP What is the amplitude of this oscillatory mu¬ 
tton? 

c) What is the period of this oscillatory motion? 
(The pcrkxi i* the lime required for one corn 
pleie oscillation.) 

17. lAir a damped vibrating spring with spring eon- 
si am k and with a weight of mass m attached, 
suppose die weight is raised ;i height h Irmn its 
position at rest and then rcidlscd. Show that if 
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r > 41cm. lln; weight case* back Ili its original 
position of rest witlioui crossing this positkm 
IS, With reference lu Exercise 17. xupptwc now ihilt 
f : ~ 4ftnt ami lhs.n (tic weighl is civet! an initial 
velocity Vi i ■= — ctijlm inward ihe position of 
rest. Show that the weight ciosseu im oncmnl 
position of rest, nnd then cases hack to ihi.s 
position 

19. With reference in Ficrrk l -.how now that if 
c -ItA:riL, then lilt motion of the weiuhl iibrml its 

position of resi oscillatory, hut Iilis amplitude 
decreasing exponentially to 0 hh lime increases 
2fl. It cun be shown that if art electric circuit has ,n 
(constant) resistance R. a (constant) inductance L, 
[constam) capacitance t , and variable impressed 
eleetmmoiive force f -(m, then the charge Otri 
nin the capadloi at time i ex governed hy the ilif- 
fereruial equal km 

f-O + RO + *_ Q - £(0. 

Suppose the eledrnrunlive Force F(t) is ilhniplly 
cut off, wj that Em n for / > e,U se Exercises 
17, i8„ and 1^ m dfecuss the possibilities for the 
behavior of the charge O after time r, 


21, Some possibilities for the behavior n| the solu¬ 
tions of a differential equation as + hi - c* = (I 
where )?. c > 0 are indicated rn Exercises 17> 
1 K. ami Ld This exercise exhibits ;i phenomenon 
that may appear in Ihe solutions of the differen¬ 
tial equation u\ + hs ■+■ i s, = siri kt A physical 
model for such an equation is given In the elec¬ 
tric circuit described in Exercise 20 where I he 
impressed electromotive force E(r) is siiiusoidiiL 
Suppose the “damping fnctof" b in our cqu 
at ion is N, Show iheil if ft it the motion de¬ 
scribed by the res Lilting (homogeneous) equation 
is oscillatory with period 2 ttv’ u/s/i". Then slum 
that if ihi' impressed sinusoidal force sin kt has 
the same period so thru ft - Vr/fi ihi- amplitude 
of the mot ion increases without bound as time 
increases, iff ihe damping fucior b is nonzero but 
quite sm all , the am plitude can still get quite large 
if ft = s/4ue This phenomenon is, known 

as ki i¥soruirt<:c" and can he very destructive. A 
group of men marching in step should lie in¬ 
structed io break step when crossing a briLlgc, on 
ihe ontdik chance (ll.u the frequency ol [heir 
slep might be ihe xiinit ;ix ihe natural frequency 
of vibration of the bridge.) 


20.7 SERIES 
SOLUTIONS: THE 
LINEAR HOMO¬ 
GENEOUS CASE 

20-7,1 Thu nature 
Of a series so lotion 


Consider the differential equation 

y J * S(4f)f (1) 

If the function g m liq. 11) is analytic at .r M and if we can find a power 
series in ,v - x v that represents ^ in a neighborhcod of them we can find 
the general solution of Fq. (I) near t„ hy integrating the series term by 
term, Since some elementary functions g do not have elementary functions 
as antiderivatives, scries solutions of F,q. 11 j can. be very useful. You should 
think of a scries solution in powers of x x„ us describing (he behavior of v 
for x near x ti . 


Example L 


We have staled that I he function e"' does noi have an elementary function 
as antiderivative. Let's lind a series solution of the differential equation 


son mm If we replace r hy x : in ihe welbknrwn series for e\ our differential 
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differential equations 


equation becomes 



The series converts to e'' for all x. Integrating, we obtain us general solution. 


for all x, Ry adjusting the arbitrary constant C we can find a particular 
solution having any desired value at the origin. For example, C - (I gives a 
solution / 3 where fi(D) — 0, while (. - *5 gives a solution where /\(U) - 


Example 2 From Example 1. we see that, starting with the equation y" = e x \ we 


obtain, by integrating once. 



for all x. Another integration yields (he general solution 





^ (2n + 2}(2n + Hut 


for all jc. U y - f(*l I hen C, = f(0) and C 2 - /(0); both the value of a 
particular solution jit 0 and the value of its derivative at l» are contra lleil by 
the two arbitrary constants C, ami C,. II 

We should mention that not every differential equation lias a power- 
series solution in x x £k for general solution, even if the equation has a 
general solution in a neighborhood of x„, For example, the differential 
equation y r = gU), where 



has a general solution, namely 



'u 


which is valid for all x. (The function g is continuous at 0.) However, the 
function g is not analytic at 0, so of course no antiderivative could be 
analytic at 0 either. Hence there is no power-senes solution at x„ - 0 for 
the equation y' = g{x), 


20.7.2 Homogeneous The equation 


linear equations 


y im 1 + p,(j£)y tw 13 + ' * ■ + p n -i(*)y r + p„U)y = 0. 
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ZO.7.3 Solving Eq. [ 3 ] 
by differentiating 


where p t . ,p n are known functions, is a homogeneous linear differential 

equation of order pj with coefficients p,(jc) + .. «, p„£x) r We state without 
proof the main theorem concerning the existence of analytic solutions 
y - fix) of Eq, ('3j in a neighborhood of a paint x,„. (See also Theorem 2(1.3 
in Section 2th 5 J Since Eq, US is of ■order n, we would expect the general 
solution to have n arbitrary constants, which could be adjusted to control 
the values 

fly. rm r-'W- 

It is a convenient nolational device to let 

ytai) = fUi), y J U») = f(y. + “ *■ t y tn "U, f ) = 

Let the coefficients p|(jc) t .*. „ p„U) of Eq. (3) be analytic at js„ with power- 
sera^ expansion* iri x - x u which represent than in a neighhorhootf x M - r < 
x < j£ tk + r. Then eeery solution of Eq. (3) fa this neighborhood jjt amdyiir at 

Jt ( >, amt for any constants . ti ri ,, there exest unique constants a r| , 

such that the series V'£ t1 <^(js — Jc it l 1 ' represents f< miufidn of Eq. (3) 
in this rretghfNjHitwd, Furthermore, if we regard a<„,.. * a„ t as arbitrary 

constants, f here exist n functions y^x).y„( x ) jiicfi that the general 

solution of Eq. (31 in this neighborhood is 

+-* ■ + n^y^C*}. (4) 

In the following article, we present a technique for finding series 
solutions of Eq. (3). Another technique and a discussion of the 
non homogeneous case {where the right hand side of Eq, (3) is nonzero! 
appear in Section 20. B. 


Let y = fix) give a solution of Eq. (31 in x,, - r < x < x,, + r such that 

yW = do. y'Un) - U| T ... T y HM-ll fX|,) = u* 

for constants fl,« r , By Theorem 20.6. if the coefficients p t U) set- 1 
analytic in X,, t < X < x Lh + r, then there exist const tints u ni , ci M such 
that 

y - T fkU - *») 4 

it 

for - r < x < x M + r. By our uniqueness theorem for series expansions, 
the coefficient tin in the series must be the klh Taylor coefficient, so 


a* 



(51 


for k ~ 0, t,.. We are assuming that the coefficients p^x ),...., p h (x) in Eq. 
(3) are known functions that are analytic at x„, and that « L> , t are 

known constants. Our job is to find 


On - y lrt '(x L i)/Nh 0 , 4.1 = + 1)1, 
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SOLUTION 


Obviously il suffices in find the derivatives y'for t ■' n. From (31, we 
obtain 

- - ■ * - p„(x)y r (6) 

and we can use (fi) to compute y lrtl f* (l >, since we know the values at x,_. of all 
the functions that appear on the righthand side of {6} We then different tale 
(6) in obtain 

y mM ' --[p,(jc)y^‘ 4 PiU')y <3 ' '1 — • — bbU)y' + pWyt 

Since we have computed y lH, (x„L we now know the values at x n of all the 
functions that appear nn the righthand side- of £7), so we can compute 
By differentiating (7), we can compute y <fl+J1 U,,), etc,, and find 
our series solution. 

If ah the p,(*) arc constant functions so that pfU) = <1 for I = 
then the differentiation as in (71 is quite easy. We know that if Lq. (3) has 
constant coefficients, the general solution can he expressed in terms uf 
elementary functions, and we know how to compute these functions quite 
easily Thus the series technique iis important chiefly in ease the p,{x) are not 
all constant functions. However, constant-coefficient cases give nice, easy 
illustrations of ihe differentiation technique and of Theorem 2tlfu 

We showed in Section 20.4 that the general solution of the differential 
equation 

y* = fcy m 

is y - Ac 1 ', where A is an arbitrary conslant that controls ydff. Let’s derive 
this general solution by scries methods. Noli; thai Fiq. <K) is of the form (31 
where rr = 1 and p t (jr) = k. 

We try to find a series y = XT at x it 0 that is a solution of (8) such 

that y(01 q l( H We give Ihe equations obtained from (8) and repeated 
differentiation of (8) in a column at the left: the values ydi). y'(0), v"(0), 
etc,, are given in a column at the right. 




y(n> = 


y' = 

fey 

y‘m - 

kiln. 

Y w = 

fev J 

y n m = 

JUfcflJ - 

v - = 

fcy* 

jT(0) = 

k(fc z fln) - ft l a<) 

v lnl = 

j^ v in n 

y' n '(Q) = 

fc ™«|> 
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EjampJc 4 

stu.moM 


From i.M. we have tJ„ - y , " , (t))/n!. so we obtain for our solution 

1 , 3 , 


, k'tif, , fc-'a,, * 

y = a t 1 + fatqjf + JC + X -h 


, fc n «,. , L , 

+ -~x + 
n \ 


■ 04, ( 


4 , f kxV (fcrF 

1 + kx + —~ + —- + 


{kxY 


2! 


31 


n! 


= a,-,e 


Thus we have, a? general solution, y - cl,,*/ 1 for ail .r, where a,, may be any 
constant Note that we have given the genera 1 ! solution in the form described 
in the last sentence of Theorem 20,6, where — e k \ || 

Let’s find the general solution oF the- equation v J ' +■ y = 0 in scries form at 
JCo = 0, 

For this second-degree equation, we let a,, - y{U) and a, - y'ftl) be “arbit¬ 
rary/ and compute further derivatives of y at 0 using two columns as in the 
preceding esample. 



y(0} - Cin 

y'(0) = a, 

y"- -y 

y*(0) =-<!„ 

li 

i 

y m fO) --a t 

y iv = — y ri 

y K fl» = a„ 

y* = -y* 

y v (0) = fl| 

>* =-yi* 

y^(O) 

y^H — —y v 

y vtl ((J> = -a, 

+ 

The general solution is therefore 

■h 

Oo <i , , tl n 

y = a „ + 0 ,x --x + ^x 

/. x ! x 4 X* \ 

= M‘ “2i + 4l"6i ■ ) + u ' 

* + ?! ,*_?!“ x *-^- x> + -■• 

5!* ft! X 7!* * 

/ Jt’ x* x 7 \ 

V 31 + 5! 7! 

— a t , cos x + a, sin x. 


for all x. Note that we have expressed 
a t y 2 U) described in Theorem 20,6, 

our solution in the form et„y,{;c) + 
where v, i. .c) = cos x and y 2 (j) = 


sin jt f 
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•501.1 THIN 


We give an example that illustrates the differentiation method when the 
function?; p,(x) are not all constant. 

Let s find the general solution at \ {t = ft of the differential equation 

y w - *y = 0 

We lei y(S3) - <* <t and y'{0) — a t , and compute in two columns as before. 


v" = xy 
y m = xy J + y 

y lv — jy" t y f + \ ,r - xy" + 2y' 
y v - jty" + 3y" 
y" = xy iv + 4y‘" 

y v« = ^ + 5y <v 


y(0) = flu 

y'(0) = a, 

y"fO) - t) ■ a,, = (3 

r<0) - 

y lY (0) = 2 a i 

y v {0) ~ 0 

y"(U> - 4a„ 

y^ltl) = 5(2aj = 10a, 


y ,n1 = jcy ,nl * + (n - 2)y<" M 

Here we find that 

f(4X7)(lO)-’(n 3K 

y ln -(d) - J<2)(5)(S)■ * (n 2)a, 

lo 

The general solution is therefore 


if ft - 3m, 
if rt 3m + 1, 

if n 3m + 2. 


2« 


4a„ 


y = On + ti { x + O.v■'4 - 7 Jt' 4- — 1 .t' 1 + Ox 5 + -~.c ri + 


31 


4! 


6 


2 ■ 5a, 
7! 


x 7 + 


/ x 3 4x* 4 7x J| 

— a, 111 4-+-1-+*..■* + 

\ V ft' Q< 


r A 

3! 6! 9! 

lx* 2 ^x 7 2 ■ 5 ■ W.T 14 * 


(4)(7K10) ■ “(3n 23 


(3«)! 


—x 


{ lx A 2-5x' 

= a 'i x ' t 7r + ~n~ + 


1131 


(2K5K8>--(3n- 1) t .,, .. \ 

C 3 n 4-1)1 / 

for all x. Here we have again expressed the solution in the form n^y^Jt) t 
« iv4.0 described in Theorem 20.6. |! 
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SUMMARY | „ A StfriVs idtaOun of 

4- p.fctjy 1 -” + ■ • ■ + p..,(j()y' + f ,„U)y - (t 

in a tiei%hbor1wvd of *„ li tif the form 

#=' 

Z OfcU - x 0 )\ 

fcr- (» 

a lf --a fl -i nwy 6f arbitrary constants* and 

* i= k\ ■ 

Find rt r , hy soiiuntf the eqMafioit for y in '\ 

y“"--p.U)y ! " ,s - p n - i(ar>y' p„U)y* 

and evaluate at x u . and then divide hy rH. FJitri differentiate this equation 
for y" 1 ’ to obtain an expression for y ln J " and evaluate it at x„ and divide 
h\' (n i IV to find u„. Continue ffu's differentia dan und evaluation an far 
oh desired to obtain successive terms of the series solution. 


EXERCISES 


Ii Let y /(.t) be ih-c solulion of the differentia] 
equation y n x'y' + 2y = 0 such that y(0) = I 
and yMlH-2. Find y"m 

Z* Iy fix) l>e lhe s<>lution of (he diffefenli&l 
equation + {sin v'py' - 3(et'w .tPy = o &ueh that 
yOO I, y'(tti = 2. and y JI (()} U Find y w {m. 

In Exc.reixex 1 r/j Lj . Hud. hy the tnethid of repeated differentiation . ax many derim as yon comienieftriy eon n[ 
the general xotnlion of the differential equation in a neighborhood of rhf indicated poim x„. Etjwess yiwir answer in 
the. form a u yjfjc) v ■> ■ r r n n , y,, Ix> dexcrdretl in Theorem 2(1.6. tJrid irjtpnrsw the functions y, (.x S in femtj of 
elementary funeffamx whatever vow can. 

J. v' + xy r Os Jtii (3 

S. y* - 3y' + 2y = {), E 
7, y" + jry' y U; jc,i = 0 
H. v* l (sin .Oy' + icon x)y = 0; x„ - lj 
9. (x + Uy' “ y O. = IP 


4. y" - y’ = 0; x tl - I 
6. f - xy* = G; x tl = 0 
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20 8 SERIES 
SOLUTION'S: THE 
NONKOMOGEISIEOUS 
CASE 

20.6.1 The method of 
undetermined 
coefficients 

I'Amilpk- t 


solution 


Differential atjuiiii&ns 


We consider again Lhe homogeneous linear differential equation 

y'"' + fttiV-*' + ■ ■ ■ + p^My' + = 0i <i) 

with coefficients thai are analytic in x u — r < x < x„ + r. The method of 
undetermined coefficients For solving Rq. M} consists of substituting y 
ZT nfljx - in the left hand side and determining lhe constants 
n„ h i,... in terms of a (l , .. ..a„ ,, so that the resulting expression is indeed 0. 
The technique is best illustrated by an example. We lake x„ — 0. The same 
procedure can he used at any point x u to obtain a series in ix = x — x (> . 

Lei's find the general power-series solution at x u ™ 0 of the equation 

y" ~ 2xy f + y = 0, (2) 


We let 


y = Z = ix« + a r x + a 2 x ' + ■ * ■ + n,y + ■ - ■ 

niil 

We wish to compute v" 2xy r I y. Tit compute - 2jcy\ we differentiate to 
find 

y J - a, + 2« ? x + ’ + ’ * ■ + rad l1 Jt n 1 + ■ - ■ 

and multiply by lx, We then easily compute ihe sum y" f f~2jcy) < y by 
writing out the summands, keeping like powers of x aligned as when adding 
polynomials; 

y — o 0 +fl|X + --- + ii„ Jr* 1 -I-♦ • * 

“2xy f = -2fl|i- aj ‘ - 2nd n x M T - * 1 

V ir - 2a 2 + 3 ■ 2<i,* + ■ ■ ■ +(fl + 2)(n + l>a„ tJ x M T * ■ - 
(add i 


fl (a c ii + 2ai) + (6a-, - u,}x + ■ ■ • 

+ [fn + 2)(n + lku +3 - (2n - Ha., jx" -»-■-■ 


The uniqueness of power scries shows that, in order for the series we 
obtained by adding to represent (he constant function f). we must have 

n„ + 2fli = 0, 6a., a | = 0, ***„ 

(it + 2>(n + D^+g - (2n - 1}^ = 0 T 
or 


a 7 = 




^rtl-2 


2n - 1 

In 4- 2)(n + 1) t4> " 


* *■ t 
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208 Series solutions Monhomogunraus ea;« 


The relation 


a nf2 — 


2n I 


t fi + 2)(n + l) 


O) 


is a recursion relation, and can be used to compute all the coefficients in 
terms of and a iv Wc obtain as general solution 

y = «„ + «# -f *> + fe*’ + fe{-f y + fefey + ■ ■ ■ 


, , «,i 2 . «i i 3u„ j 5a, v 

= flu + - —A" + -x — x +— *' 

7 0«„ r , 9’5a, , 

- — 77 -“ Jt 4--I ■— * * ■ 

6 ! 7! 


M' 2! * 4! * 6 ! 


3 6 11-7-3 H 

X* —- X# - 

8T 


•) 


/ 1 , 5 , 9‘5 , 13-9-5 „ \ 

+ “ , r + 3! 1 + 5!* + —gj— 1 + '") 

lor all ?(, Again. we have expressed our solution in the form a ri y,U) + 
MiV^U) given in Theorem (Seelion 20.7). 1 


20.8.2 Th« non- 
homogeneous case 


The equation 




' *- ik r U)y r + PnU)y = gW 


(43 


(or a nonzero function £ is ei nonhoinngeneons linear differential equation of 
order tt with coefficients p^x ),.♦., Equation (4) differs from the 

homogeneous Fiq, U) only in that the right hand side of Hq, (41 i 1 - lint [|. As 

in Theorem 20.6 (Section 20.7). it is true that if p,(jt). p„(n) and tf(je) 

are all analytic at jc„ with power-series expansit >ns in \ - x n representing 
them in some neighborhood of a,„ than every solution of Eq. (4| in that 
neighborhood is analytic at v, M and for any constants there 

exist unique constants u n . a „. u .., such that the series y - V* ,, a fc (x 
represents a solution oF Eq. (4) in that neighborhood. As in Section 20,h T it 
is easy to see that the solution of (4) is of the form 

y - | Solution of homogeneous equation where g(tj - 0J + f(jt). 

where fix) k any particular Solution of (4). 

Both the technique of differentiation described in Section 20.7 and the 
technique of undetermined coefficients can be used to find series solutions of 
tlq. (4). Wc give an illustration using the method of undetermined coeffi¬ 
cients. 
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Differential equations 


Example 2 


Sni.UTlON 


Let us find tlie general series solution at x M = 0 of 

y" - 2xy* + y = x t (5) 

which is simitar to Eq, (2) of Example I, but with x in place of (i on the 
righthand side, 

We let y = V' nd^Jr" as in Example 1, and we have exactly the same 
computations, except that this time when we add la compute y' 1 2xy' i y. 
we must have 

x = (Og + 2 u ? ) + f6u^ u | )jc + ■ 1 » 

+ [in + 2)(n + !)«,. t7 — (2ft - IK, U dl + - - ■ 

This lime, we obtain 

0 = a,, + 2a>, 1 ™ - a,, 

0 = {n +2){n + l)a n , 2 -{2n - IK. 

SO a 2 = -a ,,/2 and flj - (a, h l)/6 + while for F] > 1 P we have again the 
recursion relation 

2n — l 

a "" 2 = (is + 2)(fl + 1)°"* 


Our general solution is therefore 


y = fi (J + a t x - —x- + 


An i . 

= d„ -l- u,x - —x~ + 


£Z | + 1 

A , 3 

( a A 

3-2 

1 + 4 ■ 

A 2) 

a, + 1 

a 3a, i 

t 4 1 5 

3! 

* ' 4! 

X+ — 


5! 


x■ - 


L 1 . 3 .1 7 * 3 ^ 11-7-3 a \ 

" fln ( ~ 21 * 4[* 6! * 8! * '") 

/ I S - 9 5 7 13 9-5 q \ 


+ 


Gi 


i 5 , 9 5 T t 13-9-5 w J 

X + — X 4 —- x H-:- X + 


7! 


9! 


1 


for all x, Note that this is the solution found in Example 1 to the homogene¬ 
ous equation y w — 2xy' + y - H plus the particular solution 


1 , 5 , 9-5 , 13-9*5 

y 3»* + 5! X + 7! * + 9! * 
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SUMMARY I A scries soiuiitm tn a nei^hbttrhood of 0 [or a linear differential rtf tuition 
ffiiiy be able to be found fry .s'wfr.stjtitfiftg 

y = L 


in the equation, und equating cdtrfliciurnt^ of like powers af x on the two 
sides of the equation, drocfltcjenfj and [auctions in bir equation must 
first be expressed in power series at x - 0.) Hopefully, one may obtain a 
ttecwsiVw relation to determine a„ ffj terms of earlier coefficients in the 
senes, 

2. ft may be possible to obtain a series solution using (he dtffetvrififlliart 
teihriufue described in the fast ftecfiflri for this mmhomo$eneous case also. 


EXERCISES 


Jn Exercise* l dirtuigh 4 r find. frv the merkcid of {imit'tcrmmed im’fjkrerrts. as many term* a.? you comifniefifiy i an of 
the gfFicra/ series Miiutiwi of the differential equation in « nergfcfrorfjtKKf af fJi.■ indicated ptnru Express ymir 
answer in the form u,, v n ( jI + 1 * ‘ + a,, j y.J *) dr scribed in Theorem 2Q;fj. 


2. y 1 * - *y = 0: x„ = <k 
4. y J +3(* - l)y'-2y - <>■ t, 


1, V " + X y r +• 2y 0; ,t„ ■ H 

2, f + - xy = it: *, = (f 


fri Fir/'^-JNrt ? through 12. use any melfaid you please to find us. many terms as yau caftaifjlifflfJy can of fiur Kt-iit-raJ 
imVs lafurfn^i nf the differential l-cjj-cujfi a nW^bariuKFd if/ x„ 


5. v" = sin x ? \ a,, (F 

7. y ff = JE" [&n ' t; Jin - 1) 

9, jfy 1 * - y* 0; x u l 
11. v* 1 + y = sin t ; = 0 


A. y* = x pos jc"; Xc, = 0 
H. (x’ + ] ly* ■+ lxy' y (I; jt„ 0 

1H. y* - y = X J : x n = £> 

12. y w -xy' +2y k 3 4 + 2; x„ EF 


exercise sets for chapter 20 


review exercise set 20.1 


1. Skeleli flic Jircdiint field of the differential equa¬ 
tion 


5. Find the general snlulinn til fx‘ + y^dx + 
2xydy = 0. 


y' y ~ x, 


ft. Find the genera] solution of Ex +■ y' F yjdy 
y dx 11. 


Hnd sketch n few solution curves. 



7. Find Lhe general solid inn of y' +■ Kin jcfv = sin x. 


g. Find the i^eiierul solution of y“ 6y" i 9y r EF. 


3. Find the particuiat solution of dyfdx = v tan u 
such that y = ir/4 when x = (F. 


9, Find che general 1 soluiion of y" — 2y' + 5 y = e”, 


4. Find ihe general solution of dyfdx (a ■ yV* 


10. f r iiid lhe firsi eight icrm& of the scries Holmion 
about = 0 of y" - 2xy f + v = <3- 
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Differential equations 


review exercise set 20,2 

1. Stale the existence theorem for solutions of a 
differential equation y' - Fix. y) through a point 

(^o? ¥(>)■ 

2. Find the family of orthogonal trajectories of y — 
4* 2 + C. 

3. Find the general solution of dy/dx = 
{y - x)/(y + x). 

4. Find the solution of 

(2x sin y) iU + {x' cos y i dy 0 

such that y - ir/2 when x = 3. 

5. Find the general solution of (x + cos y) ciy + 
fy + sin x) dx - 0* 


6. Find the general solution of y f 4- (cot x)y — x. 

7* Find the general solution of y m - 2y” — (1. 

Hi Find the general solution of 

(L> z 4 ){D 2 + 3}y = 0. 

9. Find the general solution of 

y" 3y' 4- 2y — sin x. 

10* Find the first five terms of the series solution 
about Xu = 0 of 

y w — 2xy' + xy = 1 — sin x. 
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Appendix 1 


PRIISTtOUT 1 


PRINTOUT i 


XVVfiL liES 



10G 

rfm 

Tins PROGRAM PRINTS A TABLE DL 

X AND Y 

110 

fiEM 

FOR ft FUNCTION. NTL'ftf. ARE M 

EDUAI.L V 

120 

REM 

X VAL.UE5 (JUi'.IT AM itftEfiVfll 1 ft. 

fr] 

I 30 

REM 



t+0 

REM 

FRTFR PAfA 


MiO 

Ci E T FNF(*I N tO*X«X * U*>' 

50 

t ft 0 

REAR 

ftp J»rN 


i 70 

NATA 

■ 1Gt,?y5!? 


i eta 

WE FI 



190 

REM 

F'RINT ( ABELS 


2PO 

PRINT 

•X VALUE 1 - 1 If - VALUE* 


r-io- 

REh 



??o 

REM 

FIND AND PRINT T VALUES 


L‘30 

PF:1 IV 1 

At FNMA) 


2+0 

FOR 

I i f n It 1 


J5(J 

LFT 

X = A F T1 £ fl-AH'/CM- 1J 


26-0 

FFFlNF Xf FNT’Ofl 


270 

NEXT I 


?G0 

F.wn 




L'ftl III G 
HF'flCEti 


PLOT 


100 

REM SF.Nil 1 t NFi III F hIJi hAM FOR INSIHLH I 1 flNS 

110 

GO TO 940 


U'O 

RFTH 


i .to 

KEN 


1 40 

RfH DThrFfRIOrV ARRAY AND ENTER DATA 


ISO 

DIM 7 1 10 0 ) 


140 

LET 7 = 3 


I 70 

If ? = 0 ThF.n 27.0 


mo 

PRINT "YOU bin NO 1 l.NTFR TUIT FUNCTION TC 

DC GRAPHED IIV LINE 

TOO 

PRINT 1 TYPT Li.O DET FMF (X1 - FUWFMOlif » U H. L'.RAF'HFP H 

I'OO 

KR1IV1 "BE-FORI RuNNeWG THE PROGRAM. 1 


210 

I]Li TO 1210 


3?0 

PRINT "INPUT ENDPOINTS AiR Dl 1 If F ERVftL 

OF X VALUES,' 

2 JO 

INPUT At M 


Z+0 

PRINT -INPUT NUMBER = iQQ OF POINTS TO 

PT PLOTTED** 

2 50 

I NF r UT N 


260 

print 


?70 

PRINT 


?Gfl 

RFM 


?90 

RFH 


:too 

REH COHrilfC FIRST V VALUEi INI 1 TALlTlc 

SMALLEST (5> AND 

MO 

NEM LARGEST (L1 VALUES 


530 

LET h = 1 


330 

LET X - ft 


3 40 

LET I . 1 


350 

LET r - f WF(X) 


340 

LET Ytn - T 


770 

LET St 1 - V 


ISO 

P€ft 


JVft 

REM 


4 0(1 

I.T.M runi'Uii (nuFft ■ vAj UESt* fi. and i 


+ 3 0 

1 ET ] ■ I M 


+ 30 

IF 1 N THEN 530 


+ .TS 

LEI * * Eh 


+ ■10 

1 FT Y INFIX) 


■11SO 

IET Ml 1 


460 

11 S =1 IHEH 4S0 


+ 70 

1 MS- f 


'll-JO 

1 f l - f TIITff 500 


+ vy 

LLi L - V 


500 

UU T LI +10 


*,10 

IN rt 
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MH. PEN 

, ,0 li'Ph HAMULI -.FI i I AI CASt 4ir CONSTANT mimh'IIOM 

r j+o ni b o then r>#0 

f;?50 PR I H I « ECHTFi r AN! I I IN' I F II H Him VALUE Mi! ■! I '-T K THE I4II0LE r 
-..1,0 |-*. 11rI 'INTERVAL,, LrtftPH WO 1 PRAUN . 1 

’ft oil IM I III 


MfO FfFn 

■ 70 I I'n 

.0'. l.rn PRFNI SC AH. L. INF HF.'lirt I I ilM 
I >» I‘HI NT Mill .rtMLlM Y VAI III 15 ’ 1 *• 

- v« r-RTwr *int i >m i: i. ! i i iMUJi i$ *» t 

. '/i i l ' a i c. > 'SO 

...... iimii -.... p. har*l cnuai fli mint re 

IP Ti it 
i.Ali J'kltfl 

.,:u 1 I -1N1 * --S-- **’ h *< 

II Bfl 0 THE.'U /Vl> 


■0 
' li, 

\'0 
•-.A 
•’ 10 

7 70 
790 
7V0 

H Crw 


PRINT * * 
i rTR | 

IT to F 
F'iRIrt T ’ 0 * 
IIU 111 7*0 
R-R.1MI * * 
MF'JiT T 
f'R I Ml 


f Tfl 'll} 

( I I FilluMS + 


i 


ft-,- i n i 

PRINT 
PR 1 N r 
I iv I N I 


A Kill tiUALE ‘ ■ 

.il.l.MiO I M l> 


0 11II H /4<> 


ItttutTl 


I-+ l 


, * V* 


valin- a ■ 


IM 0 II n 
i ?o rf.-l 
a .10 REM 
TMO 
■ISO 


FMW 

I ]) 0 

ILliU 

70ft 
710 
V2(J 
V10 

750 rv n 
viO ftt'M 
770 
790 
770 
IOC";' 

1010 
10?0 
l '.-'30 
| 040 
i j.i^n 


rl d l liPAPH 
r nr,- k - l in n 
ili p nfi*-» -b>/ w 
rr-TNi a l i'P hhi- 
o hi so 

Nil tf> I THEN ¥10 


FPR .1 
TF J 
FT L rl r 1 P 1 
aa n yw 

IT.’Ml 1 - 

HT.i I J 

■Ml: fc I K 

on i r> mo 


l ir; i pul i IONS for users qE rHf. 

1 If ri MT INSEPIH; I (1FKS7 lYli i J" 11 OP Ml* 

I MOOT 04 

ii * no m mr« i 


i-i'pn 


I III N RETURN l.ORMftl'iF 


PR I N I 

r ‘IV I N I 

I ’I ■ I f J I 


run I'M Mil- ,TA PLOTS LIP I CP l OP POINTS OF’ A GRAPH' 
umi Erm,'.i i i -;i m rti < urtLiJi s mVf-r an intpruai ■ 

I TINT *LAp ru lit ■ VALUE'S UHiril YOU WILL liPH.H'V. ■ 
itiiHr 

r-FilMI ■ 1 TPfc y l II Ml AM' f.h I "PN THE E APH 1 A 6 E ■ " 


I OfiQ 
E' /t> 
l OHO 
1 QV 6 

1 1 00 
I 1 L v 
1 I •<) 
1 , 50 
1 HH 

I t Ei l> 

14 ri 

II >0) 
I i SO 
I L9i> 

i^oo 

mo' 


PKIMl 
I “MINI 
I PlMT 
i k i n r 
i r 1 i .n r 
M(J NF 
priiNr 
Pft I N I 
! Ti 1 N I 
PRIM I 
PP I N t 
FT INI 
PRINT 
PR EMI 
PRINT 

I Hu 


111 1 


* | TC ■ lflC" II ! W ( X 1 I'UNin LUN fO Rf E^ AF UF F« 

- |.t MJUN HIE T.: AhF i I ALit > 1111 H Ml JFJ T HF I I VOLlMAM . " 

■IHIRIMlT Till PilrJ* 11 IF (■ Wl.pi) IN Y r'i*H I HP. INTERVAL' 

- irr k .. U1LI m I Mini: IF rl. entlr rni vahicsm 

«■ ; I- p,\|vft 11 |I i:. *1 ! INAr. ■ an: i RF I 1 RN THE L AFnn m fiiT , 1 

MHihlNr, THC RlHli tNltR INI' FHFHEiER IFF PUlNlb TO HE F"L OTT Eli" 
-WHF.N RF Hllli !.L T E D > iVHD RE I URN I HF CAMMIAOE»' 

M . IIUPP 14 FSS i me nFFt'F nr imsTl'tlLlcTinfrigr fYPf no j 

■FT ION: ffi.JNhlNfi THE F F.'00 ft AH r ANI 1 f!t TURN THE HARK t AOE p 1 
"YOU AF-rt: N'TU SPAtlY TI] RUN THE PUltfiflftH. " 
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Appendfr 1 


PRINTOUT 3 see word 


100 <RFH THIS PROGRAM TRJMT& ?0 UAI NFS Gf THE GLOPCS TTF RF-TflUig 

I LA RFN AMU CHORD'S FG ft GRAPH FOFT X = XI AND INCREMENTS H = 

120 REh i/7w 1/4, . .l/2**?0 < 

[30 R£rt 

mo RFh ijiue data 
t jO DCF FNFtJO = SfolUm t 
Si,0 F'F ft 3' XI 
[ 70 DA? A 2 

ton let h - a ,a 
i 9o f*tn 

,‘00 REM ennpgTF Am AM [ NT SLOPE5 

;‘TO PRTMT ■ TNl'RFHPNI " ■ * ELEC* SLOPE', * CHORD SLdPfc ' 

>20 FRIlfl 

230 FOR I = 1 TCI 20 

2*0 LL'l 5 H F'NF f X I 4R) -FMF (XI > >/H 

■L'50 LET I ifF'NrtXJ llf> FWFfXl-Hf>/C2*H) 

200 PfitHT USINO £90 , HtS ,C 

270 LEI H ■ H /2 

JtIO ME X 3 I 

;to : .imimn .iMiitim .tnttttttt 

300 CMR 


PRINTOUT 4 LIMIT 


iOO REM THIS PROOFAH PRINTS A SEQUFNLf Of FUNCTION VALLrES F<Xl 

110 REM FOR A RAN DDK SEDUENCE OF 70 X-UALUES APPROACHING L^. 

l?G REM 

UO RFH ENTER DATA 

J.« DEE FNFCXi = (X*X - 4 >/iX 2 ) 

150 PRINT -ENTER Oft I IFF P * 

160 INPUT c 

170 RE> 

I SO REh FIND AND PRINT X VALUES AND UALLIES FfXJ 
190 FOR 1 = 1 TO 20 

-'00 LEl R w RNB 

210 let x = e + i)*(iy?>*»T 

220 PRINT USING 2*0. X, FHFSKJ 

230 NEXT r 

2*0 ! I'ftftlttltf t.tMFMllH 

350 E»tf 
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PRINTOUT 5 


DERIPE 

100 REM TUTS PROGRAM FINDS THL DERIVATIVE Of" F*(f ( X! 

HO REM AT X - D TO S SIGNIFICANT FTBUfiEl. 

120 REM 

130 Ntfl ENTER DATA 

14* DEF r«Fi!X> - 4X*X 44X)/(X V 6) 
lio HF.AH s 
160 DATA 0 

]70 PRINT *ENTER VALUE C' 

ISO I*JPL|T 0 
1V0 REM 

70 0 REN FIND AND PRINT AF F h DX II4A T I UWS TD THE DERIVATIVE 

210 REM UNTIL S f[SURF ACCURACY IS ACHIEVED 


220 

PRINT 

■ INCREtlEHT 

APPROXIMATION* 

230 

FDR- 

1=1 10 30 


740 

LET 

>1 - C - ( 


2 30 

LET 

Y1 ” fNF (xty 


260 

LET 

X2 ' C 4 1 1/2 > MI 


270 

LET 

Y2 - FNF<X2> 


?R0 

LET 

0 - < Y2 Y1 1 f C X 2 

- XU 

2V0 

PRINT UFilNfi 370* tl/2 

IMI) D 


300 RLH 

310 KEN 1EST FOR f! FtOilfiE ACCIIPAE* 

320 IF I = 1 THEN 34Q 

330 if nftadVL - n .siiQMrs.) tifeit iso 

340 IF ABS(D > *O4!l0«ii-SJ IAF H 3R0 

330 LET L = H 

3i0 NEXT T 

370 1 •■•ttlltMH IIHMI1HHH 

IDO ENE< 
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Appendix 1 


PRINTOUT 6 


WE WF UN 


loo nth this program flf rr.tif r-s la Finn r. zero or a raw. now usiNt* 

I 11 RF"t HFLJTlJfJ :■ .iblHfJJi, HEARTING UI FR JNU1AL APPRO* iNAll UN A , 
170 RtH CTJHPUTf'i r s ■ IN is f(j s SIGNIFICANT UGlIfiES. 
lift RFf 

MO FTEHl ENTER UN TA 

150 DEF I WO- i ***** I 1U*HX i B* < 50 

1*0 fit All £ 

170 DATA 0 

1 SO F R J NT INI r I At AFT J3tl Kl+tiM IC-Pf ’ i 
190 lNP J Ur A 
ZOO PRINT 
.'1« Nth 

220 Nh.fl APPLY NLHItitf'S HL i NOD 

230 PRINT *AF'PRO X HA T 1DH . 1 F (JO 1 

240 PNlNl 

250 PRINT At FWFlil) 

2*0 h DR J -= 1 TO 40 

??0 r.OSLJH 450 

2BU LET 2 A MW ■*>/!• 

,?0 PRINT Zt FHi iZJ 

300 IF A 1 0 rnw.w 320 

310 IF ASS^/A ■ I > .5*J0**<-5j TkE*f 350 

J 30 IF ASS* f'i . 5 * 10 ** 1 -Hi TEfEW J 50 

.330 LET A =■ 2 

340 Nfc XT J 

350 Nth 

3*0 RFri PRINT RESULTS 

370 F’RTNT 

ISO IF .1 = 40 THEM *\0 

390 F’l TNT *NE U TClN H 4HT TNI1T. LlTWUfMf p TO A PHUJFHW A1 X = " ! Z 
400 S I UF’ 

410 FhINI ’Al LUKrtLT 1+01 ftCH 31 Bt It' 

420 STOP' 

430 RFh 
440 Nth 

450 REM SUIiROU 'IWE TO CIIFFE DTE DERIVATIVE OF FlfF()I> AT K - A 

4*0 LET H = 0.5 

470 FOR 1 - 1 to 40 

460 Lf T D = (FHFiA*H1 -FNF(A-H> 

4*<j if r i Then Sio 

500 Tl ADStB/L i) 10** < 3-1> THEM 550 

MTO if ASSttn 10ttf-B-1> 1 NEW 550 

MO Lf T L = fr 

530 LET H = H/2 

540 NEXT T 

srio NtruNN 
5*0 thri 
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PRINTOUT 7 


i*rv«uLES 


IOC 

f?£H 

IHIS RRCIGNAJl COHFfiPES VALUE? tit 

no 

fiEM 

US] Nil RF«; FAN (JIFF ftp p IPfiPf/EimOL , 

120 

RFN 


130 

NEM 

PRINT LAPFL.3 ftNI" FNIFfi DATA 

1 40 

PRINT 

■* EIIBO1015 IONS' h ' NEC 1 *NfrlPI Aft■ ■ 

lift 

PRINT 


140 

Dtr FNF ( X ) ■-- 5I3Ff<4 - S 1N U ICS I N ( X > 1 

170 

RFAD 0 

nil 

ieo 

Li* T * 0 

'll 

IVO 

«EAI> N 

tine 

PfiTft 10 1 50t 100 r 200 j 1 

210 

If W - 

-1 THEN 430 

320 

KOL 


230 

REN 

FINil FIR-Br TERM:! FIT SUNS 

340 

LET M 

I B A ! / N 

ZEO 

LET k 

- FNF(A t H72J 

?iO= 

LET T 

- FKF(AS 

270 

LFT S 

■ F(JF(A» 

2B0 

REN 


370 

REN 

CUMITITF. SUNS E.XCE.T'1 POP |ARi IH 

JOO 

FOR 

I =■ S TD N-l 

310 

LET 

R - ft T FNMA t i H-1/314M1 

-J20 

LET 

T 3 T + 2*FNFFA t tTH ) 

130 

LEI 

I* = ? + 2*sT Z*INTtI/2J) 

3 40 

LET 

s. = h t (;*fmpi:a f i*hf 

3 SC 

NE XT I 

3AQ 

RE It 


370 

RFN 

ADD LAST TERMS III SLIMS AND PR 1M 

,1BP 

LET T 

= T + FHF £ P-l 

3P0 

LET 5 

■ S 4 FWF(B) 

40& 

Pfi 1 NT 

Nf H*Rt £H/'J>»Ti CH/TiFE 

410 

PRINT 


430 

DO TO 

170 

430 

ENH 



a Kfitfiu (juhwm 


1 h'AF l .•'LS IDAL* p ' :j I nl SON 1 5 - 


i AMU : 


a m s up re 
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Appendix 2 


A. ALGEBRA 

1. Inequalities 

Nora Non Head 

a < ft a is lew than h 

a > ft a is greater than ft 

a -- ft (i is Lew 1hnn nr equal to ft 

a ft a is greater than ck equul in h 

Laws 
a ^ a 

If a ft .ind ft ^ a, I lien a ft 

If a ^ b and ft ■-' c, [her a ^ c 

[f a =5 ft, Then a + C ^ b + f 

If a ^ ft and r ^ d, then ti + f S k + d 

If « ^ ft and c > U H then ac S ftc 

If u ft and r < fl, ihen ftr ^ at 

2. Absolute value 


Notation Rend 

|*t| The absolute value of a 


Properties 



Uj| > C) t and |n| = ft if and only if a D 
|dft| = \a\ ■ |ft| 

\a 4 ft| -■ La| + \b\ 

l« - ft| ^ [a| \b\ 

|u — ftj = distance from a to ft on I he number tine 


3- Arithmetic of rational numbert 

n £ ad + fte a c ac a/ft ad 

ft d ftd ' ft d ftef cld be 

4. Laws of signs 

(-uHft) = af-ft) = -tab), (-uK-h) = uft 

5. Distributive laws 

fllft 4 r:> = aft + «r, (a + ft'lc = ar + be 

6. Laws of exponents 

(ah)" 1 = a^ft", <fl"T a"' 

a”** = = (rir. a * - Va\ 

a " 7 a " ft" 

1, Arithmetic Involving zero 

a - fl - (l ■ a 0 for any number a 
a 41) = (! 4 a = u for any number a 



a 


a" = I and ft" = 0 if a > ft 


nii^piiiipcvi-ir mvuivniy yiio 

I ■ a = a - 1 = a for any number tr 


a for any number a 


I " ° 


1" ~ I for any integer n 


9- Binomial: theorem 

(a + ft)" = a" 4 Fiei n 
where » is a positive integer 


fi(n - 1) 

b + ~T2~“ 


fll.ri - 3 Hn 2) 

1 ■ 2‘ 3 


'ft 1 4 — 4 #iaft" 1 4 ft" 


10. Quadratic formula 

3 F a / tl, i hen the solutions of the quadratic equation 
ax' 1 t bx * e ft arc given hy lhe formula 


V 


ft l v'ft 7 — 4fte 
2a 
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B. GEOMETRY 


[n iHl” Formula.* that follow, wc let 


A arua 
s = si hue height 
f’ = cjECiimfirl'L-ntic 

t, Triangle: 


b = length of base fi = nltilwde 

r = radian V => volume 

S = surface area or lateral area 


A = tbh 
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Appendix 2 


6. Circle 


A = i7 t’\ C 2 m 


7 Right C irCM I a r ty3 i ndc t : 


V = ITT" f].,. .S' = 2nrfr 


H Rijj.lir Cit. ulur uone: 


V Wr' h. S trrs 


L J. Sphere: 


V 


S = 4-nr : 
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Appendix 3 


TABLE 1, Nature I trigonoin citric functions 


Arj^lo 

Xinc 




f«i>& 

Cci- 

s^nf! 

Tan- 

fftrt* 

IV- 

Btrt 

itu- 

diim 

o>- 

nrn*’ 

Tuft' 

ftthl 

Pfr- 

Ra- 

ilian 

0* 

II IHUI 

0 Odd 

I iririi 

iil (KKl 







li LIS7 

0 017 

1 IHHI 

(1 OLT 

40* 

o eoj:s 

(17111 

II fiUn 

J CK10 

•r 

if (K5S 

0 1Elf« 

II LILLLI 

0 IR5 

47* 

Ll X2L.I 

1)731 

II tiK2 

! (172 

•r 

li 0853 

Il 117:2 

LI LIU1.I 

0 053 

4B* 

ci xxx 

0 743 

II tkiU 

1 111 

•t 3 

4) (17LI 

11 41711 

LI M'.IS 

ii 070 

«* 

Cl XA> 

U 755 

0 t k F ill 

1 LHI 

£i a 

41 11X7 

U 1K47 

(1 TiWL 

41 4lh7 

5(1“ 

o x7;i 

1) 708 

0 (HI] 

1 102 

t) g 

o ion 

ii 103 

0 '.K.lfh 

11 111-5 

ii* 

O.fflM) 

II 777 

U.0S9 

t 23f> 

7 fl 

II 122 

il 122 

U 1W.S4 

II la:! 

53“ 

0 008 

II 7 XX 

si mo 

l 2m .1 

»• 

II I44J 

o. umi 

11 IHHI 

II Ill 

S3 3 

0.025 

II 799 

CJ 01)2 

L 1127 

r 

0.157 

n i rjb 

II UKk 

II 153 

IA* 

il 043 

ll X09 

u fiaa 

1 37G 

sir 

Cl. 175 

13 171 

IJ US," 

tl 170 

55* 

0 III il 

o am 

13. 574 

3 42ft 

31 * 

41 |1l2 

ii ml 

II '1X2 

ll UK 

ter 

0 !JTT 

0 $29 

|J 550 

1 SXJS 

ii a 

is am 

o 

II U7X 

o 2in 

fir* 

0 UGfi 

0 35111 

Q 545 

I 5111 

u a 

4J 227 

il 22.3 

(I LI74 

o 231 

fitt 3 

1 .012 

(J k IK 

II 5XH 

1 CitHI 

14* 

11 241 

0 242 

0 117(1 

0 2411 

!l! J 

1 CHO 

1) X57 

II 515 

1 001 

15* 

il 252 

U 250 

0 MM 

IJ 2l'N 

CIO 3 

L 047 

4J HI.'rL'i 

0 Lull 

i 7:i2 

nr 

il 2711 

LI 270 

0 ’Mil 

Ii 2Nr 

63* 

1 C.105 

il M7.5 

1M8$ 

l m 

Ir* 

H 2*7 

0 2H2 

0 1150 

0 1500 

02“ 

l ( «2 

o xxx 

SI.40M 

1 881 

jg’ 

LI 21 L 

o Liim 

11 1101 

ll 1525 

1)3* 

l too 

1.1 X! 1 ] 

U.-IM 

i.itei 

nr 

o :ma 

0.336 

41 Mill 

n :m 

01" 

it 17 

II XMM 

43 4.1X 

2 1.1511 

U| | ■■ 

(1 XILL 

0.343 

II M4H 

li :im 

05" 

1 134 

Ll LKKL 

0 42S1 

2 US 

as" 

o :wt 

0 KBS 

ll MS K 

cl 3S4 

Oti 3 

1 152 

0 5lli 

ij W7 

2 2413 

a*' 

o.iifti 

0 :t77i 

l.l !>2T 

ci mi 

157 3 

i m 

0 M2I 

ii :c!)i 

2.354& 

zr 

11 41H 

ii :siii 

LI 1.121 

1) 424 

OS' 

1 3X7 

C3 1127 

II 375 

2 475 

2l u 

1) 4111 

II 1117 

(I 1114 

11 435 

nil* 

i arn 

0 044 

Ll 3IM 

2.*m 

srr 

1) 430 

n -sail 

LI 5KMl 

0 4l'Hi 

70* 

1 232 

1) 1MU 

0 

2 74X 

Ml* 

II Mil 

Il -MX 

o am 

ii |kx 

7l a 

1 210 

13.1)40 

o \m 

3.Mi 

37* 

II 171 

0.451 

u.an 

ll 7:111 

T2- 

1 .25 7 

M MSI 

0 :iO l l 

3 078 

an* 

ii -tsn 

0 4051 

U W-i L 

I| 3*2 

":r 

1.271 

IJ Li.T*! 

« r m 

CL 27 L 

air 

0 5LKi 

0 1S6 

11 S7fi 

0 561 

7 J n 

1 21)2 

0 Ml 

43 270 

:t 487 

:» a 

0 524 

n SQn 

M klili 

ll 577 

7. r r 

I :fljn 

II <m 

4) 2,451 

3.732 

ar 

0 541 

0 li EH 

II ftfl? 

0 rUM 

70* 

l :®5 

II 5171) 

4J 212 

4 MU 

:52" 

(1 5SSJ 

n asn 

LI B-1H 

Cl (125 

77* 

i ;s4 i 

0 '17 3 

li 225 

l X33 

it#* 

(| 570 

0 545 

ii xx'.i 

Ll 0151 

7S Q 

l ism 

0 MIS 

II 2413 

1 71 If: 

:m p 

0.50:3 

0 MO 

II $20 

Cl 1173 

70* 

1 370 

0 0S2 

U 10) 

5 3 I". 

:irr 

0.011 

41 574 

Il XIII 

o .Turn 

BO -3 

3 *90 

0 085 

U 17-1 

5 671 

no- 

1) 1)28 

M ;,xs 

ii mw 

0.727 

XI* 

1 II1 

1) llkk 

II I.jL1 

o :ni 

37" 

0.041'. 

ii nos 

ci too 

0 754 

B3* 

l iks 

13 1.M.MJ 

0 1*0 

7 Sli 

asr 

41 1471 

ii um 

LI ISA 

0 7Xi 

*3 3 

1 MM 

u met 

0 122 

X in 

au B 

41 4M| 

11 0211 

0 777 

II Mill 

xr 

1 100 

41 006 

0 KM 

0 SIS 

441* 

II (,UK 

II IMH 

0 74ili 

II K1SIJ 

to- 

1 IS1 

ii hug 

0 CM7 

tl.-sd 

41* 

II 71 Li 

o 050 

is rwi 

ll XffiJ 

80" 

t 51)1 

II M'lX 

Cl 070 

14 313 

42 = 

0 T31 

0 mm 

Ii 743 

0 L'MJCI 

S7" 

I 51k 

u min 

(3 1352 

111 08 

43* 

ii 750 

(j 4^2 

n 731 

ii '.m 

g»" 

C fiCfli 

II TL'.I 

U.IHS 

2H 04 

44* 

0 TfJH 

0 4Vil5 

0 7111 

a ( m 

sr 

1 35:5 

i emu 

0.017 

57 211 

45* 

LI 7X5 

is :u" 

IJ 7LI7 

i emu 

J ml" 

1 571 

I ex*) 

0,0013 
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TABLE 2 . Exponential functions 


X 


fl - * 

r 

e' 


a, oo 

J .0000 

1.0000 

2.5 

12 1K2 

0.0021 

0.05 

1.0513 

11,9512 

2.G 

13 404 

9,0743 

a. 10 

K1032 

0.9018 

2.7 

14 SSQ 

0.0072 

0.15 

1 1018 

IJ, S007 

2.8 

10.445 

0,0608 

0 20 

1.2214 

0 ,h 1 H7 

2.9 

18.174 

0 0550 

a, as 

1.2840 

CJ.77SS 

3.0 

20 080 

0.0408 

0 30 

1.3409 

0.7408 

3 1 

22 Uls 

0.0456 

0.35 

1.4191 

0.7047 

3.2 

24.533 

0 0408 

0 40 

1 .1918 

0,0703 

3.3 

27,113 

0.0389 

0.45 

E . 5883 

0.6370 

3 1 

29.304 

0.0384 

0.50 

I 6487 

0,15(305 

8.5 

33,115 

0,0362 

0.55 

1.7333 

(1 5769 

3.8 

30.59S 

0.0273 

0.G0 

1.8221 

0,6488 

8.7 

4(3.447 

9 0247 

0. (15 

1 0155 

0.5220 

3.8 

44.701 

0.0224 

0.70 

2,0138 

O.41300 

3.9 

49.402 

0 <rm 

0.75 

2 1170 

0.4724 

4.0 

54, MS 

0.0133 

0. SO 

2 2255 

0,4493 

4.3 

00.340 

O 0168 

0.85 

2.3396 

0.4274 

4.2 

00,086 

0.0150 

0.00 

2.4598 

0 4008 

4.3 

73.700 

0 0138 

0,95 

2.5857 

0.3807 

4.4 

S E.451 

0,0123 

1.0 

2.71S3 

0,3679 

4.5 

90.017 

0.0JII 

1 , E 

3.0042 

0,3329 

4.6 

m m 

0 0101 

1.2 

3.3201 

0.3012 

4 7 

100.05 

0 1)901 

t.3 

3.6693 

0.2725 

4.K 

121.51 

0 00*2 

1.4 

4.0552 

0.24GO 

4 9 

134.29 

0JNI74 

J 5 

4 4817 

0 2231 

5 

148.41 

0.0067 

1.0 

1 9530 

0.2019 

8 

403.43 

0 0025 

1.7 

5 4739 

0,1827 

7 

1090.6 

0.0000 

1.8 

0.0190 

0 1053 

8 

20S t.0 

O IXM43 

1.0 

ft 0859 

0 1498 

9 

8103.I 

0 0001 

2 0 

7.3891 

0.1353 

10 

22026 

O 00005 

2.1 

8.1002 

0 1225 




2.2 

9 0350 

0,1108 




2.3 

9.0712 

0 1093 




2 4 

1 2 023 

0 00D7 
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Appendix 3 


TABLE 3. Natural logarithms 


n 


n 

i|nK r n 

tt 

1'HSj-ft 

0 U 


# 

4 § 

! 6041 

ft ft 

2 1972 

|J 1 

7 Off 4 


4 ft 

1 52111 

ft 1 

2 anna 

ft a 

K 90OG 


4 7 

1 547ft 

0 2 

2 2102 

ft A 

H 7S«0 


4 H 

| afiK£J 

0 3 

2 2300 

ft 4 

SI LH437 


4 9 

1 sft9$ 

0 4 

2 2407 

l> .5 

0 .UlftO 


Aft 

1 

0.5 

2.2513 

Dll 

9 4ft92 


5 l 

I OlMfir 

%ft 

2.35LS 

1) 7 

4 1H33 


5 i 

I ft4ft7 

ft.7 

2 2721 

11 K 

9 7739 


& :t 

l.ftffTJ 

ft ft 

2 2s-n 

ft 9 

9 *946 


6.4 

t 6*64 

ft ft 

2 29W 








i l) 

O.dOTHI 

$ 5 

t 7047 

10 

2.3026 

i l 

o wait 

.5. 6 

1.722ft 

II 

2 ;i079 

1 2 

n iiK2;t 

5 7 

1 7405 

12 

■1 4K40 

i a 

LI 2ti2l 

5 K 

1 7579 

US 

2 5043 

i .-t 

U 33H5 

5 U 

1 7750 

14 

2 0391 

t.s 

U 4055 

ft ft 

1 7Wl 

IS- 

2.70HI 

i.ii 

U 4700 

ft i 

1 ftfcti 

1ft 

2.772ft 

l ,7 

ft.5306 

ft 2 

1 *243 

17 

2 ftftSa 

is 

U.5S7S 

ft 3 

J,ft405 

1ft 

2 ftlHH 


ft fHl6 

ft 4 

1,8463 

10 

2.11414 

: n 

ft \mi 

ft, 5 

1 H71B 

30 

2 0957 

2. i 

ft 74 I '■* 

d.U 

1 ,Sft7L 

35 

3 2 IMP 

J :2 

fl ?ftft5 

Q. 7 

t WJ21 

30 

a 40L2 

2. a 

0 R32S 

6 K 

1 OifflS 

3A 

3 6533 

24 

o hi:a3 

o a 

1 0315 

40 

3 6ftft9 

2 5 

0 9103 

7 ft 

1 0459 

45 

3 M007 

2. ft 

0 6&55 

1 1 

] 9001 

.HI 

3 0120 

2.7 

ft 0933 

7 2 

1 9741 

95 

1 0073 

2 a 

] ostw 

7 3 

J 9S7.9 

f|0 

1 0043 

2 0 

] CPftl7 

7 4 

2 0015 

05 

4 1744 

3 0 

l«S5 

7 ft 

2 0149 

70 

4 J4S3 

3 E 

1 1314 

7. ft 

2 02ft 1 

111 

4.3175 

j.a 

L L632 

7 7 

2 0112 

Ml 

4 3520 

rs a 

L 1939 

7 H 

2.117,11 

m 

4 4427 

3 4 

1 2233 

7 U 

2 <ftft9 

90 

4 V3W 

3 5 

1 252R 

H U 

■2 ora* 

a,5 

4 5539 

3.ft 

1 2>i09 

6 3 

2 00 |Q 

100 

4 6053 

3 7 

1 3tW3 

ft 2 

2 1041 



3 ft 

1,3350 

ft.3 

2 1163 



3 ft 

1 .ioiip 

ft 4 

2 12S2 



j 4 0 

I ;w 

ft.ft 

2 1401 



1 1 

i iiift 

ft.ft 

2 151H 



4 2 

1 4351 

ft 7 

2 1633 



4 3 

J i486 

S.ft 

2 1744 



I 4 4 

i 4» m 

1 ^ 

2 LftUl 




Subtract Id frurti llicsr entries. 
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Answers to odd numbered exercises 


Chapter 1 


CHAPTER 1 
Section 1.1 


1. fit 


<1 r 


* 


♦-*-► T 

3 i 


hi 

c) 


e) 

f! 




-1 

0 

i 


-j 

2 -t 

41 1 

i 

3 

-3 

-2 -1 

fl 3 

i 

1 


\ 

2 J 

0 1 


5 



1-1 il I l 


i Nn lotus} 


3. a i 8.5 bj 7/3 c) 3V2 d) tr - V2 

5, a) 0 b) 1.5 t» -4.5 d) 5/12 c) 

n ' 


I 



b] 



—►A 


-V5/2 
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9. a) (2,1) b) (3/2) c) (1. -3) d> (2,6) 

11* V29 13. 4.BK233 

15. 4.47214 17. 2y,S4445 

Section 1.2 

I- a> i 2 + y 1 = 25 b> U + l) 1 + (y - 2) 3 * 9 
c) u - 3) 1 + (y + 4 ? = 30 

3» aj Center (2, 3), radius 4 b) Center (-4, 0), radius 5 
c) Center (3/Z, 3), radius Wl/4 
5. (x ~ If + (y + T? = 25 

7. a) -3/5 b) 1/11 c) Undefined d) 4/5 e) 0 
9 . -8 
11. 13/2 

13. Sk]])t; = 'iZ/S = increase in Fahrenheit temperature per degree increase in 
Celsius temperature, 
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Answers tu odd-numbered exercises. 


Chapter 1 


IS. a) Center (3.14159, 1,77245), radius 1.65409 

b) Center (—I.578S. 0,6177). radius 2.49256 

c) Center (10.96237, - 4.69151), radius 12.27534 


Section 1,3 


I. a) y — 4 = 5t,Jt + 1) or y = 5* + 9 


b) y = 5 


e) y 4 5 • -5(* — 4) ot 5y + 6* = — I d) x ™ —3 
3- 2x + 3y = —l 

5, No. Tlit* first has slope 3/4 and the second * 4/3, and [—3/4X - 4/3) = I “1- 
7. 3y + 2x - 26 

9, 2 

11+ * 2 + y 2 + 4 jc - 2y * 20 
|3. d 13 + |(r - 3) inches 

Section 1.4 

I, V = x\ *>0 

3. A - s a /4ir, s > 0 

S. V = d 3 /3V3, d> 0 

7. a (v ,r 34)i, t a U 

9. a) 1 b) in £} -3/2 

11. a) 0 b) Undefined c) -1/2 d) U(\ + At), At#- 1,0 
13. a) as-1 or u ^ I b) j & 2 but f * 4 
£) ta4 d) -3< n < 3 


15. aj 



-4 
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A 



y 




X 

sin x 2 

f 

Cl.d 

0.0 1 1 


0.25 

0.06224* 

/ \ / \ 

0.5 

0.2474 

/ \ jf ' 

0.75 

0,5333 


1.0 

0.84147 0 

\ 2 1 3 

1.25 

0.99997 

\ / 

1.5 

0.77807 

\J 

1.75 

0.07901 - 1 

V = &trt X* 

2,0 

-0.7568 

2.25 

“0.93933 

2.5 

-0.0331# 

2.75 

0.95782 

3.0 

0.41212 






















1 
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Answer} to odd-numbered exercises 


Chapter 1 


Stctldn IS 


y 
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Answers to odd-numbered 
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IS. No 


y 



Review Exercise Set 1.1 

I. a) f 3- a) {x - 2? + (y + l) 3 = 53 




5, a) x — — 4 h) s — 3y = -7 7. a) x ¥ 0,5 b> 6/7 
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Answer? to odd-mumberod exercises 


Chapter 1 


Review Ekwcs* Set 1.2 


t, a) 


-2-1 0 


* -b) -16 


3- a) U - l) 3 4 fy - S) 1 = 1C b) Center (3, -4), radius 6 

5. a) 4y = jt + 17 b) * = 3 

7 . a) -5 £ js ^ 5 
b) 4 

.v 



y 



More Challenging Exercises 1 

t, a) —|d| ^ a ^ |n| 

Adding: — \b\ s b s |F' 

-{|a| + [fc|> 5 a + It £ |jl| + |ft| 

so \a + 6[ s |,jl 4 lft[„ 

b> From you have |al = |(o — t) + b\ & la — b| + |f>L 
so | a - &[ ^ |a| - \b\. 

3. From Exercise 2. 

-2 (a|a, + Mij ^ b? ■ s/a/ + b/. 

Adding a," 4 a/ +• f»,' 4 by to both sides, you obtain 

{a 2 - a t f + {b 2 - hi) 3 ^ (V'fl! 3 + fr/ 4 v'ti,' + b^f. 

r Vhs desired relation follows upon inking square roots. 

S. 5 7. -t 1 + y 1 + bx - 6y 4 9 - 0 

9. S - "/34 
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CHAPTER 2 
Section 2.1 


1* 

hW - 8.01, ftw<, a H 

3. 

- 

5. 

S 

7. 

0 

9. 

i 

4 

11. 

20 mph 

13. 

1 r 34104 

15. 

2.582 


Section 2,2 

1. 5 = e 

3. 

5 ■ s/5 

lx* + X 3 + 2! 

5, Ism ! i= *3 

7. 

0 

i -i-n | X 

„ r 2r * - 3*1 

11. 

0 

r^n r + 4f | 

13. 0 

1-Mi I 

Ut 

4/3 

IT. 2 

19. 

4 

21+ T>iics not exist 

23. 

2 

IS. 0.160667 

27, 

—0.5 

29, 1 




Section 2,3 

1. 2x - 3 
5* i/ix + [)* 

9. L4j fr + fljt 
13, 324x‘ I6U* 
IT. 36x 2 + 40* 
21. x + I2y = 50 
23. a} L/2Vx 


3. 2K2x + 3f 
7, 3 

11. x -i 

IS. 4** + 12k 2 + Sr 
19. x 7 - ] 


b) 


Vi + Ax — y'x 
lim —-- 

it -u As 


lim ^' X + ^ X ~ + Ax + Vx) 

A. ■ -*U Axifv'jt + Ajc + vx) 


x + Ax - X 

Jt Axi'Vx + Ax + Vs) 

1 1 

lim , P -- j- — —~- 

it-tf vJt 4* Ax + VJfc 2s^x 


0.0 L 
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Answin to odd-numbered (Kflrfiisfs 


Chapter 2 J 



c) 


2-Jx 


4x 


25. 

27, 

29. 


s) LljriVsec b) 75 in '/sec 
a) 256 ti in : h> 25f>ir in 2 /sec 

/{fc ( + Ajc} - fjx-i Ax) 


1 ITTI 
A*—^ 


2 Ax 


d> 


vCs 

27x 


A 

2 Vx 


= ltm 

ir—0 


'l 1 f {X, k Ax) - f u:\ 
a Ajt 


1 f(x v -t (-Aj c)) ■ fix,) ' 

2 —Ax 


M. 2 

33b U. 1017 


1 f U, + Ax) ~ f ix,) 

Ax 

1 ffit +t~Ax)) - f{x t ) 
+ bin -- t "- 

-ii-tn 2 


= i m,) +1 ■ r(x,i = n*,t 


JS. 0.74522 


Section 2.4 


1. lim 

5, « 

9. -<n 


13. » 

17. -w 


3* 

7 * *' B& 

ii. m 

is. o 

JQ. W 
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y 



23, No. linwfU} = -R * R 

27. 0 
31, ■» 


Sv4000 
2S * V528G 
29. 7.38906 


= 6,9631 mi^ec 


Saction *25 


V 



y 
































Answers to add-numbered 


Chapter 2 


y 








5* a) x - I, sign change 

c ) x = 3, no sign change; x 


b) x ' (X sign change; * - 1, no sign change 

1, sign i.'li ;ii il;v 
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Answer* to odd-numhorod 6Korc»*$ 


Chapter 2 


9. b> y = Jt 


b) y = * — 2 


v 




c) y = x - \ 



fi(lvk«W Enerciao Set 2,1 

1. &} -2/3 


X a> f(jc n h = lim 


f(x t + &x\ - /foil 
A* 


b) -4/3 
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w fix) 


lim 

Ai "fl 


I. J£ + Ax)' 1 3<JC f AaJ ~ j x 2 - 3x) 
Ax 


x* + 2* Ax + (Ax)* - 3x - 3 - Ax - x a + 3x 

lira ------- 

b -»o Ax 

Ax{2* - 3 4 Ax) 

lira -— - = lira {2x — 3 + Ax) = 2x — 3 

aj. -mi Ax A.Z —Hi] 


5. a.) i) -1 13 ii) « 

h) No, for lim fix) = lim «- —— = -6 ?, 

i— 1 a^-J I +3 


Review Exercise Set 2,2 

1. a) » b) 1/4 c) 1/iO d) 0 

3, fix) = lira M 2 te + * x >+ 01 ~ [I ti2x f 1)} 
ai—» Ax 

= ^ (2* + 1 - 2x - 2 ■ At - n/(f2lx 4 At) 4 l j2x + 1]) 
AM-U Ax 

. Jim _ "2 _ = -2 

ax-h>[2(k + Ax) + Il2x + l) (2x 4 l) J 

5, a) <J 
b) 7/4 
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Answer to odd-numbered o-Kertiscs 


Chapter 2 


More Challenging Exercises 2 

1-1 3. 2 

5. 0 7. » 

9. 1 


ll, a) Kir some * > fl f there docs n<Jl ikisi A > l). 

b) For some apple Newsom r there exists no apple. 

d) Fiitd one £ > 0 such that for every £ > 0, there is an x,. such thal 

II < - a] < S but |/(jej S J - e| -- c. 

|3x Lei £ > () be given. Fine! S, > £> such thai 


if 

and 5 Z > U such that 

if 


L-\<m<L + § 


0 < |t — «| < A, 

M ~ ^ < gU) < W + ~ 


C) < |* - fill < S.J. 

I -el £ be the minimum of £, and so both inequalities hold if U < \x - a| < & 
Adding the inequalities, 

L 4 M - € < /(*) + gf jc) c L + M + t 


if 


0 < |.K — fl| < &. 


15. a) InoOTTCet; repine “l/U) - "I” by - flu}!”. 
b| Incorrect; delete “tf< ", 
c| Correct 


d) Incorrect; replace “some’' by “each’L 

e) incorrect; replace M ^"by <i: c ,h . 
f i Camel 

17. Let 


fix) 


i 1 for * 2. 

lu for x < 2, 


and 



for x 2. 
ftrr jf < 2, 


Then f(x}gU) = <> far all *. 
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CHAPTER 3 
Section 3.1 

1. 6* + 17 3. 2jt/3 

S. 3 7. Ux' + (4/t 3 ) 

9. U ? - 1)(2jc + 1) + + * 4- 2)(2t) 

11. U* + !)[(* l)3x 7 + Or + 3)] + [(* - IK* 3 + 3)K2jc) 

13. 4 -I- (3/x 2 ) 15, + 3)2* - (x* - 2J1/U + yf 

17. (* 2 + 2X0f 5 + 91 t U - 3)2 jc) - + 9)i(i - 3)2*f(x J +■ 2) ? 

(x - l)(4* a + 5)f{2i + 3)2* + (x 3 - 4)2] - (2x + 3)U a - 4>|'0 - IJfii + (4c 1 + 5)J 

{1 - ]) a {4* 2 + 5\ : ' 


21 . i cosi + sin k 


25. 


{cot xY v (sin x)' 
(cos, x f 


23. 


27. 


2 sin x cos x 

3.x'sin* - x ’crttx 
tain xf 


29. 


(x 2 4.x) cos x - (2 x -4>s,injc 

(X 2 - 4 rf~ 


J|. Tangent line: y = 3 0* - 12; normal line: LOy 4 .* = K2 
33, Tangent line: y = 5x Ai normal Line: 5y - x = If* 


Section 3.2 

1 

1. dy = --r fir 3. dA =■ 2wfdi 

t* + ir 

- 4 | 

5. dx *= -j- —^df 7 . 0.00000975 

{r - if 

9. 10.05 11. 3.975 

13. a) 3(ith 

bt The estimalc h exact, fur the circumference of (tic earth is a linear function 
of the radius. 

15. 7(24 ft 3 
17. 6% 

19. 0.5% 

II. e = Ax; lirn ilJU e = lim Al ^.i ir = 0 
23. 2.022148 
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Answers to odd-numbered OKordees 


Chapter 3 


I. 4) 3 b) 3 
s. a* : + 5* Vi 
9 . lx-™ + &-** 


3. (2x + ir ,n 


11. x{x 2 + 


j(# -f- l)x- lI2 -Jx : 

' <X + if 


15. ! 2{3x f 2} 


17. yjt 2 (* 2 + ixf ix 3 - l) 2 + 2{x 3 - 1) J (± 7 + 3jt){2* + 3) 
16s (4** + if 16i(8s" 2\[4x* + 1) 

l9 ' {4x J + If 


'7(2* + 5)(4* a - 3*1(8* - 3) - 2(4* 2 - 3s 12 




Zl. 


25. 3 sin 7 * cos s 
29. 4y + 3* = 25 
33. 70,4875 


23. 2 cos 2x 

27* i{x ■+ sini) ,fl (l + cos*} 
3i. 3fjr — * = 5 


35* 8.6*75 


Section 3 4 

1, y* = - 12jt 3 , y" = 20* 3 - 36*?, y m = 60s 2 - 72* 

3. y H (L/v5'K - y" - (l/V5)(3/4jjt -3 ^, y"* = U^/SX-IS/S}* - ^ 



y* = Ix'U 7 + ir V7 - 3 jc(j( 3 + I) * 1 
7* y J = U + 1) 2 , y" = ~2{x + 1) y m = 6{x + l) " 4 
9, Velocity 2; acceleration IK 

11. a) v = — 32f + 48ft/sec bi a = •32ft/scc 2 c) 48ft/scc 


d) ( = \ sci' 


el 16 ft 


f) (I s | s 5 


11. Speed =a Ji|\/4 + 9l’, slope = 2/1f 
15. Speed = t/^2, slype l) 

17* 3y - Hi - 13 
19. -1/2, 3/4 
21* 0.053233,0 16606 
23* -2,3404, -2.19J 
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Section 3 5 


1, 

3/4 

3. 

1 

f, 

-1/4 

7, 

1/3 



11* 

17/31 

13* 

24/65 

13. 

5y - 2* = L 2y + 5s = 12 


17, The liisl injrve has slope -I ami rhe second has slope 1. The curves are 
orthogonal. 

19* Let |jQ|. y 4l ] he a point of intersection. Since both e ami k are mmzerp, neither 
nor y,, i^, /cto at a point of inicrscLtiun, By impl irit differential: bn, the slope of 
y ' r c at I v y,J is xjy„ t while the slope of ty = k is -yjx^ IHe curve* 
are orthogonal. 


fleview Exercise Set 3,t 

1, (x 3 - 3 xX12jc 4 - 2'! + (4s ’ 2x + 17X2* 3) 

.3. dy - (6x -h)dx & -144 

7. y* = 5<4x' 7xj\l2* T 7) 

y ,r = 120**4* 1 -Itf + 21W12X 1 Tl M.v 1 ?*}' 
9, 32y - x - 67 


fteview Exercise Set 3.2 


1. 

--- ■*■ 2x lr x 

3, 

{L98 

5. 

its" 3i 4 2r w ||t : 3) 

7. 

VO* + 4r WT 

9. 

y = -1 




More Challenging Exercises 3 

t- tffcftd) = flutald) + f(a )*?(.«.) - ft - g'<«) +■ = ft 

3. Lcl pis) (x ti)'cf(x). Ilien p<«) O-qia) = t}. Also 

p'U) = Lt - a)V(*J + 2(x _ 

so 

p'fat = tl ’ tf'in J + G* rjtfl ) = 0. 

5. v = 2x + 2„ y = fijt'“■ 14 

7. From y = /ixl/jrtxV, we have v 1 jffsl fix). Then 

dy 

y e'(x) ' . sC.n fix). 












772 


Answer; to Odd‘numbered exercises 


Chapter 4 


<iy = f(x) - y fU> - [/(j]j/g(jt))g r (jt) 

dx 




(ft*) 




difjgthum 

tit 


f‘ig\kV\))) - k'(MiJ) * 


CHAPTER 4 
Section 4.1 

1, V'7V2 


5. 

-V2 


9, 

0 


13. 

Cl 


17. 

Undefined 

2J- 

2V2/3 


25. 

-VTs 


39. 

-7/S 


31. 

y3 tu_ — 

V) 

33. 

oj (ti. - 

u) 

35. 

see ( x ) 

=* 

37. 

sin | \ 

7T 

2 


3. -1/V3 
7. -2 
II. 1 
IS. -I 
19. V'2 
33. -1/V24 
27. 4/5/9 

hi sin(-.ti = -i: - sin t; cosf-jc) = u = CORJt 
b) *n l^x ~ ~ j - u -cos t; lok. ^ x - - ] = v = 


sin x 


\ 


COfS ( a ) cos X 


= see K 


39. tec ( * ") 


1 


COB X 

I 


2/ cosU (tt/ 21] i cos .t) cos (- irfl) (sin s) sin { irfl) 

1 1 

= - = - — j 

(cos k)H» (sin *)C l) sinjt 

4l. ecu2.* = cijs" sc sin~ jc cos' 1 ^ — it- eos 3 tf = 2 ws* x 1, 

erss2t x sin 7 x (, ] sin jc) - sir ,t = i — 2 sltr x 

43. V59 
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Section 4.2 

I. Amplitude 1, period 2ir 

v 



y 




y 



_ 
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IS, i t ; 



17. 2ir: 

y 



Section 4.3 


l. Docs not exist 

3. 

1 

5. 1 

7. 

1 

Does not exist 

11- 

- x si n x + cos x 

13- ix 1 + 3x) see t lan x t- (2x + 3) see x 

15. 

2 sin x cos x 

17. 2 sec 7 x Lari x 

19. 

[col x 4 x cstr c l/uoi 1 x 

2,1- 2eOs2x 

23. 

h cost2* 3)sin (2x 3) 

25. —2 sin ' x cm x + 2 sin jc COS 3 x 

27. 

'U + 2 cos 7 x) _l/z {—4<o« x 

29. 3| cos (tan 3 a jj see 7 3x 

31. 

1 

33. 0 

35. 

0 

J7 ' y “^ = ^('” 4 ) 

39. 

1 HO + VW 

360 


Review Exercise Set 4.1 

1. a) 1/^1 b) -IfM 3. (V3 1)/(2V2J 

5 . tt /3 

7. a} (S sin 7 2 j era 2x h} -3x 4 esc x ' cot x ' ■+■ 2 * c&c jc" 
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Answers Id odd-numbered eKeteees 


Chapter 0 


Review Exercise Set 4.2 

1. a> -1/2 b> l.j\3 3. -5/16 

v 



7- al 2 je sec’ lx J + 1) b) f,(x 4)(2 sin * ctfi «) r- sin xj/ft* ' 4 ^1 


Mote Challenging Exercises 4 

1. I 3, (1 

5, v‘3/6 


CHAPTER 5 


Section 5 1 


i* |lW3 tir/mirt 

i. \2jJ65 ft/sec 

5. L 5/7 ft/sec 

7, 3/4tr in./stsc 

1 f i Vmin 

I t* a I 5v3/2 ft/nnii 


b> 25/2 fr/miri 

13. ~jrl V6IW2 units' 1 ./sec 


Section 5,2 


1* £ - 1.73214 

3, i = 0.6H605 

S- -2.652 

7. 2.924U2 


*i. 2.12937 
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II. Lcl fit) he Alice's height i vears after she was born. Then f is a continuous 
function, f{ 0) * 20. and f(r,j 09 for some t, > Q. Hence, fiu - 4 s for ttumc 
t„ such that (K f,, < r, by Exercise H 3 . 

13, We can write 

fix) = jc"( a., f tt .*- + - ■ + dl j 7 +-■-) for x^O 
\ x x" ‘ x "/ 

H u„ > 0, then = x and /txl = Ii . Then (here uxtste C 

such (hat flC) > ii While /( f,'l < 0. Fiv theorem .5, I, /(.*,,! 0 Fur some jc,, 

such (lion -( < jc„ < c. IT h,, c [y, the same arguments hold with some sign 
changes. 

IS. 1 he number of hours of daylight is a continuous function fin) of the distance a 
Irnm the North Pole along ilie 37° meridian E et he the distance from the 
Nifrth to flic South Pole along this meridian By elementary astronomy, f«M 
24- while f\h\ (). Iluis there exists a point on I Ire meridian some distance 
from ihe North Pole such that f(s n ) = (9. 


Sectinu 5.3 


I, Maximum 16; minimum H 
S. a] Maximum 2; minimum -f> 
hi Maximum -3; minimum -7 

ci Maximum 3; minimum 7 

v, nj Maximum v'2; minimum I 

b? Maximum V2: minimum [ 

ci Maximum v'2: minimum -1 

dl Maximum 3 1 minimum vZ 
11. You may write 


3. Maximum t; minimum 1/5 
7. a) Maximum 7/5; minimum 13/10 
b} MlsiiTnim 3/2, minimum l 
id Mnxtnium I; minimum ]/2 
d) Maximum 3/2; minimum E/2 





x ?* 0. 


1 (ICTI lira, fix) = lirn, * ..fix) - Consequently, there extsls 4 -■ 0 such 
that /(k) f{ I) iT |x| ■ c. J lien the minimum value assumed on e f, which 
exists by 1 icorem 5.2. is a I ho the minimum value assumed on the whole i-uxts. 


L.V 14 
IS. -27 


17, Maximum ~l,91134 at x = 1 +■ (VS/3); 

minimum 4.(188.66 at x I (v6>/3 
19. Maximum U. 342427 at £ - 0,523598; 

minimum -0,342427 at x = (1,523598 













778 


Answers to odd-numbered exerciser 


Chapter 5 


Section 5,4 

1. ft-3) - fi- -2) - IU- c = -1 fl 

3. Let /<*i) - f(x-i) = - ’ * = fix,) 0 where a * x t < x* < - ■ ■ < X, =s &. By 

Kolk’s Theorem, there exists c, between * and jc,.*] for I • 1 + _, r - I such 

thai f{ cj - fl. 

5. fix) 3jt — 3 = t{x 3 - l)>0 if 2 s * s 4. Hence fix) lias el most one /cm 
in |2.4|. Inspection shows that /(3) = H, ami there can he no other zero m 

(Z*l 

7. 1 9, 49/4 

11. a) It is the average rale of change of fix') over [u.h], 
h) h is the instantaneous rate of change of fix) at c. 

oji If f h conthnumts on [n, f>j and ditfereaiiiahEe for a < * < fi, then there 
ex isls c where a < c < b such lhat the instantaneous rare of change of fix) 
in f is the same as I he average rate of change of over la, h], 

13. We easily compute that 


fUj) fix,) _ atxy - x, 1 ) + &(x 3 - x,) 


= d{,x 2 + Jtj) + b 


x* - x. 


and 



also. Example I iHustralL's this, 


Section 5.5 


1. -a 


b 


a 


4 b'| u = % h = -12 c> No 


v 


>■ 

A 



5. 


7. 


— 
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y 



b) Yea c) No 


13. a) .t •-' 3 

b) x £ 3 

c) None 

d) -5 ttU - 3 

e) None 


v 



15. a) is 3 or* & 1 

b) -3£!£l 

c) S at x * “3 

d) — 17/3 at a = ( 


e> (- 1. —1/3) 


V 



> 
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Answers to odd-mimburact sxordses 


Chapter 5 



19 , at x S-l st x 1 


b) I =£ x ^ i 
e} 5 at* = — 1 
d> ^ at x 1 
et [ 0 , 1 t 


v 



21 . at 

b) 


7T 7ir . 

— — + 2 FIT S H 2 H 77 

h 

II if _ 

-4 2mr ^ Jt ^-1- Znif 

^ (t 


for each in it ^tr n 


fnr each integer rt 


■J 

dt 

c) 



Where Jt = (Vnr/ht + 2 jttr 
Where x - ( 7T^f»> + 2nir 
Where jc = OfZ) + mtt 


) 
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11. -17 - U - 2? 

29, If g{ci > 0 , then g(t) > 0 nun? a since g is continuous. Since f{x) 

— a) 5 , wc see fixi > (i ft>r x ¥= u near a, so f is increasing at all points 
near a except possibly ai a. Since /' exists, / is continuous near u. and it follows 
c=isil\ that / is increasing at a also. Ef gun ■ U, all the inequalities are reversed, 
iimj f is decreasing near a. 

31 * Maximum IM.2V2K93. 0 . 1 (4214.); 

minimum J-ti.5, -0.4375), (1,707107, 2-664214); 

inflection points (-0.145497, -0.160058}. and (L145497, -1.45105} 


Section 5.6 

I* 25 fr 
5 , 6 r 6 

9, 250 rods by 5(K) rods 
|.i, • n«' h 

17, 5v3 miles 

21. I 

23, a) {A + B Mjl a {B t c)jc 
25, ia 3Ii + 


3, s - 2. y = 4 
7. 108 hr 

11, 4 an. wide by 2 in, high 
IS. 3n\3/4 

19, 6\fS in, wide by fcVfc in. deep 

hi tA + B b)f[2{B + c)] 

27. 2441 ft 


Section 5 7 

I. a) S54Q/unit b) SHQO/unil e} 52b0/unit d) 5335/nnit 

3. a) S9tl/stOve h( 1000 stoves for $40,000 profit 

5, Average profit IS PiJtJ/JL Hide ren hale and sel equal to zero: 

xH.O P(x) n 
jc 


so jcFIjO Fix) and F(jm = PtsVx That is, marginal profit equals average 
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Chapter 6 


profit at an extremum of average profit. 

7, The hypothec give S(7> + Cfff = L then $'(l} + C{I) 1, so C”(f) - 
I - $*il\ 

9. LI* orders of 2l* refrigerators each 


Section 5„8 

1. lx + C 

5. 3x m + C 
% 2V'i ~i + c 


13. Kjc - 19 


17. 




+ - + IF 
ft 


Review Exercise Set 5.1 

li 3/IQir ft/mi n 

5. y = i J - 2x J + Jj - 6 

7. f ~ 4v'6 units 

Review Exercise Set 5.2 

1- 3^2/7 ft/m in 
5. s = i 3 - 4 i £ + 2l + 5 
7. 25f>/3v'3 units'" 


3, 2x* - U* + 4jc + C 

7. — + - x 1 4- x 4- C 
5 3 

1 

11. ™ sin 3x + C 
.v ’ 

I S. — - cos .x 4 4 

3. Maxim urn l l ! ;'ic jc =3; minimum 
l at x = 1 


3. Maximum 13 ai x = 3; minimum 
-12 at x m 2 


More Challenging Exercises 5 

I- Use 40(1 ft of fence for a square enclosure of 10,000 ft'', and (he rest for the 
circular enclosure. Total enclosed. 38,M8ft\ 

3. If / is. /r tim-u-s differentiable for d ^ it s ft and f{jc) assumes the same value at 
n + 1 distinct points in | a, fc] t then f m \c) = 0 for some t where a < r < b. 

5- Jog all (he way. 7. O.S7672fr 

9* fix) x"\ a 1; then Oi+i -2a, 
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CHAPTER G 


Section 6,1 


i. a) 

fl 1P + rt n + a 3 t an 


h) h, 1 + fc, 2 + b/ 

c> 

Ut + ttj + d,., + u M 


d) a» + ft* 2 + *1 iu H 

c) 

C+f ’h c' ^ C* + f J 


n 2“* + 2^ + 2 s 


i 1 

* 


3. a) 

Z b'l 

f > | | - L 

c) Z 

I - | 



* l 

3 


d) 

v «,’*■ c> V u.hS 

ml mi 

ft I 

i-i 


*1 

5. Z 

i — 1 

la, +■ &^) a = la, f &,) 3 + 

... + [a^ 

, + bJ J 


= tlj' + 2a, b, 

+ h,* +■ - 

■ ■ + a* J + *■ 


= t( 1 r + j - ■ 4- a,, - + 2(d]fri + - - * + + bi' 4 


= Z * 2 Z 

i -l l-t 

7* 1.57,5 

11. S 4 - 0.76, s 4 - 


iv- 

(-1 

9. S, = 5. S? = I 


v 



y 



15. S, = (w/4}(2 + v'T), 


+ ^ 

+ + Jv 




*4 = tfr/4)(’i/2) 
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AhtWttt to odd- nil m bored! exercim 


Chuipler 6 



U. (I 
27. 0 

31, 2 


21 > 

12 + 4 if 

25. 2 
29. 4 






S, = 4 ■ I + 4 - 2 + 0 - 2 = [6 
S* = 4- 3 + G- 3« 62 


35. 62/3 37. 3 

39. 3.450386 


Section 6.2 


1. Refer to llreorem 6.4 lo cheek your 

answer. 

3. 1/4 

5, 20/3 

7. 2 

9. 3 

ii. ;V2 

13. 20 

IS, 3/2 

17. -it/2 

19. 2 + (W2-) 

21. 7T 

23. ir + at a /4> 

25. (3-FT-/2) - 2ir 

27. 8 

29. l/v'l 

31, 88/15 
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.V 



; 3a 


y 



37. s/FTT 

4t, 2yrl l 

45, 2*vV - 6r + IQ 


; 256/5 


39, -iff + J 
43* -v'rH 


Section 6 3 


1. V f jge - + C 

3. 

i(jc + If + C 

5. ^.jt 3 + 2f + 

7. 

v' ,v 2 4- 4 H- (' 

9, At* 1 + 4f * C 

tl. 

i sm : + {'' 

13. —it; cos 4 4* + C 

15. 

— J esc 2jk + C’ 

17. l see 11 lx + C 

19. 

11 - oo* x) 1 + C 

21- .] Sin 4* ■+ f 

23, 

2 \ ; 1 + tan jc + C 

25. inCSt' 2 iL + r 

27, Since cos 26 - 2 cos - 

L Wc have cos' 

« teas 2fl -l- (>/2 


ora 4 * = [(cm 2* + D/2]' 

i(oos"' 2x +2cos2jc + l) 

■| 4 cos 4 a + 1)/2| * l ccs 2x * 
This can Ire tnicjrsio' without ditfiailtv. 

29. 2 lan y « x* 4- C 31. 8Vw = x * + C 

33. 3 cc»l y c(W L * 4 C 
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Answers to add-numbered exercises 


Chapter B 


Section 6-4 


i* ¥ 

3, j .W4 + x'] + C 

5, iVnii - Jr l^x] + ( ' 

7. J<w ~ 2) 

9. cos* 2jt sin 2x +• ci>s' 2x sin lx 

t sin 4 a +■ IkS i C 

11. 0 

13, ,' q s\t\ 7jx + ^in 3x + C 

15, 1 tan * 1 f 

17. "SFr3x -qos3jc + C 

|9, (’ - | cos 2x i * sin 2.t + C 

21. j ILln 4 jc + f 

23,. -fttiour v k'1 J C 

25. .', see s ~ Ur x* -l- 'tan a"’ i C 

27 . 1 sin 1 x ’ + C 

29. |V4 sin J jtf{4 sin jt)] + C 


Section. 6.5 

I. A) 1.3524 h) 14583 3* a> (.737 b) 1,7321 

, , 4%f , ,■ , 73ti 

5. a) 

7, 33.0274 

Review Exercise Set G.1 


Si 2 

9 mVi 2»> 

3 


3. 


Vsr + s' 


2V‘r 


7. aj \ sin' 2 je + C bi sec'jt + f 


Review Exercise Set 6.2 




. it . 3 it „ 5 it 7 it 
sin - -i- sin — + sir — i sin — 
8 8 8 8 


3. 2 sirf 21 4 ^in' I 
S. 5 

7- a) - esc 1 3x + C 
hi -2Vssc * + C 

9. (H + 3tt)/64 
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Morn Challenging Exercises & 



^K»(.-H-). 4-^)1 

S.-». Wl /(D/'i 

n 

S + -—-[/fa) /{&)] 

n 


7. 


16 


11. 16/5 


CHAPTER 7 


Section 7.1 


1. 


S, 


32 

3 

4_ 

IS 




i) 

2 


13. 4 


17. 




31. 


2 

a 


3. 


] 

r. 


7. 


44 

15 


11 . 


64 

3 


IS. 



+ v' 4 - xh dX 


IV. 


] 

3 


13 . 21.9919 


1 Subtract) 
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Answers to odd-numbered exercises 


Chapter 7 


Section 7.2 


I. ibnftS 

3 - i ■€*)’*'■ 

5. ? 
ft 

7* 3W10 

9. v ’,12 

II. 4« s /v^3 

13. 


Section 7.3 


1. IW15 

3. tr/ft 

5. 3ir/lll 

7. 2,rVb 

Section 7.4 


1, ~1I0* J - u 

3, ' H25 13 1 *! 

n 

5. lft^/24 

7. 24 

p 


9. J V'l i 9 j£ J ds 

11. V«JS^I + 

13, VT7/20 

1 5. 124.1327 

17. 4.6472 



Section 7.5 


I* 


S. 2t 


24v / 3 + 4 


I S 


•25.1,1 

20 


7. - r37 V3 - 1) 
ft 


9 . ^( 29 ^ - ir n ) 




It. | 2ir(x + 3)V I 4- 4 jt d.i 
«• 1 2—{2 sin yWl + cos' y dy 


I S„ 17.7037 
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Section 7.6 


1. 

aj 

i) -4 

it) 4 

bl 

t) 5/2 

ii) 13/2 

3. 

a) 

i) S/6 

ti) 5/6 

b) 

1) 2/3 

ii) 1 


el 

i t 3/2 

ill 11/6 




5. 

al 

i) 4 /*f 

h) 4 /tt 

bl 

i'l 4/ir 

ii) 4V2/rr 


e) 

f> G 

ii) Hv'T/n 




7, 

a) 

3t 

b) 6 

9, a) 

1 cos t 

b| (3 it 4" 


Section 7.7 

I- 64fl-]bs 
5. fjFTi, mj/2d 
wn. 4 Trite 


3. L24«()ir fl-lbs 
7. l,940,8^.Mhfi 


Section 7.B 

I. al kab\f\2 

m 4 

3- i? 

9. 3 


fy^vT 


b) kah*!2 0 


+ i^'y/4) d y 


J. i 

7. al ka*!4 b) kn J /5 
11. 4fcll| tv« T - dx 


Section 7.9 

1- A plane annular region la eiisk with a hole in ill 
2a 


3. 

Via - 3tr 12- 3 tJ 


(f-3 


7 t Let (lie maximum depth of water ai the dam he it It and let ihe width of the dam 
al dcplh i ft be fty J ft. Then the force on the darn is (ft2,4)jcf(x} dx = 
62.4 ft xfix) dx lb. Now J^xftx) ds is the moment of the plane region (with mass 
density 1 l comprising the face of the dam about the axis formed by (he top edge 
Of the dam. and is therefore equal to sA. Thus the force is (62.4) sA lb. 


9, a) l/v3 


I 


b) -Wu + if - 

s 


11. e‘2; 


Review Exercise Set 7 1 


4 

*• j 


s. 


7 it 

MVS 


-V 2NKft-lhs 

7. 2 I if 4 JvVl - vdv 
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Answer to odd-numbered exerciser 


Chapter 9 


Roviow Exorcise Set 7,2 

i-f 

5. ‘JV2w 


3. 208.000 fee 
20 


7. 


^7T 


More Challenging Exercises, 1 


i* t-nN'2) 


lx 3 - 2x + H)(4 a |i lJj or 


2V2 IT [ Arty 
Jo 


+■ 2)dy\ 


7 (MV 

lT“ 


3. j | (2 a 3 + 3x 4 62)(25 r) d* + ^ [ (4* + 3x + 3(Vi dx 


25(h/2 


200 

7. — hr 


CHAPTER 9 
Section 8 1 

1- Yes; ii is dtlfereiiiLihk:. 
5. LB 
9. 3.3 

13. U/2rK x > 0 
3 ?- 


17. 


2.r +3 x 2 + 4 


3 

x > 


l - In x J 

U. -t—, * > 0 


set" On rl 

25. - 

x 

29. 2 tim x - ficol2.iL, sin 2x > (J 

33. }ta (sin 3x| 1 <' 

37, ln|lnxt 4 C 

41. — 1 
Ox + 3 


45. 


in 3 


3- V = x - I 
7. 2.5 
u* n.47 

15. VL't' xOjill X. tilJl A ~ r I I 

19. (In x)(eosxl 4- (sin x)/1 


23. 


4x 4■ g y 2 

X 3 + 4x lx ~2 3 


27. + 


I 


, x > (I 


x 2x + 1 
31. 1 in pH 4 31 + C 

35 + - 1 t C 

X + I 

39+ Jn | tan x| + C 
43, seex + C 

47. In" 


ira 
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49. 

-2^2 + 3 In (3 4 2V'2J 

2 4 Vs 

5t 2 In -p— 

V2 + I 

53. 

1.6094868 with error 0.0000489 

55, x 0.231286. 

Section 8.2 



1. 

2 


3+ U 

s* 

-2 


7. 6 

9. 

90 


II. 9 

13, 

2e* 


15 + ** + 2c 

17. 

■!' + .■ 

X 

(in 2a) 

19+ ' see x tan x 

21. 

** 


23, 4 

25. 


+ c 

27, In (I * O + C 


J 

*i < 

t 

L 



\ 1 

.V - r. J ' 


29. 

\ 1 « 
? 


31. -0,90336 

-J 

1 2 3 

33. 

0.4890435 


Section 8.3 



1, 

64 


3. 5 

5. 

q 


7. 3 (In 2)2 3l£ 

9. 

3“ > [(*«K*J<ln3) ■+ IJ 

11. {sin X v [_t cot x 

13. 

- sin l'x 

W fin * + E l] 

13. l/((!n 10)x) 

17. 

2 m - y 

[On 2) + 2 (in 3)1 

5“ 

19. - [2X0n5) 

7x 

21, 

T ‘ IS J 

s ‘ lOO^ldn 700) 2j(lnfi>] 


23, 

3‘* 

In 3 

+ C 

as. —— + r 

In 2 


23<i.06 y> 

1 sin x 


+ In {Jiin x | 

(In ?)] 
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Answers to odd^mimbwad trfcflrcises 


27. Let v = x. Then x = a . Differentiating implied ly, 

- ,, , d V dy 1 1 

1 = <a lln u) ‘ — . m) — = --—- = -:— 

tlx dx (In a)4 {in a)x 


29, 0.687439 


Section 8.4 


1. 


1600 In Of!) 

In 2 


yr 


2560 

3. ——-—ft 

9 In (4/3) 


5. ;sj Al lime r, lilt- concentration of sail is UKl) Ib/itai. Since no sail is added, 

and 4 gal/min of brine i'l lining drawn ofT, we have 




which is an equal inn of the form 1.1). 


7. 

9, 

13. 


K, 2 “,b 


e 

y Af 11 t B, where A and fi may fie any constants 
$7.7.1*3.82 11* $79.04? 

Year 4,029 


Section S.S 


1. 

tt/2 

3. 

- w/3 


5. 

5rr/b 

7. 

tt/4 


% 

-7T/2 

11. 

■ IT 


13* 

2/V'l - 4.i •' 

15. 

\I\2<xi l 

+ X)] 

17. 

l/[jtV(l/x) : ' 1] 

19. 

6(tarf 1 2 j 

erVtl t 4.v') 

21. 

-im + Jt'Kian 1 Jff] 

23. 

2(± 4 sin 

p 3*)| i + 1 3 /v'T 

15. 

3 l si n 1 3 jc i C 

27. 

W6 


19. 

tt/6 

31. 

1 L6t r/3) - 

■ 4v'3 

33. 

lir - 4v3)/3 

35. 

ff/4 


37. 

Let v cos 1 jc. then \ = cosy and 





dy 1 1 



-1 


dx dxfdy -sin y 

d'\ 

cos’ V 

vl - x J ’ 


(ll is appropriate to subslilule the posihec quantity v'l cos J y for sin y since 
l! ^ y =s it. so sin y s= 0.) 
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39, let y * 


41. Let y 


out 1 x Then * cot y and 

dy 1 -t -X -I 

dx dxfrfy CSC 2 y \ + 001' y I 4 **' 
esc 1 x. Then x esc y and 

4y m -l -l _ -t 

dx dxldy c>c y oot y esc y Vesc 2 y - 1 iv(x ? - 1 


ll as Lipi'iJ-OfJfiLLle til sLtl-KhtatLJlt: EpoXiriiiF i|iJLiiitily v'ese' y I fair gut y 


— ir < y -s — nil nr II < y < rr/2. 


Section 8 6 

I. Divide the rdaibn ywh J i sinh 5 x i by ot»li J x. 

c * -■$* + e ' 

3 . sijth(-Jt) =---=----sinhx. 

,, , , e 1 e"' e'+e"? + tr f e v - c - * 

5, smh t cash y 4 cosh x stnh y = ---i-- 

2 2 2 1 

2e“* - 2s 11 g** 1 -f H 

4 ~ 2 

ssiih lx + yi 

7. shall 2x - 2 siiah x cosh x i cosh Z* = cosh 2 x + sinlr i. 

9 . Dicosh x) = d { — \ -- j = i D(c* 4 t‘ 1 ) = |(e I c ') = sinh v. 

IL. D(sech ci Ilf \ = —^ = -tanhx sccltx, 

Vcswti x / crush' x 

13. Let y - cosh 1 x so x cos3i y. Then 

dy I I I I 

dx dx/dy sinh y vcosh'’ y —"1i v'x : - 3 ' 

l Si race v = LOih A ■> 0, sinh y 0. vi> I he prjxilrrr square tik>I was 
prifltt.0 

IS* l ,ct y coih 1 s w ! * cnlh y, Than 

dy _ 1 L -1 I 

dx dx/dy each 2 y coth 1 y - 1 x 2 — 1 t 

17, Let y = csch 1 x Sb x = eseh y. Then 

dy 3 -1 _ -i _ -i 

dx dx/dy csch v coth v feseh y)(± *A 4 csch - ' y| ix'Ki v'i 4 * 


3 


1*1 > 


since 


appro- 


L 












































794 


Answers to odd'numbered exercises 


Chapiter ft 


II x > 45, (hen v each 1 x > 11 -, 50 e**th y > [t and the phis sign i& appropriate. 
If x <"0. then v = cseh 1 ji < U so Loth v <" U and mipiwv Sign is uppmpriy.lL:. 
These two cases are both covered by the formula 

-1 


Dtesch r 1 ' 


19, 

23. 

27. 

31- 

35* 

39, 

43- 

47. 

51. 


2x sinh I jf") 

c&ch 4 In x) coth 4 In 
x 

2 

v 1 ' 1 + 4JT 
-2 


ijxh/i + x 1 ] r 

sech v'x tanh Vx 


21 , - 


2 Jx 


25, 2 sinh 1 x cosh x + Scwsh 3 a sinh x 

19. Zacc2x 


xvl - 

3 csch' lx 


33. 


+ e l sinh '(e l ) 


. [C0l3*|< 1 


I - cot’ 1 3x 
1 cosh (3* + 2) + C 
In |ainll x | 4- C 
i/ll 4x : + C 

, m Vs /1 +& 

1 


Vi + ?■ 

37, In j&inh x^ + C 

4l, s lanh 3x + C 
45, ^ (.In 4) 

49. -seeb , U , } +c 


sfe Vs /|W*\ 

— + 2 sinh 1 j = — + 2 !n ^ — ) 


53, Vi 6 + x 3 - 4 sinh 1 |- 

55 


+ c = VT&TT 


9 ,/sinx\ sin x v'9 + sin" x 

--sinh (—) + —^-+C 


(A 

In [ 


■+ V lb 


+ ') 


+ r 


' 1,1 ' J V9 + sii[i’ * - -In(sin x + v ; 9 + sm'' x) + C 

2 2 


57. 8 cosh 

59 


'©*f* 


lb + C - yVe" 1 ~ lb + SSn|e J + v'e‘ l lb| + C 


cosh 4x sinh 4x 1 , 

----l- -iU)ti4x + f 

12 b 


61, custi 1 x = In (x + Vx 3 - S5 


63. 


ooth' 1 x - ^ In (* + ) 

2 \x ■ — I / 


.r *:-t * , |1 + ^r+ X 1 

*5. csch x - r-.ln 1 —- 
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3. a) /—sec** h) l 

7. a) —it/ 6 h) — tt/3 


5. a.) 


hi 3 
in 24 


b] 3 


9. a) :>[nti x. 



b) nsedi J 2 x. tjiih.2 jc 


Review Exercise Sot 8.2 

l, iO Ie is the unique number e satiKJyinj' In e - E. 



More Challenging Exercises 8 


1. x = 0. In 2 

P 1 

3. In n = | - d*. For this integral. 




1 l 1 

2 + 3 + " " + n 


and 




i 

3 



+ n 


s. 2 in* 

7. If * is Surge enough, ihen *■' is greater ihan fix.) for any particular polynomial 
function f. 
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Answers to odd-numbered exercises 


Chapter 9 


CHAPTER 3 
Section 9.T 


1. cos x 4- 5 sin x + C 

5, " 1 

4 2 

tf 4 '* 

—.,- - (a coii bx t b sin fcx i l C' 

w + ir 

11. a V 3jt V + ftjce‘ tn;'' t 

13 . - k’coa Jt a + («i n s ' 4- C 


3- -- r ‘ J + C 

7. " f - Un -t) - ~ 4 C 
Z 4 


15- i In { E + M 1 ) — 2jt + 2 Inn ' x + { 1 

jt 1 I r _ 

17 . -set 1 X - - vV - I + c 

1^. Take n x HI and dv = c 1 *' <rk_ 

31. Take u = si.il" ' as. and dr = sin ax, ais'" ux rf.r. 


Section 9.2 

\ , Lx - 1 

1- ,In 


2 U + 1 
1 ... 


I- C 


X -x- + In K* + 2>(z 2Y'\ 4 C 


5, - + 3 In 

X 


X ~ \ 


+ r 


7. --\n\i\ + --Ink - 31 + -Ink + H + C 
3 12 4 

r 1 « f , k 2\ _ 

3ix + iY + 1) 21 " U + il * f 


li. In 


jV - 21 2 l I 1 _ 

. . + - In + 2) — -y= tan '(a/v'2) + C 

*+22 V.2 


13- -2 In jjc — li | + — 3 n |.ac' + 3| + tan 'ik/v'Sl 4- C 

x 1 2 V3 


I?, - 


2 - x 


x 2(x 2 + \f 4.t 2 + 4 4 


3.t 3 . 

tan * + C 
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Section. 9.3 

i. a) u » x dv = (x + 

diU ™ rf.X L? ** \{X + I )^ 2 

x/x~±~\ ( k = ; X { K + i) 1 ^ j^s + iF*d* 

^(jc + n ,fi ${■ + i f c 
hi a = x 1 da -- je(4 - dx 

du = 2xdx u .-J(4-* a V v » 

J x V4 v ' d.i l|j T (4 ji 2 )*** + =i f (4 x *) w lx dx 

= ~{xH4 - x a >“ - &4 - + r 

-s t /sift 

3. V4 - s" - 3 sin (*/2) + C 5+ ‘ (—— j + C 

7* ra(3 - 2x? n - £(3 2x) m + C 9. l - 2 tan 1 v'x - 1 + C 

11 . x ~ 2 V* + r 

13. x t 2 4Vx "+2 + 4 tn (A + 2 + H + C 
15. £Cx J + I ) Vi JU* 4 l) 9 ' 1 + C 

17. V* * ,t 3M + 6* 1 * 2 ln|l 4 i ,# | + lft|x WJ - x ,J * + l[ 

2v'4 inn 


/2x‘ m 1 

i—r 


Section 9,4 

|l + l4*n (a/2> | 

1- 111 


+ c 


1 1 - Ian (j/2'i 
3. Iji 11 + cos x\ 4 C 

5. --^= Mm 1 f v' 3 itLn - - ]l| + C 

7, —cut X + ™i + In tsin x | +- In tescit + col x| t- t' 

x 1 1 

4*-In [nw x 1-In (Soc 2x -3- i;m 2x | 4 £’ 

2 4 4 

1 x 1 

II* - fen |ncc 2x + mn2xS ^ +■ Io|cos2x| i C 

4 2 4 
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Answers to odd-numbered ensrcises 


Chapter 9 


Section 9„5 

l. Replacing n by -FI in (5? yrut (6) yields 


and 


bin i rnX — nx l sin ffix COS Jtx - cits mx bin OX 


MKbFli - j-i.t > = ct*, rrax Ltw nr - -sin tfi.i sin OX, 


15') 


(ff) 


Subtracting (.ft) from <b') gives (2|, and adding (b) to £b r ) j^ves (4], Adding (5) 
and (S'.) gives, f3k 


3. 

7, 

U. 

15, 
1% 
21„ 

23. 

25. 


\{cos2if n 4 i.(HFs2jc) 7 ''- + c 

Sec X 4 CE.KH X 4 C 


14 x .i' H sin 1 '2* J.i sin 4x 4 (' 

\ tan' x + I ian s x 4 r 
tau x -4 f Ian' x 4 ^ Ian x + T 
tan*2x I tan 11 lx + \ tan’2* + In [cosx| i t.' 

■ \ esc* x + C 

tsin" uidx = |tan h, ‘ ' ux (see «% — l) dx 

= J lan" *LX Btc’ lIX dtx |Uin" ' HXdx 

tan' 1 ' ax 


5, 2v , siri x ^(siiixi' " 1 t C 

x sin 12s 
9. - 4 C 

S % 

13. tati x 4 tlan' x + C 
17, tan 1 3x + C 


ulll I) 


iau" li.\ six 


27. 


sec" ox dx = j (see" «vKI 4 fan 2 ox)rix 

Jscc" ' ttxdx 4 J see' 1 '' ax tan axdx. 


see" ' ax dx 4 
Jf = Lilli u.r 
du = a !>i4-c J ax d* 
I 


du = set" ' ax tart itjx dx 
t see" ' J ux 


ti 


set;" tix tan' ox dx 


a 1 1 1 2} 


a a ~2 
Sul" ua Ian ux 


—L. r, 

a - 2 J 


|sec" UA di = j MiC" "ax dx 4 


1 


see" * di; tar ax 


see" ua dx. 
\ 


a(n — 2 ) fi 

Solving LIuk )S| Jiiiiun for J see” 1 ax dx gives the formula. 


see* 1 ax dx 
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ig. 


n = 511 r ' UX 


du d(rt - IHn" ' cii cos rut 


am"axdx -—sin” 1 fi* cos ax + (si 

cl 

t 

= — sin a* ccw tLE + i n 
a 


sin" 1 ax cos u* fin * 

it 


Solving for J Sttf ax d* yicfds ihc formula 


4c • sin (lx tlx 

[ 

t ; = — etts ax 
a 


J sin "' 

) Jatin** 


UJt cos 


axil 


I i | on" ' nxdx 
^ ifi - I 


Section 9.® 

i- ^i + x 7 + c 

s. to- - t>** + to 3 - u w + c 

7. v ; 5 4 4 c 

9. V .Jf v Hi - In I* + v'a 7 It I 4 r 

] I. ' VI ■+ 4k 3 + | In |2x i v-’l +A?\ + r 


ii.ira 


3.^ -VfT7 


x - 3 


II 

IS. 


v'x 6x t 8 -1 In [x - 3 + to 3, — frx + Ji| t C 


1 . l i41 

- T tan 1 ■—— + f 1 
4v2 -J2 


17- ) In j* J f 2x + Zj - f» tan iJi + 11 + C 


Section 3.7 


1. 

1/2 

3. 

ff/2 

5. 

1 

7. 

2v ,r 2 

9. 

10/3 

11. 

1 

13. 

Diverges 

IS. 

Diverges 

17. 

Converges 

19. 

Diverge* 

21. 

Converges 

23. 

C 'onverges 


tadx 

sin' ti.ti dx 

I | lin" ifv (h 

+ c 
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Answers to cdd'ntimbsrod exercises 


Chapter 3 


25+ Fur J. 


ft - aY* d* = inn 


(fj — a) 1 11 
1—p 


lim {h ~ a) 1 " 1 ’. 


If r» <■. I, you have I — p > (I. SO itnt K ih elf " i> and the integral 

converges, If f? > 1* then I /> < O and lun h _+»+ (ft - a) 1 " = * arid the 
integral diverges, if p = 1,. then £ [1/U — aj]iit = lim h . , 4 vln]x U||!! 
jn If) a | - Iituk—. In |fi — u | = *, so the integral diverges for pal The 
proof for jcV* 1 JtJLc is similar, 

27+ a) Yes b) V' = 2 me (\ l v'jc) tix 4ir/3 e) Yes 

Review Exercise Set 9.1 

t ^ 2 2x 

1, „ sin 3,v — ‘^J. sin 3;c + — eOs 3i 4 f’ 3. ^ In i2jc 4 3| 4 5 In |jc ■” 5) 4- f 



7. -1 wm! 2* 4- \ cos 2 2x ,««r' 2* 4 r *>. *lar‘3x 4 tan* 3* + C 



13. a) Diverges. [ lit []jvcr^ by Theorem 1. 

Jm A' 

hi Diverges hv Theorem L 1.2. it 4 ?V(* h > l/2t for large t, and 
if? ilix) dx diverges by Theorem 9, t 



jc ; - 4 -(.v'2 ii'l'y 4 2) \Y~ i'S.t + 2) 


Now 


for 1 S x < 2, 




Hy Theorem L J. L | d.\ diverges. Hy Theorem l >.2. the negative of 


ihc given integral diverges, sn the given integral diveiges 


Review Exercise Set 9 2 



3 

3+ 2 In |t — 3[ + — tan 1 2 jt i t 


5. fix 1 f* - 3(j - 0 ~ i(jc - ir* - I2ix lt ,f * 72{x - »*** 

- 216 In K* - t) 1 " 3| + C 


7, \ sin 1 x i,sin’ * 4 ( 


V. - i cot** i col'' x 4 C 
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11. 2 sin ' ^ 3EV ' 4 x h c 


13. a) 

b) 

c) 


Diverges since f^'l/rWi diverges by Theorem V I 

Over U * < L the integrand is less than 1/U - n wt which converges by 
Theorem V.L Over \ . x^ 4. it is less than AKx l}"\ which converges, 
by Theorem vj Therefore ii converges by [Tveurem 9.2. 


I_ 

1 + t y 


__ J_ 

(Jf + 1)(* 3 - i + 1) 


i 

> - 

M* + 1] 


for t / 1 but dose to - 3. 


iheoreni 9. i shows that 

P — At 
J , 6<* + L> 

diverges for cadi € > [J, '1 here fore the given integral diverges by Theorem 
9.2. 


More Challenging ExorciSaS S 




fU)dt f(t) 


= fW m> Oil the other hard, taking 


u fit) 

du = nodi 


du = I dt 

IT = t - JC* 


you obtain 


( nodi 


ii Jt)f(r) 


-[ 

a Ji. 


ficiu - jidi 


= o - (-t)rto) + f /"((K* - t)dL 


t bus /<x I ftOi - f (IHk i ( (i|(x — f) dt, which gives tht- desired formula, 

3. Suppose lim.^/i v) = a >11, 'then fix) > a!2 for a > h for some h, Thus 
linv., lEfU) dx > tinifc^,IS(W2>(fat = bm M _. (fl/2)(h - by - « w /£k) etc 
diverges. A similar argument shows that f fix) dx diverges if lim, f{x) - a < 
0. We have proved the equivalent tontrapositive of ihc statement in ihc exercise. 

5. j)| j| f (a t x r 1 1ku m j x A v) dx | ,, x tit = t j, -sin the t a.|ichy pniicipal value of 

f. fl.*) dx is zero, although /fx) dx diverges, 

hi Jf j" fix)dx converges, then £ f{x)dx and converge, so 

lim„_„ ft f(x i hJa and lim,,-, f. h fix) dx csisl. Then f, d f{x) dx = 

lim fc ( /,': flxjdx + limi, — f „ fix 1 dx lim* _ ft/Uldi +f t ,flx)dx = 
lim h ... f\, f(x) d*i which is the Cauchy principal value of f .. 

7, Let /(.a) II for x noiinffl 1/llV", n + Iflirjfoi radi integers > 0, and let 
sht ffsph of f over | n - I { 10 z ", n + 1/1(P] consist of ihc line segment joining 


(fl- 1/10^0) and (n, Iff) 
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und rhc line segment joining 

(it, l(T) and in 4- l/IO^'.o)- 
The utqh inside thk nth '"spike" is itf (l/llf") |/lu", Tims 

iVh + i i’m, + kh.i + ■ ■ ■ ■ 0. i + [>.01 t Q.tld I + - - ■ o. 113 I ■ 


CHAPTER TO 
Sect kin 10. i 

1" tins,, «. u n = B if for each real number v (here esists an integer i\' such 

that (i„ > y provided that n > N. 

3. Converges to (I 
7. Coil Verges tii 2 
Hi Converges to U 
15. Converges to n 

19 


Suppose lllLj .1 hm„_.. if,, f T anti tc( it t c. Let £ = [d 
an in urger N, such that for aU n > we have 


5. Coct I verges To 1 
V. Diverges to «• 

13. Diverges to * 

17. Converges to i i 

e|/2. Then there exists 


K - ci < r 

I "ram this, one deduces 


or 


\u„ - r| < |f/ c\f2. 


Id., — ii[ > jd — r|/2 for alt n > |V W 

sci for e = Jd r'!/2, there can exist no \' 2 such that |q„ dj < t for n > ft. 
Hence lint,, u,, # cf. 

21. Let e > tt be giver, and litid a positive integer N such that 11/iV) < r. Then we 
have 


liL 


at - IfC! _ u 


< f 

ti 


it « > ,!V, sir the sequence converges io 0. 

23, Suppose the sequence has limit c. I hen, taking e = i, there exists a positive 
integer N such that |fl„ i | < ; fur n > .V, in particular. 


,i L'l < 2 iintf |flN,?-r|<i n 

which implies |«n*i umuI < I, However, |n,q k | a Ari | 2. so utir assump 
lion thru i he sequence has limit i must be false.. 

25. el) 13 hi 135 c} 135') d) 13593 
27. t .MS 7 2 
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Section 10.2 

I, a) t b) 1 c) 0 d> 0 si 0 f> 0 g) I 
3, « n = 1/2, Oi = -1/6* «, = - 1/12. b„ = -1/2(1, n, = —1/30 
5. Converges to ^ 7. Converges to ^ 

9. Diverges II- Gonv£f£G* to j 

L3, Diverges to “ 15. Ml ft 

17. 1 + 1 + l + 1 + ■ ■ - and i- 1> + (-1) + (-1) + {-]) + 

i». s at. ft 

23. 13 25. a) 1.333 , . b) 1 e) i 

27- I tic series is 



end the sum of I he series ts 

29. Lei t be the real number represented try a certain unending decimal with y 
repeating pattern, By multiplying by a suitable power III"’, we can assume dial 
the decimal represent mg M)"'r is given I iy 

\ (Fr = ' u„ - f>, fi,. - - - b, friba ■ “ b Ma * ■ " b ■ ‘ » 


where each of «, and fi, is ;in integer from (I to 9.. so that etie repeating pattern of 
HFr siaris irmnediuiuly after (he decimal point. Then 


Ut'"r = {a,a 2 ■ ■ ■ o^) + 


b tfej - ■ • 

1 - !l/iHDT 


so 


r 



- - <W + 


M, ■ 

(tor 




which is a rational number | Note In ihis argument, ci icr. > H -and b } b, - - ■ b, 
arc decimal representations of integers, rather than products of ^ numbers or s 
u umbei s. j 


Section 10,3 

1* Converges to v’> 

3. Converges to ., + v’2 J 3 

5. Converges; comparison with V|j , < 1/2" 1 
7. Converges, comparison with ^ . (!/2 n ) 

9. Converges; comparison with F . t ] /2 ’ i 
11. Diverges; line ... «„ ■* U 
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Chapter 10 


13. Converge*- comparison with , (i/5 R ) 

15+ Converges: sum of two convergent geometric senes 
17. Diverges: behaves like 

19. Lor vet |=eM behave* like geometric scries with ratio l/r J 
21. Diverges: tt„ does riot approach (I 1 as ti —y » 

23. Diverges: v n z - I for all n 


25. 


a) a 


i, = s. Si = 


b) *, = 1 " tl/t« + 1))*= n/{n + 1) 

c) lim n _(JT/Crt + lit 1* so the series can,Verges to l. 
27. Let a* = -1 and = I /2". 


Section 10,4 


I. Diverges 

5, Converges 


3. Diverges 



9. Converges 
13. Converges 
17. Converges 
2L. Diverges 
25. Converges 
29. Diverges 
33. Converges 
37. Converge* 


11* Diverges 
15. Converges 
19. Diverges 
23. Diverges 
27. Converge* 
31* Diverges 
35. Converges 
39, Converges 


41. The sum of the series lies in (2, 3J. 

43. Taking the limit of (7) as s —» « we have 



From 


L ^ = a , + ’■■ + a* -, + ^ flU 



we at once have The desired result. 
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Section 10.5 


]. I - 1 + 1 - 1 + 1 - l + - * ■ 
5. Conditionally convergent 
9* Divergent 
I3„ Diver Rent 
17, Absolutely convergent 


II. Conditionally convergent 

15. Divergent 

19, Absolutely convergent 


3 . 1+5 + t !■ ! + } + **■ 
7. Absolutely convergent 


21. lij Since u„ = u n + l\. this, follows from Corollary l of Theorem 1U.2 (Sec- 
lion 3 Cl 2k 

b] If say IT .l re, converges, then convergence of £T.. L a,, would imply con¬ 
vergence of i U„ w») = ir.it*. by Corollary l of Theorem 10,2 
(Section H1.2). 

c > Let d„ = I — ± + > - I + } - s + - * ’, 

23, -0.9011 25. 1.6444 

R^VWV Exorcise Set 10.1 

1* Sec Definition 10.2 of Section 10.1, 3, 48 

5. a| Diverges; lira,,— a* = 1^0 b) Diverges; behaves like IT jd/n) by 
Comparison Test 2. 

7. The hypotheses of the theorem are satisfied. 




Converges. 

9, a> Conditionally convergent. Satisfies alternating ter its test, but diverges abso¬ 
lutely. (Bcirtvw like C^fl/Zn).) 
b) Converges absolutely by the integral test, 

Review Exercise Sot 10.2 

1* Note (bat tn l)/n = l - (,1/nJ. Let e > 0 he given. Find N such that 1/N < e. 
Then if ft > N, we have (Ijfn) < ±, so [(J/n)| = |fl - l| c c. Thus 

ICw 1 )/n} converts to 1. 

3. 30 Ft 

5, af Converges; KatEo tesi gives a ratio of { < 1. 

b) Converges; sum of convergent geometric series with ratios of 3/5 and 4/5, 
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7, The hy-f>o theses are satisfied. 

I rTi dt3 ‘ i T-(i l " |jtJ + l| + l3 " '^i 

= lim I n |fr' 4 l| t tan 1 h - ~ ]ti [5) tan ' *J = *■ 

r>ivtTj! i eii. 

9. a) Conditionally convergent, Satisfies the alternating series test, hot diverges 
absolutely by the integral test. 

h) Converges absolutely by Comparison 'Vest l. for (tie turni*, are at most 1/n 1 '' 


Mora Challenging Exercises 10 

I. If ^ - -t,,, then li is monotone increasing. By the fundamental properly, either 

lini n .... s„ = «, so that Irm, _ jfc, = lim n ... 4 , = or Itm*^ Sh c , so that 

linu_.„ l„ = —c = d 

J. From m < < M for all sufficiently large n, we. have rmt, < i>., < Aft*,, for 

all t\ > N, ft>r stupe integer iV Now ’V', 1 mtl„ and Vjl t Md n converge if and only 
if £ 1 u„ converges. Jt follows at orec by the comparison lest that , u rt and 
5 ^ 1 either both converge or both diverge. 

5, Pick up prwiriue (^tl> terms u„ of v; , tiu j n order, until a partial sum I 7 is 
obtained Then pick up ncgaiicv: (f* 0) terms t„ in order until the partial sum 
become*, <17. Then pick up subsequent pvfiriiv terms u„ in order until the 
partial sum becomes >17 again, ihen subsequent negafnx 1 terms e:,, until the 
partial sum becomes < I7 T etc, 

7. Pick up fverifiiv { t» terms u„ in order until the partial sum becomes -■ 3. Then 
pick up the first single nt-grtij'w i - O’) term u. n . I'hen pick up fwtfifiye itnus until 
the partial sum becomes >2, and then the next single negative- term tv ilien 
pick up pcwfiiDe terms v until tlw partial sum becomes > V, and then pick up (he 
next single nignztffie term, etc. 

9. Pick up groups of successive jNixirii:*: (>-• 111 terms u r find groups of successive 
nfgjJiiJJC 1 - (0 terms r n alternately SO that the partial sums, after picking up the 
groups, become successively l- -^- 6 , ---15, -b, etc. 


CHAPTER 11 
Section 11.1 

1„ r = I; -I £ x < 1 
5. r 1~ I — -x — 1 


3. r l; -1 < 1 ^ 1 
7. r = 5; -5 ^ x < 5 
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9* t — .1: — 1 < x < 5 

11. t = i' 2 < Ji < 4 

13, r = 3; ~7 s j ^ -1 

IS. r = !; -] < Jt ^ -5 

17. r = J; t < * •< t 





Y^ ° x ~ 5r 

n-IR 


21 . 


Z (j+$t 

n * 2* 1 


Section 11.2 

X 2 ^ jE 4 x*' ^ jr* jc ,u 

14 " 2 \ + 41 ” + ii" ioi 

2! 4t ft! 


s. i (jc - i) + {* i )' — (jc i) 1 * + u - is j u ir + c* - ir 


Hjc 3 32jc s US* 1 

7 . a) 2 jc -4 5T- 7 T 

h) The polynomial may l>t olnamed by replacing Jt by in the answer to 
Example 1. 

9. a} 3 + c 3 

b} I he polynomial is ihe portion of decree < 2 of the polynomial obtained by 
replacing * by s J in lbe answer to Example 3. 
cj 1 + x 7 4- Jt 4 + Jt* 4 .c 1 " 


11. a> 9 + + (Axf b> 9 + Six \) 4- U - \f 

e) 9 4- 5<i; 1) + (*. — 1 ( 3 

13. By the chain iuk r ft""'£*,,1 = c" , f for m ■ n, so ibe coefficient of x* in 
ibe Taylor polynomial for g is r'" times the coefficient s'" in the Taylor 
polynoniia] T „{:t) for f. Bui this multiplication by c'" can also lie achieved by 
forming i], (ex). 


15. a) 26.4ft b) M.0036 


17. a) IOir ft’ bl !— K 1 
36 


19. a) -- 
90 


b> 


S ?1 

j 

Sir-' 

{9X90f 
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Chapter 11 


Section 11,3 

1* FTTTFT 

3 , Jf n JC H ' 

*• 1+ * + 2^ 4 3!*-”*'- + 


ft I 

.2™ *2 


5. x 2 - — + ■■■ + (-1J" 


(7n HI! 


for n 3 


for rt 


7. x + x 1 + x i • • - * x' 


*■ ] -^ + 


+ t-ir 


ami 


XXX 

11 3 + "*r 


13. 1 2x + 3jT 


+ (—l)"(n + \)x n + «•* 


15 1 + 2!* 4T + " 

„ 5 * Ft , 

17* 1 + 2* i - ** + - jt 3 + 


19 ' X + 3! + 51 + " L ^ {2» + 1>! + 

n. + + 

2! 3? nl 

5)t i 

23. £+-—+■• 

o 

2 2 

25. a) x -V + - j’ +. 

3 S? 


b) x =V+ — i*-+(-t)"(2s fc > : 


( 2ft + 1)1 

27. 1 fit 1/[1-(*■+n]: 1 - (i + 1) - is + l) 1 - - u + if - 

29. »> Replace j£ by x in bq. (4). h| The aherrmling series lest is satisfied, 

cj 


n! r* 1 | 

1 1 - i 1 

(1 + cr 1 (ft + DM 

(1 + cr'in + 1)1 J |n + 1 


so line ... EH l) = 0 . h now follows from laJ that the ahemattng harmonic series 
converges lei In 2, 

jc 3 x* x r x 2 "* 1 

31 c +1 + 7 + 77i + TTi +1 " + TTjfli + " ’ 
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33, 


35. 


37, 

45, 

47. 

4% 


IT + X ~ 


5 ■ 2C 


9 ■ 4! 

„5 


- +\ ir 


(4n + IK 2 n) f 


a.l e": ! + i* - — — f — + —- + i— - - 


21 


31 4! 


51 fj! 


+ {if— + 


l± , , -t .1 X ,X JC” T v X 

^ ;] tx - + J — + —— t- +--‘ + i-ijr—+ ► - * 

21 3! 4! 51 ft! ' ri! 

hi and c) This, k obvious from (a) and the sei i« (2) and (31 for sin x and cos x, 

d) on*. * = (e“ + e 11 if2: sitix = [e“ e 

c) They arc the same except for the presence of i in ccrlain places. 

2x + U/O + a)) 319. 3jc + eosi 

sin x + cos * 43, Ee x - I) + [1/(1 - *}] 

2 ni - x? 

[1/(1 + 2* 1 }] + 2x i I - 4jt 4 A1 + 2**) 


n - 7; error term gives it 7 also. 


Set-tint i 11,4 


1. 1 

3. 

2 

5. —cb 

7* 

0 

9. ] 

U. 

0 

13. 0 

15. 

0 

17. tt 

19, 

-j 

21, oo 

23* 

1 

25. -1 

27. 

00 

19. Li 

31. 

0 

33. ® 

35. 

00 

37. e 5 

39. 

oo 

41, 1,0000 

43. 

O.IXHI 

45. O S 



Seel ion 11,5 



I, ft 

3, 

s 

S* 1 

7* 

J) 

io 

9, 1 

11. 

j 

Ml 


13* 1 + Ui + Ox- + ■■■+ 0*tf) = ] for k = 0 and 0 for k > t) 
IS. I - 2s + If’ - 4* 5 + 5x 4 -; r = E 
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* n ■ _ i_.a _ 1,4 hi * 

17. ] i* „x — H] x - jhi r ■ I 

19. I +5x +5x 2 - U M + |* 4 - l r = \ 

21- Find a partial sum of (E * x) 1 ' - ' with x - \ T 

23. l-’ind a partial sum of (1 — .xV tfi with x ’ 

„ 1 1 1 1 | 

25*-+ with error <- 

3 7-31 II 5! 15-71 19-91 


27. '--_L + 1 


1 I 

+ 


4 8-2E 12*41 I (V ■ ft! 20 ■ HE 


with error < 


1 


29. ' 


I 


,L + 


1 


1 


10 3 h 10* 5-2!‘l(f 7 - 31 - 10 T ^ CrTW < <> - 41 - Uf 

y\ f Checking coefficients, of x\ we need only show that 

P© - [U + DUMI+^d))- 

Wd have 


24 ■ 101 
] 


(k + lM k ; k } + kO = ik + 1) 


pip !)■ *-(p - .ft.) . p(p - l)- -ip - if + 1} 


ik + im-mn) k* 

rjjfp - i? >T '<p fe)] + fctPffJ - 1)‘■ (p - k + 1)] 


fc I 


pip i) ■ ■■{p - k + I> 
k) 


\p - k + k] - a r )c 


33 k Series 1.462650; Simpson's ride 1,462654; difference 0,000004 
35. 3.14159268 


Review Exercise Set 11.1 


1. 

3. 


-8 

73 


x < —2 


s/3 t / ir\ 73/ 

T H 2 Y 3 ) ’ ~ 4 \ 



5. a) A funoinn is analytic tf it can tie represented by a power series, in a 
neighborhood of each point in its domain, 

h) * + *' + ar + f + ■ * ■ 4- Jf™ +1 -f ^ 1 

7. 6 

9. i + lx 2 - kx* + - tW 
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Review Exercise Set 11,2 


Vi - 1 -Jj ~ 1 

—--s£ x s-—— 


■-■('■ M- 


5 . ,* 4, 


1 

7 ' 2 


More Challenging Exercises 11 

I- I/* 3. ® 


i 


5. 1/2 


* SC 1 5 , 

’ 4 ' 32 + 12W * 


7. 0 


4/3 


CHAPTER 12 
Section 12.1 


■i 




y 
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Chapter 12 



Section 12.2 

|. Lei F lie is point on the tiypcrtx)l»» a distance d, from F L and tv d Stance d. from 
f’,.. Suppose J| > Jn, The ei ci 1 d 7 2d. "T~htJ triangle with vertices P, F n , and 
i 7 ’ has sick* of lengths d t , d±, and 2i\ As suggested in the exercise, you then 
know that <J, < c/ z ■+ 2c. Therefore d\ - tZ_. < 2c.. sw 2u < 2r and a c r. 
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3. Ijci (x, y) he an the ellipse. Then 

/ Distance lo focus \ 3 & — c ) 3 + y 3 ~ e) a + fc 2 D - (x 2 ^ 1 }] 

vDifbianct to directrix/ [x — (cflcff [jr — 

+ (a 2 -c J )[1-(x a /j a )] 

[x — (tf 2 /c)f 

_ x 2 ^2ex + C 2 + it 2 - X 1 - c 1 + tc 2 V)j a 

[jc - (flVcir 

(t^o^x* - 2rx + a 2 (c7a7[* 3 - 2(a*/c)x + (a J /c*)J 

[x - (a*lc)T ' [x - u 7 c>r 


5. Foci t±^4l,0) 

Directrices x ± 2 5tv 41 



7. 


Fori < - 1 ± v2, 2J 
Directrices* I 


V 
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9. Focus (3, -7) 
Dircctris x li 

v 



11. 

jvob 

13, 

IS. 

y 2 + 6* = 9 
* 2 y s 

I7 t 

19. 

— + - 1 

2L 


36 27 

23. 

y J = 12s 

25. 


Kx 7 y" + 36* = -36 
x 2 + 4* + 2y - 1 


(x + \Y fy - a) 3 
12 16 


17. {x + 5) 2 = - 8(y - 2) 

29. 1'hc line x - p intersects y' = 4ps at ((I, 2p) and (CL - 2pj). The distance 
between thciie points, ts 4p. 


Section 12.3 

l. x* = x cos 0 + y sin 0. v' = v sin 6 * y cos ft 

3. Ll&tiift Ec;. t3i and irigpnermtuie identiiiifH.,. we obtain 

H jJ 4A r r = (C - A sin" 2# + 2(C A)H sin 2ft cws 20 t B 7 cos' 1 2ft - 
4 A 1 cos' ft sin’' ft +■ 4AB sin 0 cos 1 ft - -lAC cm 4 ft - 4Aft sin 1 ft octt ft » 



4B : sin’ ft ctsfi 3 ft - 4JK ' sir ft cos 1 ft 
4C’ 2 sin a ft voa- ft = B' 4AC 

4AC sin 1 ft 

+ 4 CB sin" ft cos ft 

5. 

x* 2 - 5y a = -10 

7. 

,S* hl + y fl 

4v'_V 4y = 36 

9. 

IU' J + y jl 4 y 1 = 24 

vTct VTo 

11. 

Parabola 


13. 

Ellipse 

15, 

Ellipse 
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17. Rotsta through d 4S\ Then. 

U' + 1) 2 =-4( y' 1} 
f 3 = -4y 



■ 


19. Rotate through a 45". Then* 

ix _iy t v; - 7t : 

5 + ~ 25 
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Chapter 


S action 12.4 


1. For an ellipse, we have c = J? ~"b* = (b!a)\ li follows that if hi a is 

very near ?ero. we have r/ei ^ I. 

3. As in hxerdsc 2 T wc could show that the point on an ellipse Farthest from a 
given focus is the point farthest away on the major axis, The eserosc row follows 
immediately from the fact that the center of the earth is at the focus of the 
ellipse. 

5. Tei the paralxila be x = 4pr, The slope of the normal to the parabola at ir, y) is 
easily found to lie -y/2p. The slope of the lire from Ip, 0) to (*; y) is y/( x - p ). 
The tangent of an angle between lines whose slopes arc m, and w, is 
(in, - m 2 }/( I 4 by the formula for tarfW, Q z ). Referring to the figure, 

you then see that 


and 


tan a. 


tan 


y/U - p) +(y/2p) 

1 4 ( yflpiiy/ix pH 


2px - 2p' - 

y 3 

py + xy 


2 pjr 2p- — 

4pj£ 

vip + Jr) 

-y 

-2p(p 4 jc) 

2p 

-fy/2p) 0 



I 4 ( yilpm 2p ' 


Thus o = j3. 


v 

+ 
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Section 12.5 


^ -iin t 
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Answer* to udd-nwinbCtfi&ri exercises 
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13. * = In PH, y = m fnr 0 < ph < «> 

-I + V1 4 Ad' /-l + + 4 d 2 \ ia 

15. * =-J-, V = ^---- j . 0 « d < <v 

17. x = dtf — fruifl S, y = a h bis ft !9. ; 

21. 1 2-V (1,0) 

25. i 17. 24 

29. W2 


Section 12.6 

I. I 3. \fb(2 

5. 4/25 7. I /4a 

9. 1/5 

11. Where dibids is positive, tfr increases as v increases, and increasing 4> corres¬ 
ponds to counterclockwise rotation of the tangent line, so that the curve must 
hend to the Left. Where d^fdi is negative, 4' decreases as s increases, and ihe 
curve bends to lhe right. 

13, Z£rx> 

15. Et the curvature is zero at each point, then by Formula (7) of the text, we haw 
d 2 yfdx 2 = 0 at each point. It follows from this differential equation that 
y Aj i ff for some constants A and. B. 

17. ix + r) 3 + y a = r 

19. a) The center of the circle 

b) The circles with center at (he point 


Review Exercise Set 12.1 


y 
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1. 7iX' - y' + ] 4x + 4y = 9 
3. y) Hyperhulsj 
hi PartiJwla 
c) Ellipse 

<J v | 1 <J J y I _ 5 

dx L - ■ 2' j 7 11 i 4 

7. | v''4r + cos 2 1 dr 

6v3/it> 1J -' 



Review Exercise Set 12 2 


v 
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Answers to odd-numbered exercises 


Chapter 13 


1. 

9jr 7 + 8y 3 + 

lH.c ■ 

- Uy 

= -14 

3- 

ft = tt/4; 

(y H 

if - 

jc' + 3 

5. 

dy 

2v'1* 

A| 



dx It-.fj 


dx 3 | p 

■-•n 

7. 

115, LO/lS) 




9, 

2/29' vl 






Mona Chollgnqing Exercises 1 2 

1. a) A circle of radius u wit3i center he (0,0;i 
Id ThcV heusme coincident al (0, 0) 
ci They recede k> infinity 

d) o 

3. a) The lines x = iu 

hi Ihcy recede to infinity, 
c) The y-axis 

di <jp 

a) ( tic half lines on the t-axis where |t| > a 

b) (±a. Q) 

c) * - ±fl 

d) I 

7. Since i + fix) 1 I. wc have 




n*> 

a + fu?)** 


* \n*t 


9. 


CHAPTER 13 


Section 13.1 


1* (2s/2,2 *12) 

S. {-j~2, -J% 


3. (0,-6) 
7. <4,0) 


9, - + 2nir | and j 2^2, " + 2«rr f 

H. |v' 13,lan L - + -jr + 2mr] and v 13, tail 1 + 2nirj 
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13, d V'<x ? x,)* * (w T v L lr = v'<r 2 cos d a - r, cos flj) a + (r 2 sin ft, - r ,"sitt V^i- 

= Vr/ + r ? 3 - 2r ] r 1 <cosfl 1 cos tt 2 +■ sirTtfjSij] ^ 

= Vf|' + fn 2 — iZiT-i r-j CHS 

15, 2rccts.fl + 3rsin# 5 17, fx - ci)’* + y = a 2 

10. * 3/2; x = -5/3 21* 32/V3 


Section 13 .2 



i 

I 




5 . 
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Answer# to odd-numbered exarcises 


Chapter 13 
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Answers to add-numbered exercises 


17. ia, wl\2). ■!fl,.S 1 7/n) 1 i«j. l W/IILIcj, I7WI 2> 


Section 13.3 


3+ « 


5. il 




Section 13.4 


l. - lan ' 



a. (IUl), 1.W2,2n/3). i W2,4irMl 


5. tr/2 


7. %[(1 * if 1 }*" 


-J j V'l 4 3 COST (0/2) (W 


l» 


13 , if ;i dm over a variable dcnoies differentiation with respect to a parameter, then 


iv v-v 


‘ L l'l -' 1 l ' -' 


tx 2 + y ? ) 


Now _r = ffWUosfl rind y = fJWJ sin tl Thus, taking 9 as pstfaTneltr T 


jt - ftfljsin 0 + f'f9)ctw fl 
s = -fifljciKh H - 2/MMsin 9 I- fttflocw 9 

V = fi t) \ nos ft + f{t) l srrt 9 

V = 'i 2f(9)eds9 + f'iOKm t). 


Substituting these expressions in the; formula ror «r and simplifying yields the 
desired result. 

ftevtew Exercise Sot 1M 

1. [2, iSirffo} 4 2 nor], 

HMHW6') + 2i»tr) 

3. x 2 + y 7 - x + y 

5, ir/6), (d/i/2, .Sit/ 61, ta/71 7W6 ) t |atf2, 1 ltr/6) 

7. f ir/2) ian l i2/v , 31 
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Answers tn odd-numbered ex«rcim 


Chapter 14 


Review Exercise Set 13.Z 

i. f-Vl.OrF/4) > 2mr\ JV2.(7i^4} 4 2«ir| 

3. (x 1 I y'f = 2{x-' < y) + 2xy, u. y> ^ (11.0) 

5. [ajJj. «•#), (o/V2,5n/6), ',^'42, 7ir/6) + i^'v'2,11^6} 

1. it/2 

More Challenging Exercise t3 

1. js) (11,0) b) 2 unfls time c ) r *, # ^ w /4 

dl 2 unite e) It will gel dizzy. 

CHAPTER 14 
Section 14.1 





.v 

















Chapter 14 


Answers to odd-ri umbered extrcis«s 


E2S 






3. a) {2, 4,0) 

b) (-12,-1) 

c) (tiu-3 h l) 

5. U + I) 1 + (y - 2 ) 2 4 tz - 4? = l‘> 
7. nil Center < a. -1, {)). radius v'2 
h> Center <3, 2. - 4), nidi (is 5 
9. Same Figure.- at itlliwet 

13, .u) (-^ + 0,V2) 


b) (0.0.0) 

C ) a, 2v'i o') 

y~* - rt -- 1 

15. fJ v x" + v ‘ 4 z 


tfi = cog 


vV I t z Z 


fi mn - 


x 
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Answers to add-numlwM! ftutreiins 


Chapter 14 


z 



19- The pEarte 2=0 
21- P = ? 


Scctkjn 14.2 

I' A plane z = i Vi in refects the surface in an elliptic if z u > r. Plnnes. x = ^ anti 
y = intcrvccl (he surface m hyperbolas. 



Right ciscukn cylinder 



Parabolic cylinder 















AnEwert to Ddd numbei'td eK#Ftis« 


Chapt#r 14 
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v. 


Elliptic pin .iItm.'I 1 nil 



u. 



Hyperboloid of one ihcct 
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7. .— {( — / + .IJfc) 

Vl! 


9. C + 2j) and l LVv'ZKJ - Ac K (Many other answers am possible.) 

H* (3 T —2,4) - [1, -1.4) = (2, - 1, (t) = ( -2, 1,6) - [-4,2.6), 

A3sOw(i-2,4) - {-% l.ft) = (5. ,1,-2) = l 4,2,6). 


Section 14.4 


3. 3tt/ 4 
7- effi ’i 


I . 7t/2 



5. cJOS 1 


\ f fi5 


9, From Fin,. I4.2 1 ), it sottices to show that if |o |ft|. then (a + A) ■ i □ ft) = 0 

Btil (fl + ft) *(ft — ftI a -a 4 ft - cr a h — ft - ft = a - a - ft ■ ft til — 

|6| 2 = a 

II, Ha | A 4 |ftj a]- [|fl]b - Iftl ii| = [a| ft h fallMfr ■ a + |b| |,a | a b \U\ : a - u 

iaf'ft'h \h\ a ‘ a - |ft, |ft| Id U. 

13, Let a = i, h — 2j - j. and f = It + 7j, Then a ‘ ft b ■( = 2, hut ft * C. 

15, L^t a a,M aj + a^k. h M + h.| + hilt, antic * f|i + cj +■ c s k. 

Then 

41 ■ [ft t C\ E13■ I + «-/ + a,ft 1 * f(ft, 4 OiW 4 [ft, 4 t‘.4/ + (ft. 4 CjUfc] 


= + rj + itifti + ^z) + + f-j) 

= Irifft, 4 £[ ft 4 Uih,) + i 41 { £ , 4 ij,! 1 , 4 £J-,4.'ii 

= a * ft 4- a J c. 


17. (a 4- b) ■ ^ + ft ) “ a ■ a * a ■ ft + ft - q H ft ft [ try (e)l 


= a ' a 4 d ■ ft 4r 4. ' ft + ft ■ ft [by (b)J 
a ■ d 4- 2ifl ■ ft) + ft - ft 


(a I?) — a ’ a 4- q *(-ft) -4 (—ft) ' d + (-ft) ■ (-ft) 


fhy (f 11| 

[by (*i)l 

I by (b) | 


= 4l'tt - tfl'ftt (ft-O) + lft-ft) 
q ' « - (q - ft) — Itt *■ ft) +■ ift J ft I 
= a * a - 2(a » bl 4 (ft ■ ft) 
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7. -—(i-/ + 3Jt) 

Vii 

9, i |/VSHI 4- 2ji) and ( - fch iMnny other answers arc possible,) 

11. O,-2,41 (1,-1,4) = (2,-1,0) = (-2,1.6) - (-4, 2,6)- 

Abu, {3,-2*4) - (-2, 1,6) (S, 3.-2) =.lU-l,4)-( 4.2. 6). 


Section 14.4 


I, 1V?2 


J. 3 it/4 


5. 


COS 


-33 


7. 


i 7 

LT.BC = 

s/ftS 


9, From Fig. 14.2*), it suffices to show rhal if |« Ift!, then 4a + ft) ■ a ft) = 0. 

Rut 4a 1 6) * la - 61 = a -a 4- ft - a aft ft-ft = o- a- ft-ft = fll’ 

l*|- = fl¬ 

it, Halt + |fc|aJ-H*|A -HM “ kl'ft'ft ,cr! ft ft a 4 |ft| |u| a ■ ft - |ft[V’ * 

- lal--ft.li |ft(*o-a - to| IH* - (M ' I-m i 1 - 4). 

13. I,ct a = i, h = 1 i ~ f. uml c = 2i 1 7j. I lieu a ‘ ft = a • £ 2. hut ft * <r. 

15. Let a aj 1 Qrf + a <,Kh h,i + ft,./ +■ ft.fc.tuidf * r,i 4- t’j/ 4 <-ft 


Then 


a "(ft + e) 1 | a, i 4 aj i a ,t 1 ► [(ft, 4 , ,)i 4- (ft 3 4- c 2 )J + [ft. 4 f n jJLr | 

= + rj 4- *Mft 2 + t'J 4- £i 3 lb 3 -i- c,J 

= 4 -u.ftj. 4- ££, 63 ) + 1 u 11.1 + « 3 tr 2 4 1 Q,t'il 

= a * ft 4- a J f. 

17. (a + ft) ■ (a + ft) a ■ a 1 a ’ ft • ft ’ a t ft ■ ft |'by (c)l 

= t£ u + a'ft-i-d-ft+ft ft | by 1 b)J 

= a _ fl + 2(« -ft) + ft'ft 

in ft)-{■ 9 ? ft) = «'«+«♦ {—ft) + (-ft) *a + (-ft> ■ 4* ft) 

= a - a - 4 a - ft) — tft ■ a) + (ft - ft) 

a ■ a - 4a + ft) - la 1 ft) + (ft * ft) 

= a * u - 2 (a ■ ft 1 + CD ■ ft 1 


19. 4 (i + 3 i+4k) ,-L 


n. 0. ti 

S a - ft \ a - ft 

Z3. (ft■ - f) ■ ft - | ft ft) ‘ ft - a - ft - -j^jr I ft - ftJ 

a ■ ft a ■ ft - I) 


a j ft 



[by (c)l 
[by (d)] 
[by 4 b>] 
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Chapter 14 


Section 14.6 

1. —15 


3- 15 


5. ft] 




Hi 

tin 









7. 

a) 

«i 

*1 

“i 

= a, 

a x 

a, 

- u 2 

a | flj 

+ Hj 








Pi 

C\ 


pi e* 


V 



11 

Pi 

i . 













= PiOjCi 

< 

i a f c 2 

a i flan + o. 

a 






= 0 










a, 

a. 









hi 

f)i 

ftj 

bi 

- u. 

b 3 

fts 


b, by 

+ a 3 

b 








Us 

fJ-r j 

il| «l 


a 



tli 

rt; 

if : 














- a t n?b-, 

iijitift, h a 

ifl 






= 0 







V. 

hf 

+ -V 4 

5ft 





It, 

0 


13. 

11 








15. 

v 37 4 


17, 

14/2 







1 % 

f>, 121 

21. 

21) 








23. 

71/3 


25. 

la x 

ft) 

x c 

In 1 c)b 

- (ft 


)u 





» W 

i a-, 


21. l.'ornpiifalion gjvcsi ihe dclcnniiiijiii of a matrix with ihc first two rows the sauw. 
which is ihus ;*:em. 


2^. a) rhe vector a X (ft x e) is perpendicular to ft X c. which is in ium a vector 
perpendicular to [fie plane ■containing ft and e I hu* a x It « t) lie*, in rhis 
plane. 

hi The aigyutefil b, just like that in fid 

c> h'rom fa) and ihj. equal products a x <ft x c) and (a x ftj x c would have to 
he parallel to H. A quids, sketch Hfitrws that « x ift x c.) is not, in general, 
parallel to ft. 


Section 14.6 


1. * « 3 - fit, 
y —+ 4f 



*- r 
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5, Jt =■ 5 + (. y = -1 + 2t „ 


3. M — 2 — I, v - t h 2 = 4l 

2 2 
7. a> cos ' —= b) cos 1 1 . ■ 

V5 VITO 

let the line bjive direction vector <1 = <1,4 +• d,j 4 riven eosn 
cos0 d»/|d|, amJ lOs y niJldj Tims 

3 „ -, dj 1 + d, 2 -t dj 

cos- « i- cos fS •+• cus' 7 == ; L 


11. (if* b) (i-2,?) 


mi ? 

13. (-a.V) 


IS- cos Of = d,/Vd7+ cfa a + d7, cos£ = d^Vdf + d/ + 4 /, 
cos 7 = + dj- + fif, n 


Section 14.7 


1. 

t - 2 >■ + z = 

-7 

3. 

3s - 2y 4- 7z * 

39 

5* 

3x - 7y 4- .I 2 

= 0 

7, 

-t = 2 + t, y 

= 1 - 

9. 

* + V = 1 


11. 

7s 4- 4y + 2^ - 

13 

11. 

7s + 23 y - 2 

= ftf 

IS, 

-7s ty + 1! = 

0 

17. 

0 


19. 

Jt = -9 + (. y 

16 - 


2i. 


3f,2 


Review Exercise Set 14.1 

1. JO 2^22 

fe) it + if + (y if + (2 - 6f = 21 



Ji/ML 


2 4r 


= -f 


Hyperboloid of imu- s-he-el 
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Answers to add-n umbered exerc-rs^s 


Chaptftf 14 


5, Ottt ‘ 1-5/14) 

9. 41 2/ 4 tik 

tX 11/3 


7. -t - 13/ - yfc 
11. x = L, y = 2t, 2 = 31 

15- 


Review Exorcise Sot 14.2 

1. «j 1 ± 5y/5 h) Cent4sr (1,0 T — 2), radius 3 



s. 

OT 1 £7/3n/fl> 

7. a) (I 

b) ft 

c) 0 

9. 

52 




11. 

x « 3 4-4;. y = 5 — 6t 

z 2 +- 2i 



13. 

19/vlfi 

15. I4x + 

l3y 4- 3<)z 

= 45 



£=* + E 

4 4^4 

kliiplk parubokiiii 


More Qhllhngirg Exercises, 14 

1- 47/4V14 3. 2.t 3y - t = 3 

5. Pi 

7. Theorem 14.2 applied lu {a xb) & 0 yields ift-ft)** 

Zs-ti ■ ft)jc + e - a ^ 0 for all a. Thus ike equation ift -ftix - lid -ft)* + 
(a - ai C5 does new have iwct distinct real roots, so by ike quadratic formula. 

(-2(* ■ ft)}* 4{b ■ ft)(u - a) s 0, 

4(o L ftl* s 4{fl * uHh ■ ftj, 

(ft - ft ) 2 -s In. * ft.ifft ■ ft). 

Sinue Ikil’ aajtd ||ftl! ! = ft - ft, ihis yields |u - ft' s i|a,i|iftj!, 
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CHAPTER 15 
Section 15,1 

1* By the chain rule and Fq, {K|, 

dr _ d! dr _dt dfc^dr \ 

(fa if* dr ds d* \dl " 

3. a) 2f i 3J hj Via u> HI 4 0/ 0 

S„ a) — r b) !l c) -4/ 

7* a) I bl I e) - I + j 

9. u) i - 2j h> Vs C) 2i 4- 6/ 

11. a) 4i + Uf-k b) e) 2i f 12j 

L3. a) -i + i + 2k h> V* el 21 2/ + 2k 

15. 140 

L7. ii X fc = <-5r' 4 24 r' 4 bni i (t 4 i L6r!j t (dr 1 + I- Hi - 2)fc. 

dtt xh = (-Sir + 24Hi + (2t 3 -i- I4iij + (4 1 '' 4- l?i BJJt, 

da 

4A 

p x - = (-Sf 1 + 24* + b)( 4- (2c' + 1B[|/ + (Hr 3 + ITlifc 
th 

d(« X_ > = £ 15f i + JS( + h)J + (4( .' + 32t j|j + < 12l J i- 32( SI* 

dl 

tlfl „ dfr 

= - X fc + £1 X — 

df dt 


Section 15.2 

1, Hy Newton's law that i 1 ' ma and L-iq. (Hi), we sec thin if s = M when i = fih- 
lhen ii^ ks' = (I when t = l,*, so F = mu,! has direction turtfent to the curve 
ill Ciiive I = ( u , 

3, a I a, = 4/VI 3, = t>/VI3 b) 6/(13)** 

5 . al P. = I. 14 =2 b) 2 
7. a) d, ■ V2, a* V2 hi 1/Vz 
9. a) 0, = t>* fl* = 2V2 b] V5 

Section 15,3 

I. ts = «, - (4 # ; a 1 u, + 214 , 

3. l'bc ratio y 7 r J could he computed for a planet by astronomical observation. 
From Eq. (32). we have M (4n' ! /CM** '/T -3 /, which could ihen be used to 
compute the muss M of the sun. 
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An$WAr$ to add-numbered exerci&es 


Chapter IS 


£. Using the nutation of the hint, we have 

2a = apogee -i- perigee I 2K, 


so If/ in known if the apogee afid perigee arc known From fcyq i.i2) we have 



wJvere iVf is the mass of the earth. 

7, If £t is the area swept out in one unit of lime, tfieri by Kepler's second 3iaw, we 
must have Alt) = fit, so dAydx = fj. 

9, Differentiating rtf 2ff with re&pecl to u we have r : tt + 2m'l - i>„ so 

rtrii + 2rtf | = If. which yields rfii + 2fit iJ, 

ll. IJliferentiruion of rl 1 ^lxjsU 1= fi with respect to ( yields, 

ft t - c cute tf) -+■ rfie -sin ft (I 

13i Differentiation oE the result in Exercise 12 with respect to j yields 


KB + 120e cos 0H? (), 


St) by Exercise K, we linve 


(2fo IM tm _ -{2flr COS 

B ~ r'li 


r = 


•tape cos <f|C2p) 
rB 


4ff p cos ft 

f 7 6 


Since r HU 3 e eOs U). We have 


e cos ft 


r a u T 


e cos f) _ 1 1 

B ~ r B 


We i hen have 



IS. By Fxercisc Ml, we have 


P ma rntr rf> >«u. 


Since a, is directed away from the sun. Exercise I-I iwiih the negative signj 
yields 



and the force is directed toward the sun. 
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17. from ilAfilt = 0, wt havn A 0f I (so 0 units of area an; swept out per 
unit lime. In T wills i>r time, therefore, 07' units of urea are swept out, the area 
of the ellipse is ihns 0 T. 

L^. We have 

Amfi 4 rri77 a h 
* Br s TV!? 

Now hy Exercise Ifi. we have 

>b z \ b $ 


ii nil e'l tl( | 

\aJ a 


Then 


IM 


4wMr a ii a it* 4iivir^fl ’ 

fV(P/ai T z r* 


21 . 


If a V i’ 1 ■ KM where M iv tile mass ui the center of ihe central force field and 
ft iv a constant, then b.vcrcisc H yields 

_ 4‘rr’miMK _ rtl M (4ir K i 
|f| - —— - JT * 


I his yields Newton's universal law «f gravitation. where f i = 4- k. 


Section 15.4 


|, K = I), T = 0 3. ft 

5, r = 1 — tl 4 if - rl1, n = _M2rf i- j - 1). h - (J + ft) 

V L 4 2t~ 'Jt + 4r v/2 

7* y 4 i = (I 

9 + From y r' and r —r. we obtain at once v < r IP, which is tbo equation 
of a plane. 

II* 27 13- I = it4f t- Hj t 1). 

I5. jij n = *(-7| ■+■ 4/ - 4*) 

17. S X f = tU + fib) K I Til X f) + »eib * rl rO 4 Kh Ml* 

B x n iri 4 tib) x n = t|4 X #0 4 *{b Kni +- k{-J1 —kI 4 rft 

ft x b = in + kA> x f> rll m frl + x 6) = t! h) + tell m 

19. From r st s ten, we oltiiiin 


II, 


14 


r = fit + st I "i 1 wril + Will 4 I.vvK-n 


/ds dr'', 

= ft — — I + st + s 


d\ tin 

K m T'T + K* 
th dr 


] + 2 


.StoOl 


\dr tis / 

s,4ki* • V( *- v'[ksi-ki 4 rh i 4 kii | I 2iwn 
IS sVif 4 (Ms*- + s- k)i» u i 'k-4 


Mi = = k 

iir 


hi 


I f X r) ■ r 

]r x f\ 7 
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Chapter IB 


2,1* The Frenet formula dtfds kh yields difdx = U if n [>. But then I is 
constant, so t = c,J + c^j + r n Jfc. Thus drfds Cjf + c*j + c+k, sit in terms of 

ihe parameter a, we obtain r = (c t $ + ti a )i + {c-js + d?}j 4 (e 3 a + d,)t. and the 
touiLS has parametric equations x c,a + <f,, v = ci* + d it s = c,j + d n , and 
is a line. 


25. Following the hint, we have 

dw lit efr - dH dn _ db db 

— - f ■ ■ + ■ 1 + it - — 4 — * n + b *— + — ■ b 

as ds da da ds th dx 


= i * (jffi) •+■ jfn * t + u ■( (tt 4 7^.) + i.-ki 4 rb) * n + h * (—■tn) t C tiO ■ ft 


- 0 . 

'T’hoS w is a constant, and since f„ n. and, b are equal to their respective barred 
counterparts at i\ we have w|U) = J + 1 + 1 3. Since r, t n. n h. b are unit 
vetlors, we have l - f < i and it =_] if and only if I i, with similar results 
holding Tor n aril n and for 6 and If. Thus W = 3 implies | (, it n H and 
5 ft for all values of the parameter s. From i = t. we have drfds - drfds, so 
rt.s) = r(sp t- c, anti from MO) f(0), we have e = 0, Thus r(.s} = r(sl. so our 
curves are the same in terms liF the arc length parameter. 


Review Exercise Set 15.1 

1. a) r = kin2r)f + (cost)/ b) » = c) 1 f-Jl d) 41 - U/s/2)/ 

3. V = K + ^ M,j ; fl = fi«i n- H M,| 

5. A (possibly degenerated eltipse, parabola, or hyperbola with focus al the center of 
the force held; it., a second-degree plane curve 

7, a) i + (3//2}| + OffZ)k It) v'To c) < W2)f f i.Vv'ZlJc 
9. a) 3/10 b| 1/10 

R«vi«tv ExercisB Set 15,2 

I. a) If 4 if b) 5/U c) -M - hj 
3. 60ft/sec 

S. See the start of Section 153.2. 

7. The torsion t is the unique scalar such that db/ds - m. 

9, K K l4/J7'/l7; t 6/49 


CHAPTER IB 


Section 16,1 

K U = 3. U = 4 


3. h = 2x, U - 2y 
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5- L = — /, = - 4- 

y y 


t 2 yjt3 

7+ ft '= ¥ + 75 « ft * 2l > "7 


9 + /, - (* a k 2xy)(2x) + fy' + .0(2* A 2yJ, 

A = (* I + 2xyX3y a ) + (y 1 + * a H2*> 


ii. A = 


2*y - 2s y' 


A = 


2yU ; + y i;;- (jr + f) 


i* 2 + yf * lT (s’ + v) 1 

11 . /, = 2* scc 1 ^* 2 + y 2 h A 2y aec’'(* 7 + y’) 

15- f« = Ixyt^secfjryJlan (* 2 y) + yV" Kc(* ! y) 

A = x**** 1 «c {jcV) tan(s 2 y) + 2xye“' : smjcU 2 ?) 

17. /, = . u - -Jy In (2. *■ y)«c--y> + y ‘ 


2* + y J . ■" ' 2x + y 

19. A = 3y see 3 x lanx + y ? , L sec'* +■ 2*y 


w- ft = y ~— 

1 + * y 


ft = 




i + *v 


?„<■ 


23. 2xy 25. ye 1 

27. 24sec 1 (2* + v 3z)Ean(2* H y 3z) 


29. a) At = ft. = 1* b) L = L = b* 7 y - 


2* 


c) A, = ft 


Section 1U.2 


I. 3* + 16y - z = 21 3. a = 1 + 2t* y = -1 + (, z = f 

5. B* k - 2&s 2 + * 3 - -32l *i - -2 -It St, * 3 - ] 2St. *, -12 + 1 

7 , 23.6 9 . 3,01 

II. increased by 126 it ft 1 


Section 16.3 

1. (8,4, —2); 8<fc +4dy - 2Jz 

3. (i + 1T,J + we 4 *. &*• + 2); {3 + irjrf* + (| + we 4 *) dy + (4c 4 ' + 2>dz 
5. 6 ir h— ; (ftir H—d* 

IT V 7T / 

7. 204 

9. 1 1 Aa — 2 ■ Ay l c, =t -Ay 

11. 2b4.25 
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Answers to odd-numbered HKWCiSOS 


Chapter 1 © 


Section IS,4 


I. a) x « 1, y = 2, z = &J4 bl 
c) £ = i 4 + {f + ]) _J d) 

3. 2 

7, 4K(X)tt in, Vntin 

11. l/51b/ft7rtiin 

IS. ta (d*vRr) eiriilw/^Y | fl b (5 wfdz) 

17* We have 


15/4 
15/4 
5. 0 

V. -3t3f)m nnats/unit time 
13. I7.00RG 


— = n M |-y Lind — = f{«) - 2xy t 

from which the defined result follows at once. 

We have 



from which we at ooce obtain the desired result 
It* [f f i?i a differedliable function of two variables and f{tx r tyl ■ t*ftx r y ) for all 

I, tltun 

x ■/'.<*’ V) -+ y j f v b t, v) = WE*,¥). 

13* If fix) fix^x 7t Xj) is diflcrcntiabte and f(ct) = (7E*!, ihcn 


a-,/, fjt.i ■ +■ 


Section 16.5 

1* -32/V5 3. -9 

5. Maximum rate of 2v/s in the direction of 2i + / 

Minimum rate of 2V5 in the direction of -2f — /, 

?. Let fti, v) a — JT- Then / r (D r Ui = (II, 0) and till directional derivative?, 
ai (0,01 arc therefore ircro, 

9 * • 11 * i and -/ 

13. / and —/ 


Section 16.6 

1, 2/(ir - 2) 

5. 0 


3. (I 
7. in 
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9. 2 


11 . 0 


13. Tangent line; 3x + 5y 2 . normal lint: x = l + 3j h y « 1 - 51 

IS* Tangent plane; I4x 4 y + |()z 4: normal lint: x — — 1 + 14l, y = 

i. z = 1. + 101 



T9 1 . Al a point ix, y, z) of intcrseclinri. » vector normal to ilit first surface is 
Ixi 4yj k 2zlt, while a vector ptu-penitffcular to the second surface is yzi 4 
-t£i 4 tyt These vectors arc pcrpcmliculai 

fltvliw Exercise Sot Ifi. 1 

I- h) z* + yW 1 b) yVc u e> lyzt-'* 

3. (-10,17,-12) 5. 12 

7- 9. 

Review Exercise Set 161 

1- a) cos- 2x.<* b) 




More Challenging Exorcises 16 

I* F(x 4 Av,y + Ay r z + Ai) - fix, y, z) 


= [/(x + Ax, y +• Ay, 2 4 A 2 ) - fix, y + Ay, 2 + At)] 
+ {ft*, y + Ay, ; 4 Az) fix, y, z 4 As)] 

+ [fix, %Z 4 Az) - fix, y, z)J 


3. U t y) - [ix + y)73J] 

7. -0,03 with mnr ^0 0037 


S. 1 + tv i sx’y' 


9, I'he binomial ihtorem or algebra states chut 




where 
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Answers to odd-numbered exercises 


Chapter 17 


Thus the coefficient of (,* - x,.i"< y - y<.) L in the given expression fur T„lx, y} is 



Since 



the result follows immediately. 


CHAPTER 17 
Section 17.1 

|, Local maximum of J wherever Jty (7f/2) + 2nrr, focal minimum of - I 
wherever xy = (3 if/21 + ~ms 
3, No Local maximum; local minimum of I at (0,0). 

5, No local maximum; no local minimum 
7 a No local maximum; local minimum of 4 at (G„ 2) 

Local maximum of 48 at {0, 2); local minimum of -20 ai (2.2) 

11. No local maximum; local mini muni of - 12 as (L, - L, 2> and t L 1.2) 

13. a) -x 1 - y* bl n 7 + y 4 c) jt 7 + y i 

d) If AC if ll, further examination of f i% needed to determine its 
behavior at Uc, 

i5. Maximum assumed id (1,1) and i —1,-1); minimum assumed ai i l, - 11 acid 


t-i, n 


|7. Maximum assumed at (1, II and C 1. II: minimum assumed at (O r 0). fSeen 
from x 2 + y 3 - xy = Ux — yY + jiM 


Seetiun 17.2 


1 . 2/v2 






58 18 44 ■ 

.19’ 7^’ Tq. 













Chapter 17 


Answers to odkf-numberad exercises 


841 


Section 17.3 

JC 1 V ' 

1* Exact; -—■+£’ 

3 2 

5* Not exact 

9* Exact; tan xy 4 y + C 

13. Exact; tan 1 j' J i C, i ■ 0 

Section 17,4 

1. l» 

5. -I 

9. 2tt 

13. K 


3* Exact; Jt~y + C 
7* Exact; x 2 y + e * + C 
It. Exact; x V 3x 4 2y" 4- C 
15. Exact, sinxy 2 3xz’ + y 1 + C 


s. 5 


■TT 5 2^2 

7h at - 4 - —- 

H <1 3 


n. 


2v 4 21 


b) 


256 


15, 1 an '4 


Section 17.5 

1. I 

5. *1 

9 . IS 
13. (w 


1 J 
3 . 4 

7. 162 

11, -T 


Review Exercise Set 17,1 

1. There arc rone 

3. Closest (- i. Vi J S); farther (-1, - V3 + 0) 

5. yV+x^y cosy 4 C 7.^ 

9. When Mix, y| tlx 4 Nix, v.My is an exact differential. If M and N have continu¬ 
ous partial derivatives and their common domain has no holes in it. then n is true 
if iind only it SMfciy - UNfhx. 


Review Exercise Set 17.2 

1. Relative maximum of -1 at (l T -ll 

/ 136 12 -2U \ 

’ * 1.35 T 35 * 35 ) 


5. x' sirs y - 


3 y + r 
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Chapter 17 


7. I,n«v^ «- ii k 



tl r 0 


More Cliellenn^iQ Exercises 17 

1. <iJ G|( xy) 


^ ft/xxki, r,J ■ u - *J J + ■ l* - *L.)ly V..I 


+ f ¥¥ Ctii,ei) ■ ty yt.r'J 


bh We have then |T|i t y l f(* Ml y M l + FiUrV 1 . from which the result is im- 


mcditue. 


3, Consider 


[A(A*1 4 »«Av >1 ' WC - muvi 


Suppose A il If AC — E > (l. (hen (1) is >n for all (At, Ay) ^ 

AC" /i ’ ii then for Ay ¥= (i and A,i I UJAy Ay. you see thm 11 i '--R while 
for Ay = n and A.* * U, ( I i is >0 If AC ii 0, then 11 > assumes the value 
/.eio at points where VIA* i 4 ft(.Ay) R With the hint, this shows that 


A (Ait 3 - lfl(A*KAvi + CEAy) 


is r--ll for all (AxAyj * (0,0) if A > 0 and At R > 0. Similarly, if A < li 
and AC - H” U- then 12) is ■- 0 for (Ax, Ay) # ((Ufl ( '(early d A II ami 
AC - fi < I), ihen 1 1) tan assume hoili positive and negative values, and thus 
<2j can also. If A 0 and < - IJ. then a similar argument cun he made usin^ 

CfAlAtl' i 2B(AxHAy) t ClAyrl - (AC F >(A.iV + [BlAil ■ t (Ay)]’ 

II l>oth A and C are /enx then (2) reduces to 2B(AxHAy). which can assume 
both positive and negative values if ft J tl, 

5, UPfax - dO t»w. aF’/ay = (Vfi/dw. OF/dr = Ww. iiQ/dy i'iK/rf.s s 

aO/fli = ri-S’i'i+x, atm *r ■FJsS/sy 

,nVf AN I J - y’ 




show that f-'f.v. vt has the desired form for y ■' Ii. Since liiti T tun ' t l/v) ■ 
A tir/2) + A and Urn, tan ’ll/yl 4 M ~W2) + R von see you 
imut have (fr/2) 4 A I tri 2) 4- ii so ft A 4 n. You then see that you 
must Lie tide F(x, yj = A + 1 1-/21 for v 0. * > », in order io have Fix y) 
continuous us 1x0) for x > d (tut then 


jt IT 

while Inn R-i.y) A + ,, 


lim H l.vl A - 

. _JLJ. J' 


so u is impwsibte io define Mr. t» lor a < 0 to make Ft x r KnmtiiUHms there. 
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CHAPTER 16 

Section IB. 1 

1, Tin- integral j H fix. vl tlx dy is equal to the volume uf the region over ft and 
tmtlur I lie surface z fie. y). wliere fi *, vl ' 11 minus the volume uf the region 
under R and over the surlaee where ft a, yi j ; Li. 

3, u> = dffr - dKtf <?);*, »ellr n)(d e> h) No 

cJ The in eo: in min span of (lie i/elh in ,i partition of ft must lie '-mull to ensure 
chill ;i> ftiemann miiti for f o close to Jf p fix, yldUdv. 



7. ,n Hie Iir>i integration can lie pethimied with respeui i" .my one til iluee 
variables. the re\t with respect to any nf 1 he two id training vsiiciihks. and 
live liisi with tespc-ei to the remain mg variable to give 1 • M • 31 = ti 
orders in nil. 
hi 2-3! = 4H 

el lEuU' of them have the value Mu/ 1 *. y i d* tfy and the other hah have the 
value fix, y 1 dx tlv. 


9* 

32 

11. 

1(1.241) 

13* 

m 

15. 

48 

17, 

it *74 

10. 

n 

2|i 

V& 

U 

32 


SectHin VB 2 
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Answers to odd-numbered exordeea 


Chapter IS 


13. 


f r 

y cm x dx dy 


fi ' rfn-4-0*n j-WI * 

ti5* J J je trofi 11 y dfy jit + J | jc cos - ' y dy dx 


i ri ■ 


17. 


f ' ' xt&dxdydz 19. J 

Jfi J 


- V I—i ^ ~i 


21. e - I 


23. I t>7T 


Section 18.3 


I. 2a* + 


a'tf 


'■ ••s-f) 


5. 


7T£i! 


3 IT 


7. a) A plane Ltsrscaimrij.: the z-ajirH 9. 

2 

b) A plane perpendicular to the z -axis 


11* (64 24v^) 


13. 


32 (hr 


3 


Section 18.4 


1* -f24i 3 - 3a z h + b J ] 
3 


*■ T 


S. - TTtl 


Section 19.5 

l* ») ' h) (i || 


2V2 


3* a> z. kwa* b> — c) !L —- jfc-rra 41 (i> ; Icua 


5. ap 

7 


3 

kirn* 

6 

saw 


b) 


(°-°H 


.i ;fl0 ' 
cl —-— d) 


5 

3Jtmi s 


113 

31 x 


«) 


ftirti" 


15 


15 


’• ( a Ta) 
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u. (n.o, ^ 7 =) 

\ Kf2 JlV 


8(2 \fl) 

13, The Kim momcnl of n body in space about (he plane = - —u is, iVJ,. 4 

I 


15. a) l/v'3 b) F 7(d + M'- a 
V3 


Section IS 6 


1 . (33 - 973 - 47^1 

15 

iru' r 
5* —— (5v5 - ! > 

6 


3. ttO 


r (2 - 72) 


Review Exercise Set 18.1 

I. S* =' 40, 4, = -24 


>• i; c i: 


3. I f (x 1 - 3jcy) 4? dy 
Jo 


■S J- ■.''4 j7 r X4-v‘4 ' ,(■ v 1 ("7 f Jii—* 3 p ** V J 4^ ■ j-f 1 

1 ■ Jz cfy i£t 4 | | | 1 * dz 4y dx 

1 « 


7. lftir 


in 

4.' f 4Kl 

- [ L I 


r dz dr d& 


9. ird /b 


Review Exercise Set 1( 2 

1. s 

- a 

5, 3 

9 . nuU) 


■4 *« V 


3. | | j jc'E^dydr 
1, 2* 23W105 


More Challenging Exercises 10 

1* T?*fl 4 /2 


3* 2wV 




rrjtf. 
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Chapter 19 


Answers to odd-numbered exord&es 


7. j| 

a) dx cosier - r sin ftdfl. 
dy = sin ft dr f r cm ft dft 

b) rdr a dft 

il + 2541/25 


CHAPTER 19 


Section 19.1 

1. 4?r units masa/unit Eimc 
5, Both integrals equal ,"1 

9. 2trflfr 

11. By Green's Theorem, 


3. Roth mlcgritls equal 1 

7. -%n units nms£/unit lime (The 
plates were three units apart.) 


^ f * dy ^ y rfje) = — (1 + tl ^JC dy = J| 1 - d* dy = area of G, 

13. i {— dy- — d*\ 

JU \dx !ty / 


Sfldion 19.2 

1. Both integrals equal 120. 

3. d) By Green’s Theorem (as in Fq. (Vi of Section iy. 1), 

| | (V ■ E) dx dy = <| lE‘n) dt (F - a) 4s = (V - F) dx dy. 

bj By Green's Theorem ias in Hq. i LO) o.F Section 1^.2^ 

| j (curl E 1 dx dy = ijj> (E * t) & i| (jr. I) dj >= | [ tend F) dx dy. 

S. I .el ihc [eft border of B be given by r My) and [el the right border he 
x = Jt(y}forrSyfij, Then 

t) CJU. y')dy = rO(itCy), y)dy + Q(h(y)„y)dy 
JufS it Ji 

f [Q(My>. >') Q[h(yly)Jdv f 0(*» y)l dy 

Jr *■ lx-HOI 


j^djuiy = f 

X )i - tiivi 3x J 


nO 

ftjf 


d.% dy- 
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7. Let H be the dark-shaded region in Ftg L9.][J between y, antE y-.. We may 
regard H as a region with larder y? + - y, - y 1t which can he decomposed 

into a finite number of simple subregions. By Green’s Theorem and Use fact that 
curl F 0, we have 


(I = [f (ctltl F) dtx dy = f (F-f)ds 

J Jl+ 'l l fj 

Mi (F-f)^+ IF-ildr-tfc (F-t)tk I (F ■ (} ds 

J-pa Jvi 


0 (F-t) th di fF - it d.is. 


9, 


11 - 


thus (F ■ r) dx = $ y ,{F - n tlx. 

curl V/ = curl f S f I * «S»*> *W*1> , J?_ - M. 

\fljc fly / 0$ fly fl.r fly fly .i 1 ^ 

if second partial derivatives are eon tin timer 

-1 13l a t 4jt b) 2 


n 


15- ^ the force Held Flfjc, y) = Pf*. v)| + O(x, y)j - til 4 hj, then flO/flx 
tfP/dy 0, so curl F = ftQfAx ilP/fly d ihc work is independent ot the 

path joining A and IJ; if A = C..i],Vi) and fi = (j; Zl yd, then the work is 
u(x 2 - *,) + My* - y,). 


17. a) Let E = E t I + EJ *pd F = F,t + FJ. 

Then uF + bF (aE , h bE\)l 4 laF a + bE 2 }f 

fl(oJZj 4 I>F 2 ) (uF | + fcF, I AR-2 db' 2 HE , flP", 

---—-- = 4-— + v— - a~r -fr*-— 

flx fly ax flt fly fly 

= „( fl .5i J!fi ' 5F --t 

\ ax fly / \ ax fly 

- a ■ 0 + b ■ 0 =* 0, 

bt an f bv + C for any constant C. 

19. IF ■ dr) = J mtHi) * ^dt = m | fir'd) - o] dt. 




Now 


Thus 


d<|v(t>| z > d(p(0*p([)) 

,i, j, 

WIA.B) - ™ f * rfl = t m|*(fc)P - ~ mMa)!’. 

2 i* tfl 2 2 


h ty 

*■ "u't,r ' u’ + »v* 


-k k k 

b> r-t -i c) 


Vr 


t y 


7n ~ 2 
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Sartion 19.3 


1 . 0 

3. — i + (t * 

y 


x co$ ry)t 


5. Roth integrals equal Jtt 
7. M 
9 + -4«ir 

11- ft) F* l 0 so {F' () <is = 0 T so /Jo f(enrJF) ■ *] dS = 0 by Stokes’ 

Theorem. 

b} {curl F) ■ k = Q T so J] a 11 cwrf F) ■ n] dS = 0. so fea IF - t) dx - 0 
lh curl F = 0. so [Icurf F|- h] dS 0, so ^ IF ■ t) d-r - U. 

15. ai If F F v f + FJ + then 

/ k | 


cur/F = 


d_ b a 

<5-t fly d* 

F, F F-i 


„ |i5 _ «yi. , i^F. _ aVi, , /aj, _ flfyi, 
1 tfv iU ■ l Jx r l fix t>y ) 


Then 

V 


,WF, = «i\ + (*5. _ 

W*3y tottef fls ay&t/ W Sx £2 fly/ 

- **) + (*«.-**) 
\$zdx ixdzl Uyte Szfly/ 


1 

J 

•k 

a 

a 

& 

»x 

ay 


Sf 

£f 

# 

ax 




/a-'Fx 

a J F,\ 

\ax ay 

r>Jt *2 / 

. 

fFj \ 

\rlx fly 

ay a*/ 

0 


dial derivatives an 

_ f */ 

tff i 

fl2 

flz fly j 


h> 


- 0* + Of + t*k = « 

if second partial derivatives arc continuous. 

17. Reinnvc a very small “disk" from t 'f and lei ihe remaining surface be H. 
Then 


f [|T X F) * n] dS 30 || [l T x *V 
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since only a very small pan of fi was removed, In Fael. tlio integrals can Ik 
made as pearly equal as yim please by removing u ssitftofcnlly smAll pan of G. 
Gill 




[iV x f > ■ n | its f -- 0 T 


since (\H is a very shoii curve. Hv removing a sufficiently small part of G, dti can 
he made as sliori as you please mid lF- As close to II as you please. 
Thus, taking. the limn as snwik i and smaller parts of G sure removed, you see 
that lf £r [(V x F} ■ »t ] dS musl be ■imv 

19, JjJo |V ■ ifiirf F)|dxdy dz , [ifurfFi - wJdS by Exercise IN. Now 3G is a 
surface tH:.u is the entile hmuul.m nil ihe three-dimensional region G. By 
Exercise 17. heurf Fi ■ n I dN |iV x F) * h] J.N o 


Revlow E*erd*e Set 19.1 

1 + See Theorem h) 4 of Section Id 2, 

Let F he a continuously ditrerenliabk vector field, and ks ti Ik a suiluMc region 
in space- Then Uh, 'T J F] dx dy dz fj„, iF * n) dS where n is the unit outward 
normal vector her a ftnx vector F. this stales that the integral of the- divergence 
of the Hus vector is equal to the integral of the normal component of the flux 
vector Liver the surface. Roughly speaking, integrating the fate at which mass is 
leaving little volume clemerus throughout G gives ihe same result as (biding ihe 
rate thui mass leaves G through ihc surface SG. 

5. a) bOtdx. aPf&y b) apifo f + aota y = CJ 

7+ -162ir 


ftovkw Exorcise Set 19.2 

l. Lcl F be a continuously differentiable vector ficid in the plane and lei O he a 
plane region that can be decomposed in So a Unite number of simple subregions, 
Then Jk iT ■ F) dx dy = f*-, (F ■ n I <fr. Also Ho (curl Fl dx dy = fcn ' F j f) da. 

3 + fty the divergence theorem 



and the second integral gives the momenl of inertia about the z-axis il mas.* 
density is [The fuel that G is a ball with tenser at the origin is irrelevant,J 
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5, (JlZ y)t - yzj 


1. '. 


More Challenging Exercises 19 

U A computation shows Hud 


T x F 



Fht- normal unit vector n at u, y, ri on Q can lv_- written as a » 
iL'osuli ■ ICi's^jj 4 (cm yit where u. ft and 7 LUO the ianjiles which W makes 

vvnh the 1. y, Cind z-nxcn Consider Shd contribution H, r \UiR/ify) — (dO/3i)] x 
ice's ■.-1 tiS jo J.f, |IT x l L 'i ■ it I ds Since « ii the im^te between fi and 1. M is also 
the angle between die tangent plane 4 ic (a, v. - • and die vz-plane Thus (cos a ) d£ 
is 1 he area of die piiijeciiH.ni of a stirfmv elemein of area dS onto die y.;-plant. 
liui [his is Jilt: meaning of dydi in ft., [OR/< 3 y) tdO/Vir )| Jyjiz. which thus 
equals ft, ^1 ■(«/■>•> 1 1 frO/ar fji vm ii 1 d$ A simiku analysis with other com po¬ 

rn; fits of V x f shows that 


jj (If XFl-njHS - jjJC 


■ rt R AO 

'.rly ds . 




Since r = (J-e/d*. if 1 {dyt<ls)j 1 (di/tls-ifc, n is dear th:o 


K*. (F - 1) ds - f w . (Pd* 1 Qdy - R Jr), 


3. af Jxdx <■ dy h\ i.t -I- : 1 Jr a dy a d 






wiiidi is dn* form "I Stoke-.' nieoreni given in Kxcreise L. 
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CHAPTER 20 

Section 20 1 
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Answers. to add-niJiTibHrftd exercises 


Chapter 20 



9. a) All r > o bi 17 
2 


Section 20.2 


I. 

3 1 4 

- t r + C 

3, tan 1 

y =i. 3 +r 


V 2 


' 3 

5. 

sin ' v ' j J + C 

7. Ot(l 

,-4-i 


2 

W 


9, ^ = In 1*| + C 
X* 5 

11 v = 1 + y -2 

13. y 2 = ± 2 + 5 
15. 2** 1 - y J = I 
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V 

A 



Section 2D.3 


1 . x cos y + y = C 

X icy" + In |y| t 1 

S. jrf v — sm iy = C 

s' 

m" 

1 

4h 

+ 

** 1 

It 

ft 

Jt 1 x , 

<*. + - In |yl = C 

2 y 

4 y 

11, - + - + 3y = C 

Jt i 
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Chapter 20 


13. In \x\ + X'y J + 


15. I ct F f. New 

^ moi*m . . s(hcu m t 

ii(FfOlJC, y))j =- dx + - -—dy 

fix ay 

= FLGix,y))*°dx + F(G{x. v))^dy 
nE 3y 

= ft C t ( x, y) >nAl dx i ft c'f ( x. y))pN dy. 
Eliib shown thai ftCr(x,y))|i is an integrating rat it hr. 

17, From 

fifi iHM <)N\ 

fa— M = <j 
ax ay r \a v ax I p 

we obtain 


N /I^\ _ |J N WM) Af ^in|n|i = aM_ a\ 
Vp. a *) V ay } ay a* a* 1 ay ay at 


19, a) xy' lx y 11 = f.’ b) *y i siny C 


Suction 20.4 


I. 


5. 

9, 

13. 


v - (V 


._ , K > 3 

y O? + — *■ i n 

t £ 7 

_ __ t ii _____ 

9 ^ 3 9 


3. y C*~* +'-e' 


7. v = £?esc * - 3* col x - cot x + 3, 
n < a < f 


11. y 


i tv* .■ v T .■'■* *- u \ 

, .^rJi / ^ f _* , * _*_, __ „ , . | 

\ 1 3 n - 2 S 7 ■ 2' • 2) 9-2"-31 U *2* 41 


15. a) i = t + =■ j 

bS From la), wc obtain 



Thus Urn, .> i = E/R. 
ci j approaches zero 

clK El decays exponent fatly from Ms value Hi | * |V 
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17 1 h) PifteremiiaM'tfrt of tf y 1 " yields v = (9 n)y7y N . Multiplying (be fciven 

differential equation by U n>/y'\ wt tihiain V* + ' l fllpLv’io 
(| - nlgUf- which is linear, 


hi 


y'( ( >--!)=, 


Section 20 5 

1 + r'I'htK Is a slightly tedious bin routine c*tsrcbe in differentiation, i 
3. y = Ce u 5, y - C,c SifJ + C\e xf * 

7. v = r, + ^(Cj + Ci* I ^ y - C T (Wifi* + CiSin v5j> 

_/ v's ^ \ 

II. y ■ t'/ » (c'„. titKy — x +c,5 in ^ *j 

13. y = C| f L’.x i CV 21 + C, cos V'2 j 4 C, sin v"2,« 

„/ \fl s/? \ 

15. y f ‘(C, ( CjJtH-f (C-’j cos -— * i f. ,sin —i f 

17, y = -3f 5, 4 4^ 

19, y c-‘ +€ '(eosVS* --gsiinv'3xj 


Section 20 6 

t. y = Ctt ' + Cie 1 ' U + t 
x 3 


5+ y = C +■ t> 


3. y = c l (C, + C;xJ +lx e 


7 _-1 


I . 


2 4 

- - ,l - ' ^ iU a + 


7. y C, oos 2x + Ca sin 2x J - sin x 


9. y C t + Cjx + C y t 
IL y e ' c (C, * CzX) + ^ 7 "' cos e 

|3. y C| + C.x + fjx J + ?in*''~ hU v* - ' ii.*‘ 

Height: a = 3312 5l2e 414 - 12St; terminal velocity: -12Hft/&ec 
17. flit solutions of (be characteristic equation mr -i er + k O'ftrt 


c + V'c 7 - 4fcro 
2 m 


u nd 


—r — v'c r — 4 km 

F2= “ "InT 
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Sunw f" > 4fcrn. we have r. < r, ■■ l|. Tilt: general solution of ms + rs + fr.s 
<i is 4lien j = ff 1 ■' +- C,e'-' From the initial conditions, i(0} - h and ,i(0) = 0, 
one obtains as solution fnr tine- given problem 


$ 



4 



e?* 


Sinte f| < II and r ; if. we have I ini, ... vjtj = i.L so (he body approaches its 
position of iesi as ( —For s in he aero, our solution shows wc would; need to 
iwe c ■ = r ,tr ± . Since r-, r 3 > 4) and (1 < r,/r- I. we \ee thnl there is no 

/ > 0 siiisFyini (hts condition, so ihe body never misses ils position of resi. 

19. 1 he solu tions of th e characteristic equation mr' ■ cr + J< - fi arc complex, and 
if iL - V4tru c"/2 fU, the Solutions of the equation have the form 

j e 1 ' ' ril "[C| cos nr + C a sin <it] 


for constants C\ and ( ... fhe desired conclusion now follows at once. 
21* If k 0. our equation may tw written as 



sin kl = 0, 

« 


Wc see dial any solution of this equation is of ihe ft urn 

for suitable constants C \ ;md (' . Ilie pel uni of ihis oscillslory itioliou is 

Zirv'u/vV 

lf t = vry-a, then any solution of our equation is of the form 


it 41 ' 3 + A1 1 ens 


MVl r ) **'”*•(£') 


for suitable constants C,, and A =£ 0. The amplitude s/fC, + Aif + C? then 
increases without bound as i - - >x-_ 


Section 20-7 

l + 0 


i * x 3c 

3. y CJ..L 1 - — + 

\ 2\ 4! 


3*' 3-5 x* 


ti! 


+ * * - 


+( _, r m^(£j -v> + 


12n d 


) = «*t 


<~rJ 
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s. ^ 


it + n*-^ix + i) 


2” - 2 


ix + ir +♦ * * 


) 


-4-s 

, "jp 2 ** “1 \ 

+ a,(u * U + + t) 2 + -<* + l) 1 + -■ ■ + —— (* •- ir + 


an(2e lM - - f 1 ") 

* J 2** . , _. +1 (2X5>- (3« - 4) 


T. >-■«.( I+jj « + "' f(_,r 


On) I 


) 


4 u | JC. 
for n s 3 


>4-T*- 


v = ant* i 1i- 


Section 30,8 


1. V «„(] * J+ 3 3.5 + "' +( ” f3K5) — (2n - 1) + "’") 

4 <, '( I “T + 2”4 2^6 + “' + i ~ r am---(u) + '") 

3. y = a n n + ii 1 - avt' + to** + - 1 ') + nJjf ~ i* 1 4 i*x 4 + tb* 3 - i(J£ ,s + * *') 


5- V ■ a, t + a L x 4 


(- - 

\12 * 


JC x 

+ 


56-31 132-51 

+ {- ir 


C4fr 4 4)£4ft + 3M2ii + 1)1 


1 V u 

( X X x 

7* y - at, + Al* + “ 7-6-3 + g. H . 5 

+ <-ir 


(2n 4 5X2 n 4 4X2 fi I- D 


7. y a,, + ci^x - V) 4 «jf(i — IT + i(JC — I f 1 ] 

i x 2 x* Jt* X 3 * \ 

u. r = ‘ + T< “ , + ' 


/ x* X 11 X* 


i r 


51 jjt 7! ' I2n 4 1)1 

\31 5E 71 9t / 

« n C«h JC 4 l( | sitl X ’ (3 3>in T - ix (M-iS x) 
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Rfrview Exercke Sor 30-1 



3. lnl2slW*-¥)= 5. x' > Jxy C 

T, y = S + (7'*' 9, y = e‘(C k OW$X + C'.’ ; «ift2j0 + V* 

Review EJisrcKc Set 202 

l. «Si i Ilm'fsraTi i SU;t liim .’’ll I i 

3* \ til ([ | ) 1 | + tttn 1 | = In | vj - < 

5. x y i sin y cos x - C 

7. 1 , r, + C x +- C u* s ' : 

9. y • tV* 4 r.i''' l f^sir.t i h.cosi 










t 





Absolute value, 2 
Absolutely convergent series. V4f^ 
Acceleration. 4S, 84 
Acceleration vector, 513 
normal component of, 518 
t itngen i in l conipen tcnt of, 518 
A1 tenia liny series, 343 
harmonic,, 344 
Alternating scries test, 343 
Amplitude, IU4 
Analytic function, .368 
Angle, between line.*, 495 
phase, 104 
between planes, 501 
radian measure of, 98 
between vectors, 507 
Ant tiler iv alive. 147 
Approximation using differentials, 
74 

Arbitrary constant, M7 
Arc length, lit) 
differential of, 210, 429, 512 
in polar coordinates, 454 


Archimedes, 154 
Area, 192, 623 
in polar coordinate*, 450 
of a surface, 215, 645 
Asymptotes, 400 
horizontal, 60 
oblique, 63 
vertical, 60 

Auxiliary equation, 711 
Average cost, (4,3 
Average rale or change. 47 
Average value of a function, 1% 
-Axes, rotation of, 4(2 
translation of, 8 
.Axis, etiordinak*. 4 

Base, 150 

Bernoulli\ equation, 707 
Binomial coefficients. 386 
Binomial series, 386 
Birtormal vector. 530 
Bliss' Lhcorem, 206 
Bounded region, 617, 665 




















Brachistochrone problem, 426 
Brahe, Tycho, 522 


Calculus, fund a mental theorem of, 
168, 170 

Cauchy principal value, 314 
Cauchy product, 371 
Cauchy sequence, 34!? 

Center, of curvature, 434 
of gravity, 228 
of mass, 228. 641 
Central force field, 421, 522 
Centroid. 228, 642 
Chain rule, 78, 80. 554 
Characteristic equation, 7li 
Circle, 7 

osculating, 434 
Circular functions, I00 
Circulation of a flow, 599, 670 
Closed curve, 599 
Closed interval, 2 
Closed region. 606, 665 
Coefficients, binomial, 386 
of a series. 352 
undetermined, 717. 730 
Completing the square, 7 
Comparison test, for improper 
integrals, 311 
for series, 329. 331 
Component, 483 
of a vector, 471 
Composite function, 78 
Concavity, 131 
Condition, initial, 150 
Conditionally convergent series, 346 
Conic section, 198 
classification of, 418 
reflecting properties of, 422 
Conservative forte field, 599, 671, 
674 

Constant, arbitrary, 147 
spring, 220 
Constraint, 578 


Continuous function, 52, 53. 538 
Convergent improper integral, 309 
Convergent sequence, 317 
Convergent scries, 32J 
Coordinates, cylindrical, 462 
polar. 440 
in space, 46(1 
spherical, 462, 633 
Coordinate axis, 4 
Cost + average. 143 
marginal, 142 
Critical points,, 132 
Cross product. 486 
Curl, of a vector field, 671, 676 
Curve(s), dosed, 599 
curvature of, 431 
equlpolentiai, 674 
msluie of, 437 
involute of. 437 
length Of, 210 
level coordinate, 442 
orthogonal. 92 
piecewise smooth, 593 
smooth, 209. 425 
Curvature. 431, 529 
center of, 434 
radius of, 432 
tola], 592 
Cycloid, 426 
Cylinder, 465 

Cylindrical coordinates, 462, 629 

Decreasing function, 129 
Definite integral, 161. 608 
Delta notation, 3 
Density, 223, 637 
Dependent variable, 14 
Derivative, 43, 549 
directional, 560 
exterior, 683 
mixed partial, 542 
partial, 539 
second, S3 
of a vector, 510 
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Descartes, Rene, 154 
Determinant, 4 85 
Difference of vectors, 475 
Difference quotient, 42 
Differentiable function, 4.1, 550, 551 
Differential, 71. 550 
of arc length, 210, 429, 512 
approximation using, 74 
exact, 584, 599, 669 
of surface area, 646 
Differential equation, 148, 175, 686 
exact, 698 

genera I solution of* 149, 686 
homogeneous, 692 
linear, 708 
order of, 686 
Differential form, 681 
Differentiation, 48, 68 
implicit. 9t 
logarithmic, 252 
Domain, 14 
Dot product, 478, 480 
Double integral, 614 
Directional derivative* 560 
Direction cosines, 498 
Direction field, 687 
Directrix, of a parabola, 404 
Distance, 218 

from a point to a plane, 501 
Divergence, of a vector Reid, 660 
Divergence theorem, 661 + 674 
Divergent improper integral. 209 
Divergent sequence, 117 

Eccentricity, 409 
Ellipse, 398* 199. 405 
eccentricity of, 409 
fod of, 405 
major axis of* 406 
minor axis of* 406 
Energy, potential* 671 
Equation, auxiliary, 711 
Bernoulli's, 707 
characteristic, 71 ] 


differential* 148, 175, 686 
of a line, 12 
parametric* 85 
Equipotential curves, 679 
Error, percent of* 77 
round-off, 189 
truncation, 388 
Filler's formula, 175 
£ volute of a curve, 427 
Exact differential, 584, 599 , 669 
Exact differential equation. 698 
Explicit function, 91 
Exponential function. 246 
with base u r 250 
Exterior derivative, 688 

Factor, integrating, 699* 703 
Field, direction, 687 
force* 596 
irrolalional* 599 
vector* 596 
velocity* 597 
First moment, 619 
Row* circulation of, 599, 670 
incompressible* 672 
one-dimensional, 654 
steady-state, 597 
two-dimensional* 656 
Flux Vector* 655 
Foci, of an ellipse, 405 
of a hyperbola, 407 
Focus* of a parabola, 404 
Force, 475 
Force field. 596 
conservative, 599* 671* 674 
Formas), indeterminate, 376 
differential* 683 
Formulate). Euler's, 375 
Frcnet* 513 
Free fall. 720 
Frehet formulas, 531 
Function, 14 
analytic* 168 
average value of, 196 
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lode* 


Function (continued) 
circular, IDO 
composite, 78 
continuous, 52, 53. 538 
Jet teasing. 129 
derivative of, 43, 549 
differentiable. 43, 35U, 551 
differential of, 73, 550 
discontinuous, 52 
domain of, 14 
explicit, 91 
graph of, 16 
homogeneous, 559 
hyperbolic, 265 
implicit, Si. 564 
increasing, 129 
inverse, 243 

inverse trigonometric, 260 
limit of, 37 
monomial, 20 
one-sided limit of, 49 
potential, 671 
range of. 14 
rational, 39 
real-valued, 17 
trigonometric, 100 
value of, 14 

Fundamental theorem, of algebra, 
712 

of calculus, 168. 170, 654 

General solution, 149, 686 
Geometric series, 322 
ratio of, 322 
Graph, 3 6 

concavity of, 131 
intercept of. 57 
Gradient vector, 562 
Green’s theorem, 659, 665, 667 
Gyration, radius of, 236, 644 

Half-life, 256 
Harmonic series, 321 


Helix, 513 

Homogeneous differential equation, 
692, 708,715 

Homogeneous function, 559 
Horizontal asymptote, 63) 
Hydrostatic pressure, 221 
Hyperbola, 398. 400, 407 
asymptotes of, 4C>0 
eccentric]ty of, 409 
foci of, 407 

Hyperbolic functions, 265 

Identities, trigonometric, 100 
Implicit differentiation, 91 
Implicit function, 91, It64 
improper integral, 308 
comparison test for, 311 
convergent* 309 
divergent, 309 
principal value of, 314 
Incompressible flow, 672 
Increasing function, 129 
Indefinite integral, 172 
Independence of path, 669 
independent variable, 14 
Indeterminate form, 376 
Index, summation, 154 
Inequality, Schwarz, 507 
triangle, 25, 507 
Inertia, moment of, 225, 640 
infinite series, 321 
infinity, limit at, 51 
Inflection point, 131 
Initial condition, 150 
Initial point, 590 
Inner product, 479 
Instantaneous rale oT change, 29. 43 
Integral, definite, 161, 60S, 619 
double, 634 
indefinite, 172 
iterated, 613,619 
line, 590 

of a vector field, 597 
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Integral test for series, 334 
Integrating factor, 699, 703 
Integration 173, 276 
by parts, 277 
of rational functions, 282 
by substitution, 291 
Intercept, of a graph, 57 
of a line, 12 

Intermediate-Value Theorem, 117 
Interval, of convergence, 355 
midpoint of, 3 
Inverse function, 243 
Inverse trigonometric function, 260 
Involute of a curve, 437 
Irrolaltonal fie id, 599 
Iterated integral. 611, 619 

Kepler's laws, 522 

Lagrange multiplier, 579 
Leibniz, Gottfried, 154 
Length, Of a curve. 210 
of a vector, 471 
Level coordinate curves, 442 
Level surface, 567 
THopital’s rule, 381 
Limit, 31 
of a function, 37 
at infinity, 51 
one-sided, 33 
of a sequence, 317 
Line(s), angle between, 495 
direction cosines of, 498 
equation of, 12 
intercepts or, 12 
number, 2 
parallel, 10 

parametric equations of, 494 
perpendicular, 10 
slope 1 of, 8 
tangent, 28 
Line integral, 590 
Line segment, 497 


Linear differential equation., 70S, 
715 

l ocal maximum, 124, 574 
Local minimum, 124 r 574 
Logarithm, natural, 236 
with base a, 250 
Logarithmic differentiation, 252 
Lower kieimnn sum, 158, 608 

Maelaurin series, 366 
Major axis of an ellipse, 406 
Marginal cost, 142 
Marginal profit, 142 
Marginal revenue, 142 
Mass, 223, 591, 637 
center of, 641 
Mass density, 223, 637 
Matrix, .square, 485 
Maximum, 122 
local, 124, 574 
relative, 324, 574 
Mean value of a function, 1% 
Mean Value theorem, f26 
Midpoint, 3, 49™ 

Minimum, 122 
local, 324, 574 
relalive, 324, 574 
Minor nxk of an ellipse, 406 
Moment h, 225, 639. 640 
Monomial function, 20 
Monotone increasing sequence, 329 
Multiplier, Lagrange, 579 

Natural exponential function, 246 
Natural logarithm, 236 
Newton, Isaac. 154 
Newtonian potential, 674 
Newton^ law of gravitation, 522 
Newton's method, 136 
Normal, principal, 529 
Normal component, 51R 
Normal vector, 545 
Number, real. 2 
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Number Line. 2 

Oblique asymptote, 63 
One-dimensional How, 654 
One-sided limit, 49 
Order of a differential equation, 686 
Orthogonal curves, 92 
Orthogonal trajectories* 694 
Osculating circle. 434 
Osc Li taring plane, 529 

jP-series, 335 
Pappus' theorem* 229 
Parabola, 23, 398, 4(32. 404 
directrix of. 404 
focus of, 404 
vertex of* 404 
Para 11 ei-axis theorem. 644 
Parallel lines, 10 
Parallel planes, 501 
Parallel vectors, 474 
Parallelogram relation , 4fi1 
Parameter, 444 
Parametric equations, 85 
of a line, 494 
Partial derivative. 539 
Partial fraciions, 285 
Partial sum of a series, 321 
Percent of error, 77 
Period, 109 
of a planet* 522 
Perpendicular lines, 10 
Perpendicular planes, 50] 
Perpendicular vectors, 476, 48 I 
Phase angle, 104 
piece wise-smooth curve, 593 
Planefs), 499 
angle between* 501 
osculating. 529 
parallel, 501 
perpendicular, 501 
tangent, 545 
Planet, period! of, 522 


Point, critical, 132 
inflection, 131 
initial, 590 
terminal, 590 

Polar coordinates, 44(3, 521, 627 
Polynomial, Taylor, 359, 570 
Position vector, 510 
Potential, Newtonian, 674 
Potential energy, 67) 

Potential function, 671 
Power series, 352 
Pressure, hydrostatic, 221 
Principal value, 261 
Cauchy, 314 
Product, cross, 486 
dot, 47ft, 480 
Profit, marginal, 142 
Projection, vector* 4S3 
Pythagorean relaliun* 9 

Quadrant, 4 
Quadric surface* 465 
Quotient, difference, 42 

Radian measure, 98 
Radius of convergence, 354 
Radius of curvature, 432 
Radius of gyration, 231, 644 
Range* 14 

Rate of change, average, 42 
instantaneous, 29, 43 
Ratio of a geometric series, 322 
Ratio lest for series* 337 
Rat tonal function, 39 
integration of, 282 
Real number* 2 
Real-valued function, 17 
Real variable, 2 
Rearrangement of a series, 350 
Rectangular rule, Ift2 
Recursion relation, 731 
Reflecting properties of conic 
sections* 442 
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Region, bounded, 617, 665 
CCntrotd of, 228, 642 
dosed. 606, 665 
simple, 665 

Relation, parallelogram, 481 
recursion, 731 

Relative maximum, 124, 574 
Relative minimum, 124, 574 
Resonance, 725 
Revenue, marginal, 142 
Reimann, Bernhard, 156 
Riemann sum, 156, 608 
Rolle's Theorem, 126 
Rotation of axes, 412 
Round-off error, 389 

Scalar, 473 
Scalar product, 474 
triple, 489 

Schwarz inequality, 507 
Second derivative, 83 
Segment, line, 497 
Sbquertctfs), 317 
Cauchy, 349 
convergent, 317 
divergent, 317 
limit of. 317 

monotone increasing, 329 
of partial sums, 321 
sum of, 323 
Series, 321 

absolutely convergent, 346 
alternating, 343 
alternating harmonic, 344 
binomial, 386 
Cauchy producl of, 371 
coefficients of, 352 
comparison tests for, 329, 331 
conditionally convergent* 346 
geometric. 322 
harmonic, 321 
integral test for* 334 
interval of convergence of, 355 


Maclaurin, 366 
mh term of, 321 
F- t 3J5 

partial sum of, 321 
power, 352 

radius of convergence of, 354 
ratio test for, 337 
rearrangement of, 350 
sum of, 323 
sum function of* 352 
Taylor, 366 

Shell method, 205, 208 
Side condition, 578 
Simple harmonic motion, 72i 
Simple region. 665 
Simpson’s rule, 1 85 
Slab method* 198, 200 
Slope* 8 

parametric formula for, 85 
Smooth curve, 209, 425 
Snell's law, 141 
Space, coordinates in, 460 
Speed, 84, 218, 511 
Spherical coordinates, 462, 629, 633 
Spring, vibrating, 720, 721 
Spring constant, 220 
Solution, genera], 149, 686 
Square matrix, 485 
determinant of. 485 
Steady-slate flow, 597 
Stokes’ theorem. 677 
generalized, 683 

Substitution, in integration* 291 
trigonometric* 304 
Sum. lower, 158, 608 
Riemann, 156, 608 
of sequences, 323 
of scries, 323 
upper* 158, 608 
Of vectors, 472 

Sum function of a series, 352 
Summation index, 154 
Summation notation, 154 
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Surface* level, 567 
quadric, 465 
Surface area, 215, 645 
differential of, 646 

Tangent line, 28 
Tangent plane. 545 
Tangential component, 51S 
l autOCtimnc problem, 426 
Taylor, Brook, 359 
Taylor polynomial. 359 T 570 
Taylor series, 366 
Taylor’s theorem, 360, 570 
Terminal point, 590 
Total curvature, 592 
Torsion, 53 E 

Trajectories, orthogonal, 694 
Translating axes, 8 
Translated vector, 473 
Trapezoidal rule, I S3 
Triangle inequality, 25, 507 
Trigonometric function, lDO 
Trigonometric identities, IDO 
Trigonometric substitution, 304 
Triple scalar product. 489 
Triple vector product, 4S9 
Truncation error, 388 
Two-dimensional How, 656 

Undetermined coefficients, 717, 730 
Unit vector, 471 
Unit coordinate vector, 471 
Upper Ri email n sum. 158, 60S 

Value, absolute, 2 
of a function, 14 
principal, 261 
Variable, dependent, 14 
independent, 14 
real, 2 

Veciar(s), 471 
acceleration, 513 


angle between, 507 
binomial, 530 
component of, 471 
cross product of, 486 
difference of, 475 
dot product of, 478, 480 
flux, 655 
gradient, 562 
length of, 471 
normal, 545 
parallel, 474 
perpendicular, 476, 481 
position, 5 10 
principal normal, 529 
sum of, 472 
translated, 473 
unit T 47 1 

unit coordinate, 471 
velocity, 511 
zero, 471 

Vector derivative, 510 
Vector Held, 596 
curl of, 671,676 
divergence of, 660 
integral of, 597 
Vector product, 486 
triple, 489 

Vector projection, 483 
Velocity, 84 
Velocity field, 597 
Velocity veclor 1 5 11 
Vertex of a parabola, 404 
Vertical asymptote. 6fl 
Vibrating spring, 720, 721 
Volume, 623 
shell method, 205, 208 
slab method. 198, 200 

Wei ers i ra ^ f n t ermedi a t e-V a I ue 
Theorem, 117 
Work, 220, 593, 598 

Zero vector, 471 
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